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PREFACE 


Mathematics is playing an increasingly important role in the develop- 
ment of science and engineering. Books on “ Higher Mathematics for 
Engineers ” which met the needs of engineers only a short time ago are no 
longer adequate. Without more advanced mathematical knowledge, many 
recent achievements cannot be fully understood. Instructors in graduate 
scientific and engineering courses find themselves increasingly forced 
either to take time from the main subject in order to develop needed 
mathematics, or to restrict the scope of instruction. The purpose of this 
book is to bring " Higher Mathematics for Scientists and Engineers ” up 
to date. The topics selected are those most frequently useful in various 
fields. Topics that are of interest primarily in specialized fields or that are 
only occasionally useful are treated lightly, if at all. Simple physical 
illustrations have been used, whenever helpful, to explain mathematical 
ideas and methods; but examples requiring more specialized knowledge 
have been avoided, for they might be confusing to some, even though 
helpful to others. In general, the book is devoted to those branches of 
mathematics which are needed in mathematical physics and engineering. 

The book is divided essentially into two parts, one devoted to general 
mathematical methods and the other to special transcendental functions. 
The topics in the first part are arranged in the order of their difficulty. 
Thus the more elementary applications of Functions of a Complex Variable 
are considered in the first chapter. This chapter serves also as an intro- 
duction to the later and more advanced chapters on this subject. The 
second chapter is an introduction to the Theory of Approximation; it 
contains Newton’s and Lagrange’s interpolation formulas, it explains the 
basic difference between die approximations in the vicinity of a point by 
power series and approximations on the average by series of Legendre 
polynomials, and it introduces Fourier series. Chapter 3 is devoted to two 
general methods of solving algebraic and transcendental equations: the 
graphical or table method and the straightforward method of perturbations 
or successive approximations. Power series are considered in Chapter 4, 
general ideas of differentiation and integration in Chapters 5 and 6. 
While a great deal of Vector Analysis is needed in some fields, such as 
mechanics, only the more elementary ideas are most frequently useful; 
and these arc treated in Chapter 7. Chapter 8 on the important coordinate 
systems is primarily for reference. In Chapter 9 exponential and loga- 
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rithmic functions are used as examples to explain the method of defining 
functions as solutions of differential equations. This concludes the more 
elementary part of the book. 

The next three chapters are devoted to ordinary linear differential 
equations: Chapter 10 to those of the first order, Chapter 11 to those of the 
second order, and Chapter 12 to those of higher orders. Because of their 
importance in the theories of oscillations and waves, the second order 
equations are treated with particular thoroughness. Several sections 
of this chapter are devoted to the “ Wave Perturbation Method ” which 
is the most important practical method of obtaining analytic approxima- 
tions to the solutions of these equations. The basic idea behind this 
method is that the solutions of second order differential equations with 
variable coefficients are distorted or" perturbed ” sinusoidal or exponential 
functions. The well-known WKB approximation is the first in a series 
of approximations which can be obtained by this method. Other sections 
in this chapter are devoted to orthogonal properties of the solutions of 
differential equations and to orthogonal expansions. Conformal mapping, 
with applications to the solution of electrostatic problems and problems of 
flow, and contour integration are discussed in Chapters 14 and 15. Chap- 
ter 16 is an introduction to the methods of treatment of linear dynamical 
systems, particularly to the Laplace Transform Method. 

All the remaining chapters but the last are devoted to special functions: 
Gamma Functions, Sine and Cosine Integrals, Fresnel Integrals, Bessel 
Functions, and Legendre Functions. The Sine and Cosine Integrals have 
assumed a new importance in the solution of second order differential 
equations, in addition to the indispensable part played by them in the 
theory of radiation. In view of their increasing applications Bessel and 
Legendre Functions are treated much more thoroughly than has been 
customary in the past in books of this type. Functions of the second kind 
and functions of fractional degree and order are given equal status with the 
simpler functions of the first kind. The last chapter on Formulation of 
Equations is intended to connect this treatise on appliable mathematics 
with those on mathematical physics and mathematical engineering. 

I am greatly indebted to Miss Marion C. Gray for constructive criticism 
and valuable suggestions during the preparation of this manuscript, and 
for her untiring efforts to insure its accuracy. I also wish to thank Miss 
Helene Sumoska who assisted in reading the proofs and in preparing the 
index. To Mr. B. A. Clarke the credit should go for advice in connection 
with the illustrations and to Mr. H. P. Gridiev for the drawings. 

S. A. S. 

New Yore, N. Y. 

May 17, 1948 
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CHAPTER I 
Complex Numbers 

The range of applications of complex numbers is very wide. Some 
applications suggest themselves almost as soon as the meaning and the most 
elementary properties of these numbers are understood; others are more 
recondite, requiring an extensive knowledge of the theory of functions of a 
complex variable. Intimate familiarity with a comparatively few basic 
ideas is indispensable for success in practical applications of complex 
numbers; knowledge of formal rules alone is not particularly helpful. 
The only way to acquire this familiarity is to use the ideas again and again 
under a variety of circumstances. For this reason we shall consider a few 
geometric applications which are not of direct interest to physicists and 
engineers but which in the end will pay dividends. 

Mathematicians, most physicists, and many engineers use “ i ” for the 
imaginary unit. Electrical engineers use “j”; but many confine this 
usage to elementary applications and then pass on to the older and more 
universal symbol “ i." There is no alternative for electrical engineers but 
to accustom themselves to both notations so that they are neither annoyed 
nor impeded in their thinking when they encounter these conflicting sym- 
bols in various books and periodicals. 

1. Historical origin of complex niimlers 

Complex numbers first arise in the course of solution of quadratic equa- 
tions. Since the square of a real number, whether positive or negative, is 
positive, the equation 

x 2 + 1 = 0 , (1) 

does not appear to have any solution. Perhaps it has not; but if we 
postulate that this particular equation has two unknown roots, =fc.Y, we 
shall find that all other quadratic equations can be solved in terms of this 
“ .v.” For instance, the roots of y~ + 4 = 0 are y = efc2v. Similarly, the 
solution of 

/ + 2y + 5 = 0 (2) 

is 

(y + 1 )“ + 4 = 0, y + 1 = ±2v, y = — 1 ± 2x. 

This is just a beginning. All algebraic equations can be solved in terms 
of .v satisfying (1); they can be “ solved ” in the sense that if we substitute 

1 
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for the unknown certain expressions of the form a + bx, where a and b are 
ordinary positive and negative numbers, and then perform the indicated 
algebraic operations in accordance with the rules of ordinary algebra, 
replacing x 2 + 1 by zero (or .v 2 by —1), the result becomes an identity. 
For instance, substituting — 1 -j- 2x on the left side of (2), we have 

(-1 + 2*) 2 + 2(-l + 2x) + 5 = 1 - 4* + 4X 2 - 2 + 4x + 5 

= 1 - 4* - 4 - 2 + 4* + 5 = 0; 

hence equation (2) is “ satisfied ” by — 1 + 2x. 

The letter x is normally used for any unknown and some other letter is 
clearly desirable for our special purpose. In mathematics it is a universal 
custom to denote by “ i ” one of the roots of (1); the other is “ — i ” since 
(_/) 2 = i 2 . The expression a + ib, where a and b are ordinary “ t real ” 
numbers, is called a complex number ; a is called the real part and b the 
imaginary part of the complex number. Symbolically we shall write 

re ( a + ib) — a, im (a + ib).= b. (3) 

2. Algebra of complex numbers 

In performing various arithmetic operations on complex numbers the 
general rule is to treat complex numbers as ordinary algebraic expressions 
subject to the simplification i 2 — — 1. The following is the summary of 
specific applications of this rule: 

Addition 

(x + iy) + {u + tv) = (* + «) + i(y + v). (4) 

Subtraction 

(x + iy) - ( u + iv) = (x — u) + i(y — v). (5) 

Multiplication 

(x + iy)(u + iv) = (xu — yv) + i(yu + *■»). (6) 

A complex number is equal to zero only if its real and imaginary parts are 
equal to zero separately; thus 

if x + iy = 0, then x = y = 0. (7) 

To prove this we note that (x + iy)(x — iy) = x 2 + y 2 . By hypothesis 
the first factor vanishes; hence the product also vanishes. Since x and y 
are real, x 2 and y 2 are positive; thus # and y must vanish. 

Two complex numbers are equal if and only if their real and imaginary 
parts are equal; thus 

if x + iy — u + iv, 


then x — u, y — v. 


( 8 ) 
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This follows from (7). 

Division 

•v + iy _ xu + yo . yu — -vo 
a + iv u 2 -f v 2 1 rt 2 + v 2 


( 9 ) 


In order to obtain this result let the quotient be a + ib; by definition of the 
quotient* 

ill + iv)(a -t ib) ~x + iy; 


hence 


( ua — vb) + i(va + ttb) = .v + iy, 
ua — vb = ,v, va -f- tib = y. 


It only remains to solve these equations for a and b. 

Considering that “ i ” is defined arbitrarily as a root of equation (1), 
an immediate question may be asked: can we say that this equation 
possesses another root, " j” let us say, which is different from “ i” and 
from ** — i ”? Having set the precedent by imagining a new number “ i ” 
to be a root of an equation which has no root by previous arithmetic 
standards, we are in no position to brush aside a positive answer. Gauss 
has shown, however, that if another complex unit is added, the number 
system does not obey all the laws of common algebra. We can answer our 
question in the affirmative provided we are willing to sacrifice some simple 
algebraic rule. Quaternions are numbers of the form n -f- ib + jc + kd, 
where r = j 2 = k 2 = —1; these numbers violate the commutative law 
of multiplication. The development of an algebra of quaternions is a 
concrete reminder of a very important point: it is not enough to assume 
that complex numbers obey the laws of ordinary algebra; we have to 
prove it. 

Suppose, for instance, we decide to introduce a quantity “ j ” dzl but 
subject to the condition j 2 — 1. Suppose we wish to perform algebraic 
operations on these new “ complex numbers,” x + Jy, in accordance with 
the laws of common algebra. We multiply 

(x +jy)(x -jy) - .v 2 -jxy -f jyx -fy 2 = *= - y 2 

and find that the product can vanish when y — rh.v without either of the 
factors being equal to zero. This result is contrary to what we are ac- 
customed to expect in common algebra. 

*This method is based directly on the definition of the quotient of two numbers. 
A simpler method of obtaining (9) is to multiply the numerator and denominator on 
the left side by it — iv. 
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1. Show that 

a) (* -f iyY- = (*- -J-) 4- 2 ixy, 

b) (x - iy) s = (x z - 3xy-) - :(3xy -j>), 

c) (* -f iy)(x - b') = ^-fr, 

d) (x 4- *» 2 (* - iyY- = (*= + y-)-, 

e) (x 4- *»"(* — 6 ) B = 4- j s ) b . 

2. Show that 

a) _J_ = £±±, b) I = ^l z2 lz. 2 fo . 

A- - /> + 4 (* 4- ;»= (*s 4- j-)= 

3. Show that 

V* 4- = dr £ V 5 O/? 4- _r 4- a) 4 - i V-l (V a : 2 4-J 2 — *)J , ify > 0 ; 

= ± [‘Nlj(V?+p 4- *) - i \%(Vx- 4 -J * ^*)] , ify < 0. 

Hint: Let \Lx 4- iy = u 4- /a, square and solve for u and r. Give reasons f 
rejecting some solutions and for the difference in signs preceding " i ” in the two casi 

3. Lavs oj common algebra 

The following are the rules or “ laws ” or “ postulates ” of manipulatit 
which are characteristic of common algebra. 

Commutative lav 

for addition: a b — b 4 - a; 

j or multiplication: ab = ba. 

Associative law 

for addition: a 4* {b 4- c) = {a b) 4* c; 

for multiplication: a (bc) = (ab)c. 

Distributive lav 

a{b 4- c) = ab 4* ac. 

Identity elements 

for addition the identity element is caEed “ zero ” 

a A 0 = a, 

for multiplication the identity element is called “ unity” 

a • 1 = a. 
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Additive inverse 

there is an element (—a) such that 

a + (—a) — 0 . 

Cancellation law 

If c 7 ^ 0 and ac — be, then a — b. 

The same result is obtained if this law is formulated as follows: 
if ab = 0, then either a — 0 or b — 0; 

that is, the product does not vanish unless one of its factors vanishes. 

There exist proofs that the above laws are obeyed by integers, fractions, 
all real numbers, and complex numbers as defined in the preceding sections. 
No further extension of the number system is possible without sacrificing at 
least one of these rules of manipulation. In the algebra of vectors the 
cancellation law does not hold, the commutative Jaw holds for scalar 
multiplication but not for vector multiplication — to cite but two examples. 

4. Complex numbers as kinematic operators 

From a logical point of view mathematics is concerned not with substance 
but with form, not with things but with relations between them. It is this 
attribute of mathematics that makes its applications possible. Relations 
within one set of things may in some respects be the same as relations within 
another set. Expressions a + bi, where i is a particular root of (1), obey 
all the postulates of common algebra; so do the kinematic operators which 
we shall consider in this section. It is possible to establish a complete 
correspondence between the complex numbers of Section 1 and the kine- 
matic operators of this section. Thus we can " apply ” complex numbers 
to certain problems of kinematics. Our intentions, however, are different; 
we wish to give more substance to the idea of complex numbers. From the 
point of view of logic this is a step in the wrong direction. If we wish to 
study a specified set of relations, we should select things that exemplify 
these relations with as few extraneous properties as possible. Logically 
geometry and mechanics arc more complicated than algebraic expressions 
of the form a -f- bi. The logician thinks that even the symbol a -f- bi has 
more substance than necessary since i is supposed to be a root of (1) and 
yet in the complex number itself i is nothing more than a separation symbol 
which keeps a apart from b\ therefore, he prefers ( a,b ) as a symbol for the 
complex number and likes to reduce the arithmetic of complex numbers to 
the arithmetic of pairs of real numbers. 

On the other hand, what is logically simple is not necessarily intuitively 
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simple. Many familiar concepts are accepted intuitively long before they 
are developed on a logical foundation. For this reason, engineers and 
scientists who are habitually concerned with concrete phenomena find 
abstract mathematics difficult — “ strange ” is really the proper word. 

In order to develop the conception of complex numbers as kii'ematic 
operators, we shall consider radii , or “ bound ” vectors, drawn rom a 
fixed point in a plane, Figure 1.1. We shall denote these radii b.» their 
end points A , B, C. By definition, the “ sum ” of two radii, A and B\ is the 
radius P coinciding with the diagonal of the parallelogram constructed on 
A and B. This definition satisfies the commutative and associative laws. 


Q 



Fig. 1.1. The parallelogram law of addi- 
tion of radii (bound and directed line 
segments). 


B 



Fic. 1.2. Subtraction of a radius is addi- 
tion of tills radius after it has been ro- 
tated through 180°. 


The radius of zero length is the “ zero ” in the algebra of radii. The 
additive inverse of A is the radius of the same length but in the opposite 
direction; the sum of the two is zero. Subtraction consists in adding the 
inverse, Figure 1.2. 

The product xA of a radius and a positive real number is another radius 
in the same direction but of length extended in the ratio x to 1. If at is 
negative, then xA and A are in opposite directions. Next we define 
multiplication by “ the imaginary unit i ” to be a counterclockwise rotation 
through 90°, Figure 1.3d. Two successive rotations are equivalent to 
the reversal of direction; thus ii — i 2 = — 1. Finally, we define the 
operation of multiplication of a radius by a composite or complex number 
x -(- iy in accordance with the following equation 

(x + iy)A - xA + iyA; (10) 

that is, to form (x -f- iy)A we form radii xA, iyA and add them. 

Addition of complex numbers is defined by 

[(a- + iy) -f- (u + iv)]A = (at -f- iy)A -f (» + iv)A. (11) 
Expanding the right side according to (10) we find that it is also the 
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expansion of [(x u) -f- i{y -f- v)]A. Thus our operators obey the rule of 
addition (4). 

The product of two complex numbers is defined as that complex number 
which yields the same result when operating on some radius as the suc- 
cessive application of the operations denoted by the factors. Thus 
C = (x iy) (u -f- id) A = (x — iy)B, where B = (a -f- id) A. We al- 
ready know how to construct B = uA — ivA, xB = xuA — ixvA, 
iyB = iyuA ~ dyvA = iyuA — y~A, and finally C = {x -f- iy)B =xB — 
iyB = xuA -j - /xo/f -j- iyuA — yvA. Since this radius is derived also from 
[(xu — yd) 4* t(xv 4 ~j'u)]A, we obtain the multiplication rule (6). 

There is another much simpler multiplication rule which is based on the 
equivalence of the construction in Figure 1.3f to extension in the ratio 
p = vdddriT to 1 followed by rotation through angle y defined by 

cos y — x/p, sin y = y/ P , p = Vx* 4 - y 2 . ( 12 ) 

This second construction is illustrated in Figure 1.3g. Successive applica- 
tion of this construction is easy since the operations of extension and rota- 
tion are commutative; and successive rotations through angles yx and y 2 
are equivalent to a rotation through yx -f- y 2 . Thus, if 

* 4- iy = p (cos y 4- * sin y), (13) 

then 

(x 1 4 - »>l )(*2 -f 62 ) = (pi(cos yj 4 - / sin yx)][p 2 (cos y 2 -f * sin y 2 )] 

== PxP 2 [cos (yx 4" ye) 4" i sin (vi 4- V 2 )]- (14) 


Division is an inverse operation and 


Pi (cos yx 4- £ sin ex) 
p 2 ( cos y 2 4" * sin y 2 ) 


= — (cos (y x 
Pz 


<&) 4* * sin (yj — e^)]. 


(15) 


Extension is annulled by contraction and counterclockwise rotation by an 
equal clockwise rotation; thus 

fi 

Ip 


[p(cosy 4~ * sin y 


[cos (-y) 4- / sin (-y)]| = 1. (16) 


Problem. Show in two ways that, if A and A are two radii, (x 4- (>') (A ~r B) = 
(x 4 - 4* Of 4- 

Hint: One method is based on Figure lAf and the other on l-3g; note that 
(x 4- iy) (A 4 - B) = x(A 4- B) 4- 4- A) follows from the definition of multipli- 

cation of a radius by x 4* O' but the equation in the problem needs justification. 


5. Complex plane 

Choosing some particular radius to represent unity, vie are enabled to 
represent every other complex number by one and only one radius or by its 
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end point in the " complex plane,” Figure 1.4. Conversely, points in a 
plane may be represented by complex numbers. 



Fio. 1.4. Representation of a complex number by a radius or its end point in the 

complex plane. 


The real and imaginary parts of the complex number s are denoted as 
follows 

x = re (=), y = im (a). (17) 

The quantity p is called the amplitude , or modulus or absolute value of the 
complex number and is denoted cither by am (2) or by | z |; thus 

am (a) = J 2 j = p = vV -f y~. (18) 

The angle c defined by 

cos 9 = .v/p, sin <p = y/p (19) 

is called the phase or argument of the complex number and is denoted by 

<f - ph (z). (20) 

The conjugate complex number is defined by 

z* = x — sy — p(cos (? — i sin <p). (21 ) 

Graphically it is represented by the mirror image of 0 in the .v-axis. The 
rotations implied by n and z* are equal but in opposite directions; hence. 
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Problems 

1. Show diet 



3. Show that 



4. Show that if the point represented by x ~ iy is inside the circle of unit radius, 
centered at the origin, then the point 1 j{x -J- iy) is outside the circle. 


6. Geometric applications 

Propositions of plane geometry may be established by manipulating 
complex numbers and interpreting the resulting equations. To illustrate 
this we shall prove the following proposition: the line joining the mid-points 
oj toco sides of a triangle is parallel to the third side and is equal to one halj of it. 


zz 



Fic. IS. Complex numbers Fig. 1.6 The difference z- — r : represents the mag- 
representing the end points nituce and direction of the segment starting at Z; 

and midpoints of a linear and ending at :>. 

segment 

First vre note that the mid-point of the segment joining two points 
Si, So is (st -j-Ze)/^ Figure 1.5; next we observe that the line joining 
Si to Zo is equal and parallel to So — Sj, Figure 1.6; the mid-points of two 
sides of a triangle, Figure 1.7, are (si -f- s 3 )/2 and (so -f- s 3 )/2; the line 
joining them is equal and parallel to (z? — zf)/2 which is one half of the 
radius equal and parallel to the third side. 
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Another proposition is: the lines joining the mid-points oj opposite sides 
of any quadrilateral bisect each other. 

Figure 1.8. The mid-point of EG is 
(z t -f- z 2 -}- z 3 -f- z,()/4; which is also 
the mid-point of HF. 

Next let us obtain the equation of a 
straight line joining points Zy and z 2 . 

If z is any point on this line, Figure 
1.9, then the phases of z — zy and 
z — z 2 Jare either equal or differ by rr; 
hence the quotient (z — Zi)/(z — 2 2 ) 
is a real number t and the parametric equation of the straight line is 

z — Zi = /(z — z 2 ) or z = (z 3 — /z 2 )/(l — t). (23) 



F 10 . 1.7. Use of complex numbers in 
proving a geometric theorem. 


Another form of the equation of a straight line is free from parameter t. 



Fig. 1.8. An illustration of a theorem about quadrilaterals. 


Since t is real, it is equal to its own conjugate; therefore 



z(z* — z? ) — z*(zx — z 2 ) + (z^ — z*z 2 ) = 0. (24) 


The equation of a circle of radius r concentric with the origin is simply 

zz* = r 2 . (25) 

The equation of a circle with center at C, Figure 
1.10, is 

(- _ C )(z* - C*) = r 2 . (26) 

on a straight line 'passing To obtain this equation wc need only recall that 
through ;i and i 3 the ratio z — Cis the line joining the center of the circle to 
(- — -0/(= - zj) is real. a p 0 ' in t on tj ie circumference, that am (z — C) 
= r, and that the product of conjugate numbers equals the square of 
the amplitude. 
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Let us compare (26) with the general cartesian equation of the circle 

X 2 -f y 2 + ax -f by + c = 0. (27) 

In view of 

* = i(z + 2 *), 2 > = -|(z - z*), x 2 +y 2 = zz*, (28) 

equation (27) becomes 

22 * + — ib)z -f- \{a + ib) z* -f- c = 0. (29) 



Fig. 1.10. An illustration for the equation of a circle in terms of complex numbers. 
Comparing with the expanded form of (26), we obtain 

C = -\(a + ib ), r = VCC* - c. (30) 

It is evident from (28) that cartesian equations of plane curves may be 
converted into equations depending on z and z*. Likewise, z = fit) + ig{t), 
where t is a real parameter, represents a curve whose parametric equations 
are at = fit), y = git). 


Problems 

1. Show that the mid-point of the line joining the mid-points of the diagonals of a 
quadrilateral coincides with the point of intersection of the lines joining the mid- 
points of opposite sides of the quadrilateral. 

2. Show that the lines joining the mid-points of the adjacent sides of a quadrilateral 
form a parallelogram. 

3. Show that the cartesian equation ax + by + c = 0 of a straight line becomes 
Az + A*z* + C = 0, where C is real and A = a — ib. 

4. Equation (24) is of the form Mz — M*z* + N = 0. Reconcile this form with 
that given in the preceding problem. 

5. Show that if a and b are two sides of a triangle and <p is the angle between them, 
then the third side c is given by c 1 = a 2 — Tab cos <p + P. 
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7. Applications to circular junctions 

Numerous relations between circular functions can readily be obtained 
with the aid of the algebra of complex numbers. A unit complex number 

U = cos tp -f- i sin <p (31 ) 

represents a rotation through an angle tp. Multiplying two unit numbers 
we obtain either 

U\U<2. = cos (<pi + <pz) + i sin ( ipi + <P2)i (32) 

or 

UiUn= (cos^x cos <p 2 - sin^ sin^ 2 ) + /(sin sox cos^ 2 + cossoj sm<p 2 ). (33) 


Equating these results, we have the addition formulas for circular functions 
cos (<pi + tpj) — cos <pi cos ¥>2 ~ sin <^1 sin S 02 , 

(34) 

sin (v>x + <pz) = sin tpi cos tp 2 + cos tpi sin tp 2 . 

De Moivre’s theorem, 

(cos tp + i sin so)" = cos tup -f i sin n<p, (35) 

is merely a statement of the equivalence of n successive rotations through 
an angle tp to a single rotation through the angle n<p. Using the binomial 
expansion, we can express cos n<p and sin n<p in terms of powers of cos tp and 
sin tp; thus, if n = 3, 

cos 3 tp + 3/ cos 2 tp sin <p + 3 r cos so sin 2 tp + i 3 sin 3 tp 

= cos 3so + i sin 3s 0 , (36) 

cos 3so = cos 3 tp — 3 cos tp sin 2 tp, sin 3<p = 3 cos 2 tp sin so — sin 3 tp. 

Conversely, powers of cos tp and sin tp can be expressed in terms of func- 
tions of multiple angles. Noting that 

cos so = ~ {U + IT- 1 ), sin tp = ~ (U - XJ~ l ), (37) 

cos ntp = | {U n + C7 - "), sin n<p = ~ (£/" - l/~"), (38) 


we raise (37) to the nth power 


cos"s 0 = ^(C7 + U- 1 )", 


™ n '? = ¥F (U-U-'r. (39) 


Applying the binomial theorem and reducing with the aid of (38), we ob- 
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tain the desired expressions. For example, if n — 2, then 

cos 2 v = 1 (U 2 + 2 + U~ 2 ) = | (cos 2<p + 1), 
sin 2 <p = — |(C7 2 - 2 + t/- 2 ) = |(1 - cos 2<p). 


De Moivre’s theorem yields solutions of the following equation, 

z n = 1, (41) 

where n is an integer. If rup = 2ir, the number on the right in (35) is 
unity; therefore, 

zi = cos (2tt/}j) + i sin (2 ir/n) (42) 

is a root of (41). If the «th power of Zj is unity, the «th power of the 
square of Zi or of any other integral power of Zi is also unity; hence all the 
roots may be expressed as follows 

z 1} zf, zj, • • • zp 1 , z" = 1, z? = cos (2mir/n) + i sin {2m-K/n). (43) 

The {n + l)th power of z x equals z x and the sequence repeats itself. 




Fig. 1.11. A visual proof that the sum of the roots of 2 " = 1 is 0. 


These roots are represented by equispaced radii of the unit circle, Figure 
1.11. By a theorem of algebra the sum of the roots of the algebraic equa- 
tion, z n + + • • - + a i z + a o = 0, equals — x ; in (41) this 

coefficient is zero and therefore 

1 + Zi + Z? + * • • + z?- 1 - 0. (44) 

This result may also be obtained directly from Figure 1.11. The rules for 
addition of complex numbers and for addition of forces are the same; the 
resultant of symmetrically disposed equal forces must vanish or else we 
should be at a loss to prescribe it a definite direction; hence, conclusion 
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(44). Equating the real and imaginary parts, we have 
1 cos (2 tt/w) -f- cos (4 tt/w) -f- 
sin (2 it/h) + sin (4^/») -f- 


+ cos (2 ?; — hr/n) — 0, 


(45) 


-f- sin (2 77 — 1 77/77) = 0. 

In the theory of radiation from a linear array of radiators of electro- 


magnetic or sound waves the following series are encountered: 

P — 1 + cos <p + cos 2ip + • • • + cos n<p, 

£? = sin + sin -j f- sin n<p. 

To obtain the sums, we form a third series 

R = P.+ iQ = 1 + (cos <p + i sin 97) -f- (cos hp + i sin 2 ip) 
+ • • • + (cos n<p + i sin nip), 
which is the geometric series 

R — 1 T" U "f“ U" 2 *j- • • • *4* U n . 

Multiplying by U and subtracting the result from (48), we get 

1 _ [/n+l 


22(1 - 17) = 1 - U n+1 , R = 


,1 -u 


The real and imaginary parts may be separated as follows 

JJn+ X _ \ jj(n+l)/2^jj(n+l)l2 _ JJ-(n+ I)/2j 


R = 


U~ 1 


u m iu 112 - U~ 112 } 


r , M, , . • , ,om sin K# + l)p/2] 

= [cos (7797/2) + t sin (7797/2)] - — — ■ 7-7— — -> 

sin (v?/2) 

71 cos (7797/2) sin f (77 + 1)97/2] 

P — : — : — — > 


0 = 
1*1 = 


sin (v>/2) 
sin (7797/2) sin [(77 + 1)97/2] 
sin (97/2 ) 

I sin [(;; + 1)97/2' 


(46) 


(47) 


(48) 


(49) 


(50) 


sin (97/2) 

Summation of many infinite series may be effected by a similar method. 


Problems 

I. Use Dc Moivrc’s theorem to obtain 

cos 297 = cos 5 ip — sin 5 97, sin hp <= 2 sin 97 cos 97, 
cos 495 = cos 4 97—6 cos 5 97 sin 5 97 + sin 4 97, 
sin 497—4 cos 3 97 sin 9= — 4 cos 97 sin 3 97. 



16 


APPLIED SLAIHENLfflCS 


Csi?. 1 


2. SI 30 r/ Clint 

, r.{r> — 1) . 

ccs r.? = ccs* c — - — - cos - <5 sm- <s 


2! 


, r.(r. — \)<j: - 1){n — 2) . , 

7 — COS' * o sm* <s — — 


^ ; 1 _ r,(p — — 2} . J , 

£173 77 ;5 = 77 £05 C COS C £03* 45 COS ' 45 -J- - - * . 


3. Derive 
cos^o = 2 r^ 1 


77 ( 7 : — 1) 

cos iry-f)! ccs (r — 2}e -J — 1 cos ( 7 : 


T 




where thelast term is 77(37 — 1 ) - - . [( r . -f 3 ) / 2 ](cos o)[[(n — l)/ 2 j! if 7; is odd, and 
77(77 — I) — [f 7 ;/ 2 ) -7- 1 ]/(t 7 / 2 ) ! 2 if 77 is evert. 

4. Show that if 77 is even. 


! 


, ■ 77(77 — 1) , 

CCS 7727 — 77 CDS (77 — 2}e o — COS (77 


v — 4) e o : 


sia r *«= (-y-i 
if 77 is odd, 

sin' - - e = l^cin 775 — 77 sin (77—2)? -f- r ^ sin ( 77 — 4)p - J ■ 

5. Show that 

cos (yd -r £ — O — cos yf cos B cos C — sin A sin B cos C 
— sin yd cos B £nC— cos yd sin 5 sin C, 
sin {A ~ B ~ C) — sin yd cos 5 cos C - 7 - cos A sin B cos C 
-7- cos yf cos B sin C — sin yd sin B sin C. 


6. Find the roots of a* = — 1, 

7. Find the roots of 


. Show that 

/ , 2 r> 

. 

= r(cos 5 

/ , 4vr\ 

-r f sin 6). 

r 

, 2(77 - l>al 

cose; -f- cos 

(f ■ ny 

-r cos 


- 7 - • — r cos 

r 

• . J 


( , 2 r'\ 

, - 

f , 4v\ 


- 

2(77 - llrl 

sin e — sin 


T sm I 

k 77 / 

-}-*'* -r si n 

<? *T 

» J 


Hint: It is possible to conclude that these eqtrations are true by just looking at a 
certain picture. 

9. Show that 

1 — 4p cos e dr 6p~ cos 2xp ~ 4p® cos 3s -J- p < cos —5 

= (1 4 - 2p cos 45 — p 1 ) 1 cos 1 4 tan** 1 — — — I • 

L 14 -pcoseJ 
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8. Transformation of potential functions 

Complex variables are useful in effecting a change of coordinates in two- 
dimensional and in some three-dimensional potential problems. To 
illustrate, we shall take a potential 
function* 

V„ = P n cos nip (51) 

in polar coordinates and transform 
it into another polar system obtained 
by translation of the axis, Figure 
1.12. Direct transformation would 
be long. We may, however, take 
advantage of the fact that (51) is 
the real part of 

W« = 2 ", 

2 = p (cos <p + I Sin v ). (52) p jo j n Transformation of potential fane. 

This new function is called the com - I* 0 ? 5 .(f om onc Coordinate system to another 
plex potential. Introducing 



is facilitated by using complex variables. 


i = p(cos $ + i sin $), 

(53) 

we have, from Figure 1.12, 


z = f + £; 

(54) 

therefore, 


JP, n = (f + *)"• 

(55) 

If n is a positive integer, the elementary binomial theorem yields 

iv n = r + m n ~H + ~ t n ~H 2 + • 

1 -z n . (56) 

Taking the real part, we have 


V n - f n + nt n l p cos $ + j >2 f” *p 2 cos + - 

■ • + p” cos nip. (57) 


If n is a negative integer, the transformation leads to an infinite series; 
for in this case the binomial expansion is 


(1+2)”= l+?;z 


»(» — 1 ) n , «(»— 1 )(»— 2 ) 


1*2 


1-2-3 


5 + 


s <1. (58) 


The series is convergent only when the amplitude of 2 is less than unity. 

* Any solution of Laplace’s equation (3), Chapter 13; but the precise meaning of 
the term “ potential function ” is not important for what follows. 
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Hence we have to consider two cases: (1) the amplitude of I is less than 
f and P is inside the circle with center at 6 and passing through 0, Figure 
1.12; (2) am (2) > f and P is outside this circle. In the two cases we have 


- ** 0 + 0 " “ r [‘ + ” i + HTT 2 (i) + • • • ] • 

Taking the real parts, we have 

K = f n [l + n (jj cos <p + (jj cos 2$ + ■ • • J 


= p n cos tttp + 72 P n cos — 1 )<£ 


+ 




cos (n — 2)<p + 


(59) 


(60) 


The reason why this method of transforming coordinates in potential 
functions turns out to be successful will be understood when we come to 
study the partial differential equation for the potentials and exhibit its 
relation to functions of a complex variable. If we were to try to apply the 
method to such functions as p 3 cos hp> we would get nowhere. Most 
functions are not real parts of functions obtained by arithmetic operations 
on a complex variable; but the two-dimensional potential functions al- 
ways are. 


Problems 

1. Transform V n — p n sin mp into the polar system with the origin at (7,0), assum- 
ing that the polar axes coincide. 

2. Express (51) in cartesian coordinates. 


. ,, »(» — 1) „ , «(« — 1)(» — 2)(« — 3) . 

Am. V n = x" ^ — - x n ~-y- + — -^- 7i — ■ 


2! 


4! 


if n is a positive integer; if n is a negative integer, —tn, then 


V n = Y + y-) 


2! 


x m ~Y + . 


3. Find general transformations for (51) from one polar system into another 
(arbitrary origins and directions of the axes). 
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9. Differentiation of unit complex variables 

Let the amplitude of the complex variable be unity as in (31). Differ- 
entiating with respect to <p, we have 

dUjd<p = — sin <p -}- / cos <p. (61) 


The derivative of U can be obtained directly from first principles. Let <p 
take on an increment A <p, Figure 1.13. 

The corresponding increment A 17 is 
represented by the directed segment 
drawn from A to B. Since A<p is 
real, the average derivative A U/A<p 
has the same direction as AB. The 
absolute value of this ratio approaches 
unity as Aip decreases for the ratio of 
the lengths of the arc and chord tends 
tounity. In the limit A U/Aip becomes 
perpendicular to XJ. To summarize: 
dU/dp is U turned counterclockwise 
through 90° 

jtt/j ... . i • • \ //:n\ Do. 1.13. Thederivntivcofaunitcom- 

dU/dtp ~ tU — i (cos <pT l Sin <p). (62) p) e x variable with respect to its phase 

TT . ..... . is equal to the variable multiplied by ». 

Having obtained this equation, we 

can deduce the derivatives of cos <p and sin <p by equating the real and 
imaginary parts 



— (cos <p + i sin <p) — i cos <p — sin <p, 
d<p 


dip 


(cos (p) — — sin <p , 


— (sin <p) = cos <p. 

dip 


(63) 


The operational interpretation of (62) is worth keeping constantly in mind. 
In substance, there is no difference between the above method for differ- 
entiating U and the usual method for differentiating circular functions; 
and yet, the combination cos p + i sin <p has simpler properties than its 
components. 


10. Harmonic oscillations 

As kinematic operators, complex numbers are well adapted to analytic 
representation of rotary motion and subsequently of harmonic oscillations. 
This application started on a very elementary plane but has gradually 
developed into one of the most important methods of applied mathematics. 



20 


APPLIED MATHEMATICS 


Chap. 1 


Consider a radius OP, Figure 1.14, revolving about 0 with the angular 
velocity u radians per second, that is, with the frequency / = co/2tt cycles 
per second. The angular position ip of the radius is called the phase of the 
motion; in the present case it is a linear function of time 

(p = ut + <p 0 , (64) 

where <po is the initial phase. If the length of the radius is a, the motion of 
the end point may be expressed by a complex variable 

2 = fl(cos i p + i sin <p) — «[cos (ut -{- tp 0 ) + i sin (ut -f ^o)l- (65) 

The real and imaginary parts of z are also harmonic functions of time. 
Between these three functions there is a unique correspondence; if we 



Fig. 1.14. Harmonic motion of a given frequency can be correlated with uniform circular 
motion, and both may be represented by complex quantities of constant magnitude but 
with phase proportional to time. 


know one, we know the others. Figure 1.14 depicts specifically the 
correspondence between z and its real part 

x = re (z) = a cos <p = a cos (ut + ip 0 ). (66) 

Time T required for one complete revolution or oscillation is the period. 
Evidently 

fT =1, uT = 2ir. (67) 

In dealing with several harmonic variables of the same frequency we can 
confine our attention solely to their amplitudes and initial phases. In- 
troducing the complex amplitude 

A = a(cosy 0 + i sin <p Q ), 


and the time factor 


5 = cos ut -f i sin ut. 


( 68 ) 

(69) 
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we change (65) into z = AS. (70) 

From the kinematic point of view this equation is self-evident; A is the 
position of the radius at / = 0 and 3 rotates it through an angle directly 
proportional to time. 

Suppose we wish to add several harmonic variables of the same fre- 
quency. We may want the total voltage across a resistor, capacitor, and 
inductor in series; or the total electric current through several circuit 
elements in parallel; or the total excess pressure due to several sound waves 
arriving from different points. Since 

AS + B3 + CS = (A + B + C) 3, (71) 

our problem is reduced to the addition of the complex amplitudes of the 
component oscillations. The operation can be performed graphically as in 
Figure 1.15. 



Fic. 1.15. A graphical construction for Fio. 1.16. A force F acting on a mass M 
obtaining the amplitude and phase of attached to a spring with stiffness S. 
several sinusoids of the same frequency. 

This simple application is just a beginning. Complex variables can be 
used to solve certain types of differential equation with no more effort than 
that involved in multiplication and division. Let us calculate the steady 
state motion of a mass M attached to a spring of stiffness S and acted upon 
by a harmonic force, Figure 1.16. Let 

P = F a cos (co t + <py) be the instantaneous value of the applied 
force, 

F a = the amplitude, 

<?f — the initial phase, 

F = F n (cos + i sin <pf) — the complex amplitude, 

P = FS so that 
P — re P' = re FS. 

We shall use a similar set of symbols for the displacement of the mass from 
its neutral position. 
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M^ + R%+& = P, 


(72) 


The equation of motion is 

rtZ+g*. 

dp ' dl 

where R is the resistance coefficient. This is the equation connecting any 
displacement of the mass to the action of the given force, in particular the 
steady state displacement y which is of the same frequency as P. If 

.4 


M ww -f R~r: Sy — P 


d? 


' dt 


(73) 


is true, (72) is also true; for the equality of two complex numbers implies 
the equality of their real parts. The time factor is the only function de- 
pending on /; hence 


d 2 . 5 _ dZ 

My ~dp JrRy ~Z Jr Sy5 = F3 ‘ 


Since 


we have 


dZ 
— = x5 
dt 


dt 

adjust) 
dt 


= saZ, 


■9 


4Z - 2 _ •>_ 

fff = (*“)*> = -W *> , 

Substituting in (74), we obtain^ 

—iPMy + iuRy + Sy - F, y- (J — 

Calculating the amplitude and phase of y, we have 


y* = 


— tp p “ tan 


i 


uR 


(S - a 2 M) 


(74) 

(75) 

(76) 

(77) 

(78) 


V (S - ofM ) 2 + cdR 2 

From this we obtain the instantaneous value y = y a cos (at -f- <sf). 

We can obtain y also as follows. We can always assume that some one 
initial phase is equal to zero because the origin of time is at our disposal. 
Assuming that the initial phase of P is zero, we have 

o _ F c (cos at -f- i sin at) 
y ” + 09) 
Multiplying both terms of this fraction by the conjugate of the denominator, 
we get 

„ Fg(cas at ~r £ sin o--t)[(6’ — a 2 M) — iaR] Fg 

y = (S- a 2 M) 2 -f a 2 R 2 ~ (S - a 2 M) 2 -f- ofR 2 

X [(•S’ — cfhd) cos cet -f- ccR sin at 4- /(• S’ — a 2 M) sin at — iuR cos at]. 
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Finally 


y ~ tey = 


#,[(<? — b3 2 M) cos a )/ + cj R sin oit] 
(S - w 2 M) 2 + u 2 R 2 


(80) 


Once the separate steps are understood, the transition from the original 
equation of motion (72) to the final equation (77) yielding the complex 
amplitude of the unknown harmonic variable may be accomplished in ac- 
cordance with the following simple rules: (1) replace each differentiation 
with respect to t by iu, (2) replace the instantaneous values of the known 
and unknown variables by their complex amplitudes. The rest of the 
problem is reduced to ordinary algebra. The solution obtained in this 
manner is the steady state solution, for we have assumed a priori that the 
displacement is a harmonic variable of the same frequency as the force. 
Later the method will be extended to include the transient terms which are 
not of the same frequency as the impressed force. 

The method requires that all harmonic variables occur only in the first 
degree, that there are no cross-products, and that the coefficients in the 
differential equation are constants. If S were a function of t, the final 
equation (77) could not be satisfied since every other quantity is constant. 
If the equation contains the square ofy, we cannot replace it by the square 
of y and assert that the real part of the solution of the transformed equation 
is the solution of the original equation since 

re (y 2 ) s* [re (y)] 2 . (81) 

The same argument applies to cross-products of harmonic variables. 

Physical systems satisfying the aforementioned requirements are called 
invariable, linear systems. They are invariable because mass, stiffness, 
inductance, etc., do not vary with time; they are linear because the 
equations of motion are first degree polynomials in the variables. 

The real part of (73) is our original equation (72); what can we say 
about the imaginary part? We can, of course, ignore it as of no interest. 
However, the imaginary part is an equation equivalent to (72); if t is re- 
placed by / + (tt/2 w) the sines become the cosines. 

The ratio y/F of the complex amplitudes is determined solely by the 
mechanical system and the frequency. Such ratios play a very important 
role in the theory of oscillations of any kind and some are given special 
names. Thus the force/velocity ratio is called the mechanical impedance of 
the system; the voltage/current ratio is the electrical impedance; the volt- 
agc/velocity and force/current ratios are electromechanical impedances; etc. 
The reciprocal of the impedance is the admittance. The real and imaginary 
parts of the impedance are respectively the resistance and the reactance; the 
real and imaginary parts of the admittance are the conductance and sus- 
ccptance. 
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The reader can readily verify that the impedance of the mass M is 
icoM; the impedance of the spring of stiffness 5 is S/ico. Addition of 
impedances and admittances can obviously be performed graphically. 
The importance of such graphical methods can hardly be overestimated. 

Eventually we shall find that impedance functions can profitably be 
regarded as functions of a complex oscillation constant p of which ice is the 
imaginary part. In this way the theory of functions of a complex variable 
is introduced in the theory of oscillations and waves and becomes a method 
of analysis of inestimable practical value. 


Problems 

1. Find steady state solutions of the following differential equations 

a) 2J ,/ + y = 3 cos cot, 

b) y" + 4y' + 2Sy = 6 sin cet = 6 cos ( cet — |rr), 

c) W" ~ y" T 2 y' — \y = cos cof-j-2 sin cot. 

Note: In the last equation convert the right side into the standard form 
A cos ( col + ip). Verify die answers by substitution. 

2. Find the steady state solutions of the following systems of equations 

a) x = — y + 2 cos cot, y' — x ; 

b) x" + 3x' + 2y = cos cot, x' — y" = sin col. 

Note: The complex amplitude of sin cot is —i. 

3. Find the steady state solutions of 

a) x' + x = cos t + 4 cos 3t, 

b) x" + 2x' + 3x = 5 sin 2t + 2 cos 3l. 

Hint: Observe that the sum x\ + X 2 of the steady state solutions of x[ + xi— cos t 
and *2 + *2 = 4 cos 3/ satisfies (a). 

11. Bilinear transformations 

A functional relationship, w = /( z), between two complex variables 
transforms geometric figures in one plane into corresponding figures in the 
other. This transformation is the best available method for the graphic 
portrayal of functions of a complex variable. Since we have to deal with 
four variables, to represent them as coordinates of a single point would 
require a space of four dimensions — no help at all as far as visualization 
is concerned. 

Let 


w — az + b. 


(82) 
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where a and l are complex constants. If a = 1, this transformation rep- 
resents a displacement of the entire z plane. If b — 0, the transformation 
consists of stretching the plane in all directions from the origin in the ratio 
am(d)/l, followed by a counterclockwise rotation through the angle 
ph(rt). The general linear transformation (82) can be visualized as 
stretching and rotation (given by a) followed by translation (given by l); 
or else as a translation, given by bja , and a subsequent stretching and 
rotation. 

Next in complexity is the bilinear transformation 

w — — ad — be 9^ 0. (83) 

cz + d 

If ad — be = 0, then b/a = d/c and w reduces to a constant; the entire 
z-plane would be transformed into a single point — not an interesting case. 
Bilinear transformations have long occupied an important place in the 
theory of functions; but more recently they have become very prominent 
in microwave transmission theory. 

If a transmission line of length l is terminated into an “ output imped- 
ance ” Z, then the “ input impedance ” is 

? _ K Z cos @1 + iK sin fit _ Z + iK tan gf ^ 

* A K cos /3f + iZ sin pi K + iZ tan/Jf' { ' 

where K is the “ characteristic impedance,” /3 = 2-r/X and X is the wave 
length. For most purposes K is regarded as real; but Z and Z,- are com- 
plex. For physical reasons the real parts of both impedances are non- 
negative and the variables arc confined to the right half-planes. The 
relationship between the input and output impedances is seen to be 
bilinear. 

The “ apparent reflection coefficient ” u> at distance / from the output 
impedance is 

^ = T-T 3, = Z</K, (85) 

X "T Zf 


This is another bilinear transformation. 

The inverse of a bilinear transformation is also a bilinear transformation 


— dw -f- b 
cw — a 


( 86 ) 


The coefficients b, c have kept their places; but fl, d have changed their 
places and reversed their signs. 

We shall now prove that bilinear transformations change circles into 
circles. In this connection straight lines are regarded as circles of infinite 
radius with centers at infinity. First we shall derive a parametric equation 



26 


APPLIED MATHEMATICS 


Chap. 1, 


of the circle passing through three given points A(z t ), B(z 2 ) and C(z 3 ), 
Figure 1.17. Let P be some point on the circle. The angles APC and 
ABC are either equal or supplementary; therefore, the phases of 
(z — Zi)/(z — Zz) and (z 2 — Zi)/ (z 2 — Z3) are either equal* or differ by r. 
In either case the quotient of these two ratios is a real number /, positive 

or negative. 



(z - 2 i)(z 2 - z 3 ) _ 

(z - z 3 )(z 2 - Zi) 

Solving for z, we have 

^3 ("1 — ) + Zi ~ z 3) 

2 = 1 — • 

*("1 — "2) + (22 — 23) 
This shows that 

mt -f- n 

z = » 

pt + q 


(87) 


( 88 ) 


(89) 


Fig. 1 . 17 . Any point s on a circle may where t is real, represents a circle, 
be represented as a function of three Suppose now that Z in (83) 5s on a 
assigned points on the circle and one drd From (87 ) we can find t t0 rep . 
real parameter. \ ' .... f 

resent each point on this circle; sub- 
stituting from (88) in (83), we obtain w as a bilinear function of t. As 
we have already shown, this must represent a circle. 

Since tan /3f is a real quantity, varying from — to +00 as f varies, Z,- 
as given by (84) describes a circle — the so-called “ impedance circle.” 
This circle passes through Z when f = 0 or more generally when /3f = n~, 
n = 0, 1, 2, • • • ; it passes through K 2 /Z when /3f = (2 n + l)-/2. The 
circle also passes through Z*. To prove this we need only show that a real 
value of f may be found from (84) when Z, = Z*. Solving (84) for tan /5f, 
we find 


tan f} l = K 


Z - Z,- 
/(ZZ, - K 2 )' 


(90) 


Since ZZ* is real and Z — Z* is imaginary, tan is indeed real if Z; = Z*. 

The center of the impedance circle is on the real axis. To prove this, we 
note: (1) the center of any circle passing through a pair of points lies on the 
perpendicular bisector of the line joining these points, (2) the perpendicular 
bisector of the line joining the conjugate points Z, Z* is the real axis, and 
(3) Z and Z* lie on the impedance circle. 

‘Remembering that the phase of the quotient of two complex numbers is the 
difference of the angles made by the corresponding radii with the real axis; that is, 
the angle between the radii. 
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There is no loss of generality in the assumption that K = 1; K merely 
stretches the impedance plane uniformly in all radial directions from the 


origin. Henceforward we make this 
assumption. It has already been stated 
that, on physical grounds, the real part 
of Z = R + tX is never negative. If 
Z — l } then Zi — 1 for all l and the 
impedance circle reduces to a point. 
The transmission line is said to be 
matched and the apparent reflection 
coefficient is zero at all distances from 
the output impedance. If Z = R < 1, 
the second point of intersection (in 
addition to R ) of the impedance circle 
and the real axis is 1 /R; thus one point 
is inside and the other outside the unit 
circle. As R — » 0, 1/R — » oo ; the im- 
pedance circle will gradually expand 



Fic. 1.18. The system of impedance cir- 
cles for non-dissipative transmission lines 
terminated into various impedances. 
Each circle arises from a continuous varia- 
tion in the length of the line. 


and as R varies from unity to zero, will pass by all points in the right 
half-plane. No two circles intersect each other and the family of imped- 



ance circles looks as in Figure 
1.18. 

From the general theorem 
about bilinear transformations 
we conclude that the family of 
circles (84) when transformed 
into the “ reflection plane ” by 
(85) will remain a family of cir- 
cles. Substituting from (84) 
into (85), we have (for Z — R) 
2 

to = — (cos 2j9f — / sin 20 f ). 

1 

(91) 


I'ic. 1.19. Transformation of the right half of the 
impedance plane of Fig. 1.18 into the region 
bounded by a circle is effected by the bilinear 
transformation (I-S4). The impedance circles of 
the former plane become a system of concentric 
circles. The new plane is the plane of the reflec- 
tion coefficient. 


These circles are concentric, all 
inside the unit circle. The latter 
corresponds to R = 0, co. The 
entire physical part of the im- 
pedance plane is now inside the 
unit circle. Figure 1.19. 


The lines of constant resistance and variable reactance, being straight 


lines in the impedance plane, 


will become circles in the reflection coefficient 
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plane. All the original straight lines have a point at infinity in common; 
this point becomes a? = — 1 in the new plane and through this 
point all circles of constant resistance will pass. When X = 0, 
xo = (1 — R)/ (1 -f- R); this gives another point for each particular 
circle. Since the conjugate values R -f- iX, R — iX are on the same 
straight line in the Z-plane, and the conjugate values of ® correspond to 
them, the constant resistance circles have their centers on the real axis. 
The lines of constant reactance X are circles tangential to the real axis 
at to = —1. 

Such “ impedance charts ” are very helpful in the analysis of trans- 
mission phenomena. Some charts are based on hyperbolic functions of the 
complex variable and are not quite as simple in their geometric aspects. 
A more detailed study of transformations and other examples of their 
applications will be found in Chapter 14. 

Problems 

1. Show by direct substitution in equation (29) that the transformation z = 1 /a 
changes circles into circles. This transformation is called the inversion. 

2. Show by direct substitution in (29) that the transformations z = Ais and 
z — tv -r B, where A and B are either real or complex, change circles into circles. 

3. Show by direct substitution in (29) that the general bilinear transformation 
z = ~r B) {{Ctv D) changes circles into circles. 

4. Show that the bilinear transformation may be regarded as a combination of 
linear transformations and an inversion. 

5. Find the fixed points of the bilinear transformation (83). 

Aus. 2 = (a — J) /2c zL \/[(a — d) jlc] z -f- {b /c). 

12. Spherical representation of complex numbers 

Imagine a sphere of unit diameter tangent to the complex plane at the 
origin. Figure 1.20. Draw a line from the “ north pole ” N of the sphere to 
a point z in the plane. The second point r! of intersection of this line 
with the sphere may be taken to represent the point z in the plane. The 
unit circle in the plane is represented by the equator on the sphere; its 
radii are represented by the meridians; points inside the unit circle corre- 
spond to points in the southern hemisphere and points outside the unit 
circle are represented by points in the northern hemisphere. Thus two 
very unequal regions in the plane are represented by equal regions on the 
sphere. 

This method of representation of a complex variable was used by 
Neumann in his treatise “ Vorlesungen fiber Riemanns Theorie der 
Abelschen Integrale” (Leipzig, Teubner, 2nd edition, 1884), and the 
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complex sphere is sometimes referred to as Neumann’s sphere. The 
method is particularly helpful in thinking about functions of a complex 
variable when the variable is in distant parts of the complex plane. No 
matter in what direction we go to infinity, we approach the north pole on 
the Neumann sphere; point N is the point at infinity , z = co. 



Fig. 1.20. The Neumann sphere for the representation of complex numbers. 

On the other hand, there are obvious disadvantages. Without a spherical 
model, figures are not easy to draw; and one is forced to rely to a greater 
extent on imagination. 


Problems ’ 

1. Show that 

2p „ p'-l 

sm 6 = — — ; > cos 0 = -rr~r » 

1 + p- p- + 1 

where 6 is the angle NO'Z' in Figure 1.20 and p is the absolute value of 2 . 

2. Show that circles on the Neumann sphere represent circles in the complex plane 
and vice versa. 
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CHAPTER II 
Theory of Approximation 


1. Linear interpolation 

Interpolation is a process of estimating the value of a function at an 
intermediate point when its values are known only at certain specified 



Fro. 2 . 1 . In linear interpolation the 
true function represented by the curve 
ATS is approximated by the straight 
line AB. 


points. Linear interpolation is illus- 
trated in Figure 2.1 where we assume 
that the curve y = f(x) between two 
given points A, B can be approximated 
by the straight line joining them. The 
equation of the straight line is 

y - yi - ^ (# - *i)> (i) 

where the first differences are 

Ax = * 2 - xu 4y = y 2 ~ y x . (2) 


By direct substitution it is easy to verify that the values x = x x ,y = y x and 
X — x 2 ,y = yz actually satisfy (1). 

The approximate value of the function y, at any point x in the interval 
{xi,x 2 )) is taken as 

y = y H — Ay. (3; 


This is the most frequently used form of interpolation. 


2. Quadratic interpolation 

Our estimate of intermediate values would be better if we could allow 
somehow for the possible curvature of the function. With just two points 
we have no information about the curvature; the curve could be either 
convex or concave. With three points, however, we are better off; al- 
though we still have to decide on a particular method of taking the curva- 
ture into consideration. We could use, for instance, a suitable French 
curve and perform interpolation graphically. We could always draw a 
circle through three points. This would bring a certain uniformity into 
the interpolation; but the practical difficulty is that the circle is com- 
plicated to deal with analytically and difficult to draw accurately when the 
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curvature Is small. And the curvature must be small or we should not try 
to interpolate. A practical way, from the computational point of view, is 
to obtain a parabola passing through the three given points, Figure 2.2. 
Just as the linear function 

y = a + bx (4) 

is the basis of linear, or two-point inter- 
polation, the quadratic function 

y = a -f- bx -f- a? (5) 

may be used for three-point interpola- 
tion. Suppose that we know the values 



when 


y = 


x — a?i, Xi -f- h> X\ -{- Hi. 


Fio. 2 2. In quadratic interpolation the 
true curve is approximated by a pa- 
rabola (the solid line) passing through 
three points A, B, C on the true curve. 


Extending the linear interpolation formula (3) by adding a quadratic term, 
we have 


X — Xi 

y~yi-\ : — (j 2 - yi ) + k{x 


Xi)(x — Xi — h). 


( 6 ) 


The last term is chosen deliberately so that it vanishes at x = Xi and 
x = -f h and thus the curve still passes through the first two points. 
The constant k is chosen to make tire curve pass through the third point 
(xi + 2/j ,y 3 ) 

J\i - yi +2 (j 2 — _)’z) + 2k/i 2 , k = (j’3 — 2 ,y 2 + Jj )/2/; 2 . 

Thus we obtain the following quadratic interpolation formula 


y =^i + 


X — Xi 


(j 2 -yi) + 


(x- Vl ) (x ~ .Vi - h) 
2 h 2 


(>•3-2 y 2 +yi). (7) 


The second difference y 3 — 2 y 2 + yi is the difference 0’3 — y 2 ) ~ 0'2 ~ Ji) 
of the adjacent first differences. 

We could easily extend the formula by adding a cubic term 

k(x — xi)(x — xi — h)(x — *i — 2Ji) (8) 

and making the curve pass through the next point (*i + 3/i,yi). We 
should find 

k- (y-i — 3y 3 + 3y 2 — Jx)/3 ! h z . (9) 

The numerator is the third difference representing the difference of the 
adjacent second differences. The reader should not find it difficult now to 
obtain Keic ton’s interpolation formula of the nth order. 



32 


APPLIED MATHEMATICS 


Chap. 2 


Problems 

1. On pages 666 and 668 of G. N. Watson’s “ A Treatise on the Theory of Bessel 
Functions ” we find the following entries for the Bessel function of order zero and of 
the first kind, Ja{x), 

Ml) = 0.7651977, /o(l -1 ) = 0.7196220, 

/ 0 (1.2) = 0.6711327. 

In this case h = 0.1 and (7) becomes 

/oM = /o(l) - 0.455757 (x - 1) - 0.14568(x - l)(x - 1.1). 

Hence 

/o(1.04) = 0.7651977 - 0.0182303 4- 0.000349 6 
= 0.7473170. 


Watson’s table contains _/o(l-04) = 0.7473390; the first four decimals are identical. 
The linear interpolation formula does not contain the third term and gives 
/o(1.04) = 0.7469674. 

2. Make calculations similar to the foregoing and check the relative accuracy of 
interpolation formulas of various orders by comparison with the entries in the table. 

3 . Derive Newton’s Interpolation Formula of the nth Order. 


„ , , x — , (* — «)(* — a — h) A , 

Ans. fix) = /(a) 4 ; — A/(n) 4 ggr- A "/( a ) 


h ' ’ 2!A : 

(a: — n)(x — a — h){x — a — 7Ji) 
t 


A-/(u) 4- • 


(x — a)(x — a — h) ■ ■ ■ {x — a — n — \h) . 

"t -777 A M 


where the successive differences are 

A/(n) =/(* 4- A) -/(a), 

A : /M = A[A/(a)] = A/(u 4- h) - A/(c), 

A 3 /(u) = A[A=/(u)] = A-/(u 4- A) - A 3 /(u), 

A”/(u) = A[A”-y(c)] = A"-y(* 4- A) - A”-y(a). 

3. Lagrange s formula 

A much more obvious form of a polynomial of the (w — l)th degree 
which assumes the values •••_>’« when * takes on the values x u 
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# 2 , • • • is Lagrange’s form 

_ (* ~ x 2 )(x - x 3 ) • • • (x - y n ) 

(. X \ # 2)(*1 *<*) * " ‘ (*1 ~ ^ n ) 

+ ±~*<) t* zAL 2LSL-.+... 00 ) 

+ (x - *Q(* - * 2 ) • • • (x - *„-i) 

(x n X \ ) ('Xn ^2 ) " * " (■'■"n ■*'* n— 1 ) 

Each term is of the (« — l)th degree. When x = atj the first term is equal 
to yi and the remaining terms vanish; etc. 

Lagrange’s formula is not convenient for the purposes of interpolation 
because all terms are of the same order of magnitude instead of becoming 
progressively smaller as in Newton’s formula; but when one wishes to 
approximate a given function by a polynomial, the above equation gives 
the most direct answer. Of course, after expansion into powers of x, 
Newton’s and Lagrange's formulas become identical. 

Problem. Approximate y - (1 + x)~ l in the interval (0,2) by a sequence of 
Lagrange’s polynomials passing through equispneed points; that is, passing through 
x = 0, 2; then through a- = 0, 1, 2; then through * = 0, 2/3, 4/3 , 2; etc. 

Am. yi(x) = 1 - }x, y z (x) = 1 — § * + ix", 

ys(x) = 1 — xirsx 4- rx 1 — rrc* 3 . 

4. Approximation by power series 

Interpolation is based on approximation of functions by polynomials 
whose values coincide with those of the given function at a specified number 
of points. Another type of approximation is approximation in the vicinity 
of a given point. 

Suppose we wish to approximate the curve in Figure 2.1 by a straight 
line in the vicinity of the point A. We shall certainly want the straight 
line to pass through A. Next we observe that if B is allowed to move 
nearer to A , the line All will be a better approximation in the vicinity of A. 
The tangent at A conforms to our idea of the best straight line approxima- 
tion in the vicinity of A\ thus the values of the given and approximating 
functions and the values of their first derivatives should be equal at A. 

We shall now generalize. Let us take the following polynomial of the 
nth degree 

J{x) = Ao + Ai{x — a) 4- An(x — a) 2 + • • • + A n (x — a) n (11) 



34 


APPLIED MATHEMATICS 


Chap. 2 


and obtain its successive derivatives 


/(*) = ^i + 2A z (x -a) + 2>A 3 {x -«)* + ••. + «^ n (* - m)"" 1 , 
f"{x) = 1 • 2// 2 + 2 • 2A 3 {x — «) + ••• H f- (» — l)«^ n (# — a)" -2 , ^2) 

/ (n) (*) = 1 • 2 ■ 3 • • • nA„, / (n+1) (#) = 0. 

The values of the function and its derivatives at a: = a are 
j{a) = A 0 , /'(«)= A u /"(a) = 1 • 2^ 2 , 

/"(«) = 1 • 2 • 3^3, - • •/"> («)=»! A n , / (n+1 >(a) = 0. C 

Thus the coefficients of the polynomial can be expressed in terms of its 
value and the values of its derivatives at a given point x — a 

/(*)-/(«)+ (^-g)/(^)+- ( -~ f)2 - /'(«) 


+ 


(*-«) ,w 


3! 


/"(*)+• 


, (*-«r 


M! 


/ n) (tf). (14) 


If /(#) is a given function, although not a polynomial, the above equation 
yields an approximation in the vicinity of x = a. Formally, we can take n 
as large as we please and obtain Taylor’s infinite series for /(*); but then we 
shall have to investigate the convergence of the series. 

It should never be forgotten that so far we have been concerned only 
with functions of a real variable and with best polynomial approximations in 
the vicinity of a fixed point; without further investigation no conclusion 
can be drawn as to how good this approximation will be at some distance 
from the given point. For instance, the function 

/(*) = exp (— l/* 2 ) (15) 

and all its derivatives vanish at x — 0. The approximating function is 
Fix') = 0. When x is very small, there is no question that zero is a good 
approximation to (15); but certainly the approximation is bad if x — 1. 
We cannot improve the polynomial because we get F{x) = 0 no matter 
how many terms we include. 

At first this phenomenon may seem strange; but the mystery will 
disappear after studying the behavior of power series for complex values of 
the variable (Chapter 4). Here we shall only note that if x = iu,f(x) - 
exp (l/« 2 ); and as u approaches zero ,/(#) becomes infinite. On the other 
hand, power series do not behave in this way. 

Problem. Approximate.}’ = (I + x)~ 1 in the vicinity of x = 0 by a sequence of 
Taylor’s polynomials 

Jo(*) = 1, yi(*) = 1 - x, y 2 (x) = 1 — * + x-, 

y 3 (x) = 1 — x + x" — x 3 , etc. 
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5. Approximation “ on the average ” 

In the preceding sections we have obtained two approximations of a 
given function by polynomials of the »th degree: Newton’s and Taylor’s. 
Of the two, the first is obviously the better throughout a given interval; 
but it is not necessarily the best except at points where the function and its 
approximation coincide. 

For example, if we wished to approximate a given function f(x) in a 
given interval a < x < b by a constant A, that is, by a straight line 
parallel to the .v-axis, Figure 2.3, we would not draw the approximating 
line MA r through either of the end points 
A, B. More probably we would approxi- 
mate /(.v) by its average value in the 
interval, so that the integral of the posi- 
tive error would just cancel the integral 
of the negative error. 

Suppose we wish to improve the 
approximation by making the approxi- 
mating line inclined. We now have 
two parameters at our disposal: the 
height of the middle point and the slope 
of die straight line or, in the algebraic 
form, the coefficients of the linear func- 
tion Aq + Ai\\ How are we to choose these parameters? One way is 



Fic. 2.3. 


Illustration of approximations 
"on the average.” 


to minimize the integrated square of the error 

J = £ \J(x) ~ A 0 - A^] 2 Ax. 


(16) 


It is a uniform method of determination of the coefficients and one which 
applies equally well to an approximating polynomial of any degree, in 
which case we would minimize 

I = £ l /(.v) -A 0 - A v x Ax. (17) 

It is dear that the method is arbitrary. Why should we minimize the 
square of the error rather than some other power or even some more 
complicated function of the error? The odd powers cannot be used for 
then 1 has no minimum; but any even power could serve the purpose 
except dm the evaluation of the coefficients would become very com- 
plicated. Of course, the fourth power law would tend to suppress really 
big errors at the expense of smaller errors to a greater extent than the 
square law. The latter treats all errors more equally. 
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Another point: We may wish the approximating function to be better in 
some particular subinterval; we may decide, for example, that we would be 
satisfied with a poorer approximation near the ends of the interval or near 
the middle. This objective can be easily achieved if we include a weight 
function W{x) and choose the coefficients by minimizing the integral of 
the weighted square of the error 

/ = jf W{x)\J{x) - Aq - A x x - ... - A n x n ) 2 dx, (18) 


where W(x ) > 0 but not identically equal to zero. 

Let us see how the method actually works when W{x) = 1. By squar- 
ing the integrand and evaluating whatever integrals we can, we obtain 
from (16) 

/ = £ [fix)} 2 dx + Al(b- a) + \A{ {b 3 - a 3 ) 


- 2/t 0 f/M dx - 2 A x Cxm dx + A Mb 2 - a 2 ). 

t Ja Ua 


(19) 


The requirements for the minimum of this function are 




( 20 ) 


Differentiating (19), first with respect to A 0 and then with respect to A u 
we obtain 

2A 0 {b - a) + A i [b 2 -a 2 )- 2 J f{x) dx = 0, 

( 21 ) 

|vfi(£ 3 - a 3 ) + A 0 (b 2 -a 2 ) -2 £ xf{x) dx = 0. 


These equations are linear in the unknown coefficients; they would still be 
linear in the more general cases (17) and (18). 

Now that the general scheme for selecting the coefficients of the approxi- 
mating polynomial is clear, let us organize the procedure in order to simplify 
numerical work. It would certainly be advantageous to deal with a 
standard interval. By choosing the mid-point of the interval (a,b) as the 
new origin and changing the scale, the interval can always be made (—1,1); 
hence we introduce a new independent variable £ defined by 

£ = ’ X = (b + a). (22) 

Thus, without loss of generality we may let a = — 1 ,b = 1 in (16). Next, 
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instead of using the powers of * as the elements of the approximating 
function, we introduce a set of polynomials 

Po(x), pi(x), p 2 (*)> • • • ,p n (x) (23) 

so chosen that the calculation of the coefficients becomes easier. At this 
stage we shall.subject these polynomials to only one condition: 

pm(x) is a polynomial of mth degree. A 

Hence, we can rewrite (17) as follows 

I - [f{x) ~ a 0 po(x) - <*ipi(*) a„p n {x)f dx. (24) 

We have not changed the degree of the approximating polynomial but 
merely reshuffled the various powers into special groups. Squaring the 
integrand, we have 

/= r {/(*)]* d*+ s <4 rw* 

0—1 m*=0 O—l 

f f(x)p m (x)dx + 2 Z a m a; : f p m (x)p k (x) dx. (25) 

J -l m k 'J ~ 1 


The prime that goes with the double summation is to remind us that 
m yS k, since the terms corresponding to m = k have been exhibited 
separately. Suppose now that we have been successful in finding p-func- 
tions such that •' 



Pm(x)p k (x) 


dx — 0, 

== 1, 


if m ye k ; 
if rn = k. 


B 

C 


Equation (25) would then become simplified 

I = S <4 - 2 £ f f(x)p m (x) dx + f 1 fix)} 2 dx. (26) 

m»l m=0 ° v-1 


The partial derivative with respect to a m must vanish in order to make 1 
minimum; thus, 

~ = 2* m - 2 T f(x)p m (x) dx = 0. (27) 

da m O -i 

Hence, 


= f_ i /(x)p m (x) dx 


(28) 


is obtained by integration without the necessity of solving (?; -f- 1) linear 
equations in (?/ -f- 1) unknowns, as we should have to do if we dealt 
directly with the original polynomial in (17). 
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All that now remains is to calculate the set of polynomials satisfying the 
conditions A , B, C. This can be done step by step. Since po(x) is of zero 
degree, we write po(x) = a and determine this constant from 


J“ ^a 2 dx = 1, a = V 1/2. 


(29) 


The algebraic sign of a is not uniquely determined by the conditions 
A , B, C ; and we are at liberty to choose it to suit our convenience. This 
will also be true of the sign associated with p n (x). Next we determine 
pi{x) — a *b bx from 

f^PoWpiix) dx = ~^J_ 1 ( a + dx *= 0, 

J * [ pi (*)] 2 dx ~ f (fi + fa ) 2 dx = 1 . 


Solving for a and b , we find 

Pl (x) = V 3/2 x. (30) 

Then we proceed to the next polynomial, and next, and next. The 
results are usually presented in the following form 

p m (x) = V(2 m + l)/2 P m (x), (31) 

where 

p 0 (x) = l, Pi(x) = x, P 2 (x)~U 3**-l), 

Psix) = L (5x 3 — 3.v), P 4 (*) = y(35x 4 — 30* 2 -f- 3), 

P^x) = A(63* 5 - 70* 3 + 15*), (32) 

P 6 (x) = ■j J g-(231* 6 - 315* 4 + 105* 2 - 5), 

Pt(x) = j^-(429* 7 — 693* 5 + 315* 3 — 35*). 

The P-polynomials are called Legendre polynomials. Functions satisfying 
condition ( B ) are called orthogonal; those satisfying (C) are normalized. 
Legendre polynomials are orthogonal but not normalized. The constant 
multipliers in (31) are normalization factors. 

Problem. Approximate y = (1 *) _1 bv a sequence of Legendre’s approxima- 

tions in the interval 0 < * < 2. 

Ans. yi(x) = ^ log 3 + 3(1 — log 3 )Pi(x — 1) = 0.845 — 0.296* 
yi(x) = ydx) + (-15 + \ 5 log 3)P,(* - 1) 

= 0.951 - 0.614* + 0.1 59* 2 

rtx) = Mx) + (4®- - log 3)P 3 (* - 1) 

= 0.985 - 0.818* + 0.41 5* 2 - 0.085**. 
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6. Fourier approximation 

In the preceding sections we have considered various polynomial ap- 
proximations of a given function. One set of polynomials was designed to 
approximate the function in the vicinity of a given point, another set to 
represent the function exactly for specified values of the independent 
variable, and still another set to approximate the function in a given 
interval without any strings attached as to the disposition of points of 
exact coincidence. In the next section we shall compare these three types 
of approximation. What we wish to consider here is the use of functions 
other than polynomials. Undoubtedly the student has already begun to 
suspect that sets of functions other than polynomials might be used for the 
purpose. This is actually the case; there are infinitely many ways of 
representing a given function, some much more suitable than others for a 
particular purpose. This latter point will be illustrated when we come to 
the solution of ordinary and partial differential equations. Here we shall 
confine ourselves to the Fourier representation of a function in terms of 
sines and cosines of integral multiples of the independent variable. 

The representation is of the following type 


f(x) ay -{- m cos * + a 2 cos 2x + ■ • • + a n cos nx 
+ b\ sin a: + l/ 2 sin 2x + • • • + b n sin nx. 


(33) 


The right side is periodic with the period 2tt; hence we cannot hope to 
represent /( x) in an interval of greater length than 2 v unless /(.v) is also 
periodic with the same period. We may be able to represent f(x) in the 
interval or (0,27r) or (*o,*o + 27r), where x 0 is some particular 

value of ,v; but not in the interval (0,4a-) — at least not by an expression 
(33). 

How are we going to determine the coefficients? One way would be to 
make equation (33) exact for (2 n + 1) preassigned values of .v in the chosen 
interval (.v 0 ,.v 0 2rr). This would necessitate solution of (2«-f-l) 

linear equations with (2«-ffl) unknowns — a difficult numerical task 
when n is large (except when the subintervals are equal). There is a much 
simpler way which is based on the following orthogonality property 


/ 


'jro+2r 


cos tnx cos kx dx = 0, 


if m 7^ k, 


J f\ro+ 2 r 
So 


sin mx sin kx dx = 0, 


if m k, 


j pXo+2r 

cos mx sin kx dx 

*0 


0 . 
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Thus if we multiply both sides of (33) by cos mx or sin mx and integrate 
from * = * 0 to * = * 0 -f 2x we obtain 


r *Xo+2 x 


J pro+2jr /*x 

/(#) cos */#,= / cos 2 tfZ* dv. 

*o «/xo 

'Vo +2* 


Since 


r»x 0 +2ir _ />X L . 

/ /(*) sin r/;.v dx= b m / sin 2 ww fik. 

•AXO «/X0 

r*V+ 2x „ /’*o+2r 

/ cos 7»# dx = } sin 2 = x, if ;» 0, 

Vlfl Jx Q 

we have 

1 /**fc+2x 

a m = - I /(at) COS 7K# 

7T «AXo 

1 /•x 0 +2x 

b m = - I f(x) sin mx dx. 

V Jxq 


(35) 


(36) 


Because of the factor 1/2 associated with «o in (33) the first of these equa- 
tions is true also when m = 0. 

The coefficients have thus been determined independently of each other. 
There can be no question that if (33) were exact, the coefficients would be 
given by (36); but if there is no prior evidence that f(x) can be rep- 
resented by an expression of the form (33), we cannot be sure that our 
scheme yields the correct representation of f(x). This should be obvious 
since there is nothing in our method of obtaining the coefficients that would 
tell us how many terms should be included and the method would work just 
as well if we inadvertently omitted cos 2x or all the sine functions. Sup- 
pose we let n be infinite but failed to notice that the right side of (33) has 
the period 2x and performed our integration from x = x 0 to x = x$ + 4 ir. 
We would still obtain the coefficients of a series of circular functions; but 
this series would not represent f(x) even approximately except in very 
special cases. Hence, it is essential to prove that the infinite series whose 
coefficients are given by (36) really does represent /(#)• The proof is 
beyond the scope of this book and we shall merely state that if /(#) is 
single-valued and piece-wise* continuous in the interval (0,2x), then as n 
increases indefinitely, the function can be approximated by (33) with an 
increasing degree of accuracy everywhere in the interval except at points of 
discontinuity. At the latter points the series converges to the mean value 
of the limits approached by the series when points of discontinuity are 
approached from left and right. 

* A function is piece-wise continuous in an interval (a,b) if (a,b) can be subdivided 
into a finite number of subintervals in which the function is continuous. 
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1. Expand the following functions in Fourier series: 

a) J(x) = — 1, —ir<x<0; 

= 1 , 0 < x < TV. 

b) /(x) = x, — ir < x < IT. 

c) /(x) = x, 0 < x < 2ir. 

Am. a) /(*) = - H — 7 -- sitl ( 2 " + 

7T n =0 2» + 1 

« / — 'jn— 1 

b) /(at) = 2 53 sin »x, 

n =1 » 


c) /(x) = rr - 2 £ 


sin «x 


n=l « 

2. Show that if the interval is («/), the Fourier expansion of /(x) is 

„ , 1 , ^ 27r«.v , ■ 2ir>ix 

/(*) = - ^0 + 2- cos + 2- Sin > 

2 n=i b a b a 




2 r b r, y 2 thx , 

= 7 / /(*) cos dx, 

b~ a J a 


2 

&» = -—- /(*) 
b — a %J a 


b — a 

. lynx 
b — a 


sin 


dx. 


3. Obtain the Fourier expansions given on page 138 of “Smithsonian Mathematical 
Formulae and Tables of Elliptic Functions.” 


7. In retrospect 

A comparison between various polynomial approximations to a given 
function is very instructive. Figures 2.4, 2.5, and 2.6 show the function 
y ~ (1 + A-r 1 and some approximations to it in the interval 0 < .v < 2. 
On the scale used, the cubic approximations of the Lagrange and Legendre 
types arc too close to the exact curve to be conveniently exhibited. 

The power series approximations are seen to be in complete distress 
except for small values of x. The answer to the mystery lies, as explained 
in Chapter 4, in the sensitivity of power series to singularities that may 
exist outside the given interval. In the present example, the singularity 
is at x = —1; but the power series for y = (1 + .v 2 )"" 1 would behave very 
similarly on account of the singularities at x = ±x. 

The resemblance between power series and a series of Legendre poly-*: 
nomials is very superficial as the graphical illustrations show. 



Fio. 2.4. The function y{x) = (1 -f- at) - 1 and its successive approximations by power series 
in the vicinity of x = 0 (see the problem of Section 4). Note how poor the approximations 
are for the larger values of x. 



0 0.2 0.4 0.6 0.6 1.0 1.2 1 A 1.6 1.6 2.0 


Fig.'2.5. The function y(x) — (1 -f- at ) -1 and its successive approximations by polynomials 
when the approximations are made perfect at specified points in the interval 0 < x < 2 
(see the problem of Section 3). 



Fio. 2.6. The function ,}■(.*•) = (1 + x)~ l and its successive approximations “on the average 
by Legendre polynomials (see the problem of Section 5). The crossings of the exact and 
approximate curves are not specified; instead, the integral of the square of the error is 
minimized. 
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analytic difference is: each time a new term is added to the power series, 
the coefficients of the previous powers remain unaltered; but each time a 
new Legendre polynomial is added, the coefficients of all previous powers 
are altered. 

Approximations of our function by powers of x do not extend very far 
from x — 0; but for small values of x they are equally good if x is negative 
or complex. The series of Legendre approximations, however, will show 
signs of distress if it is used outside the range of x for which it has been 
derived. 


Problems 

1. Find the quadratic approximation toy = cos (irx / 2) with the least mean square 
deviation in die interval — 1< .v < 1. 


7T \X“ / TT \ ffV 


2. Find the linear approximations to the following functions 

a) y — sin x, 0 < x < rr/2; b) y — sin *, ir /2 < x < it; 
c) y ~ cos .v, 0 < v < rr/2; d) y = cos v, 7r/2 <x <tt; 

with the condition that the mean square error in the designated intervals be minimum. 


Am. UA-i(l-l), B = l); then 

7T \ 7T/ 7T \7T / 

a )A+Bx, b) A- B(x-ir), c)A-b(x~^, d) -A - b(x -?)■ 


3. For exercises in the expansion of functions in power scries and Fourier scries sec 
” Smithsonian Mathematical Formulae and Tables of Elliptic Functions,” Chapter 


VI. 



CHAPTER III 

Solution of Equations 


1. A general method of solution of algebraic and transcendental equations 

The most straightforward and general method of solving algebraic and 
transcendental equations is the graphical method or its arithmetic counter- 
part, the table method. To find the real roots of 

F (x) = /(#)» (1) 

we merely plot two curves 

y = F(*), y -/(*), (2) 

and find the points of intersection. To increase the accuracy the curves 
are replotted on a larger scale in the immediate vicinity of each point of 
intersection. Actual plotting of the curves is not essential; tables of 
F(x ) and /( x) will suffice. 

To obtain complex roots we let x = u -f- iv and write 
F(x) = A(u, v) + iB(u,v), 
f(x) = C(n, a) + iD(u,v); 

then we substitute in (1) and equate the real and imaginary parts 

A(u,v) = C(u,v), B(u,v) — D(tt,v). (4) 

Finally we plot v vs. u from each equation and find the points of inter- 
section. 


2. Examples — real roots 

As the first example let us take the following equation 


sin x 

cos x 

x 


= 0 . 


( 5 ) 


This equation occurs in the theory of natural oscillations of a circular 
membrane clamped along the circumference and a radius as shown in 
Figure 3.1 ; in the theory of natural oscillations of air inside a rigid spherical 
envelope; and in the theory of electromagnetic waves in a wave guide whose 
cross section is that shown in Figure 3.1. If a is the radius, the wave- 
lengths of oscillations are found from X = 2ira/x, where x is a root ot (5). 

44 
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Instead of plotting cos x and (sin x)/x directly, let us transform (5) into 


tan x = x; (6) 

then we need only a curve for y = tan x and the straight line y = a-. 
Since changing the sign of a leaves (6) unaltered, to every positive root 
there corresponds a negative root of the same 
magnitude. Figure 3.2 shows that the positive 
roots are somewhat smaller than (« + %)■*, n > 0. 

Starting with the smallest root, we plot* the region 
in the vicinity of the root near x — 3 tt/2 on a 
larger scale, Figure 3.3. Thus for the smallest 
positive root we obtain x = 4.4934. 

Another equation 

, cos .v sin x 

Sin X -J * 2 ~ *= 0 (7) Fig. 3.1. A circular mem- 

x x brartc damped along 

comes from the theory of natural electrical oscilla- tllc c . lrcumfcrcncc and 
tions in a spherical cavity resonator. If a is the 
radius of the cavity, the natural wavelength and frequency are X = 2-xa/x 
and /=3X 10 10 /X (if X is in centimeters). Again we transform the 
above equation into a simpler form 



tan x 



Flo. 3.2. Illustration of the graphical 
method of solving equation (6). 



AA92 4.493 4,494 4/495 


X 

Fic. 3.3. A large scale plot of the region 
around the second intersection of the 
curves in Figure 3.2. 


Figure 3.4 shows the exploratory plot of the two sides of this equation 
which yields rough approximations to the smallest roots; replotting the 
region around the smallest positive root we obtain .v = 2.74371. 

* Hayashi table of circular, exponential and hyperbolic functions. 
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As a last illustration let us take an equation involving Bessel functions 


J Q (8a)A r 0 (8b) 



Fig. 3.4. An exploratory plot of the two 
sides of equation (8) to determine ap- 
proximate locations of the roots. 


by writing @a — p, fib — q and 


J a (Sb)N 0 (Ba) = 0. ( 9 ) 

This equation occurs in the theory of 
free vibrations of an annular mem- 
brane and in the theory of propaga- 
tion of sound and electromagnetic 
waves between two coaxial cylinders. 
The radii of the cylinders are a and b; 
6 = 2w/X where X is the wavelength; 
Jo and A r 0 are Bessel functions of order 
zero.* 

In the present case we have one 
set of roots for each ratio bja. If 
we are interested in exploring a large 
range of this parameter, we shall profit 
nsforming (9) into 


Joip) _ Jo(q) 

A r o(p) A t o (§0 


Figure 3.5 represents either side of this equation. If the wavelength X, 
and hence the “ phase constant ” p, as well as the radius a of the inside 
cylinder are known, p is known. This p determines the ordinate and, 
therefore, the permissible values of q. Hence we obtain the permissible 
values of the radius of the outside cylinder. 
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by sliding along the next two branches of the master curve, etc. Finally 
we add a family of straight lines q = ( b/a)p so that 2ira/\ and 27 xb/\ 
corresponding to various ratios of the radii can be read directly. 


The q-p curve corresponding to the 
second “ mode ” of oscillation or pro- 
pagation is obtained by selecting pairs 
(p,q) from the first and third, second 
and fourth, etc., branches of the master 
curve in Figure 3.5. 

It is obvious that the graphical or 
table method can be applied to almost 
any practical problem. Its usefulness 
might be limited if no tables of the 
functions involved in the equation to 
be solved were available, when the 
main problem might prove to be the 
preparation of such tables. 



Fic. 3.6. The plot of q vs. p as obtained 
from Figure 3.5, and auxiliary straight 
lines for solving equation (9). 


Problems 

1. Find graphically the real root of x 3 — 1.5x + 1 = 0. Do it first by plotting 
y — x 3 — 1.5* + 1 and determining its intersection with the *-axis; then plot 
y = x s and y = 1.5.v — 1. Note that the second method makes it easy to deal with a 
more general cubic equation x 3 — px — q = 0. Only one cubic curve y — x 3 is 
needed; the straight lines,)' *= px + q can be constructed from a pair of points. Show 
that if the cubic equation contains the square of the unknown, this term can be 
eliminated by a simpie substitution x = r-f a, where a is chosen to make the co- 
efficient of /- equal to zero. 

2. Calculate the two smallest positive roots of tan .v — 2x 2 . 

3. Let y — /(.v) be a continuous and single-valued function in the vicinity of a 
particular root of /(.v) = 0. Suppose that ys = /(.vj) and y s = /(*») arc of opposite 
signs. 

Show that the root can be steadily approached by taking x — Xi — yi — - 

yz ~ Ti 

and pairing it either with xi or .v», depending on whether y has a sign opposite 
to_y( or toys. 

This is the interpolation method of solution. 

3. Examples — complex roots 
Consider the following equation 

-3-M +1=0 . 0D 

Substituting c = .v + iy and equating to zero the real and imaginary 
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parts, we obtain 

j; 3 - 3xy 2 + at + 1 = 0, (12) 

y(3x 2 -y 2 + 1) =0. (13) 

An obvious solution of (13) isy = 0. This would make z real and presum- 
ably we have already obtained the real roots of (11) as in the preceding 
section. For complex roots y 0 and can be canceled from (13) 

3^-/ + 1=0. (14) 

The general procedure from now on would be to plot (12) and (14) and 
then locate the points of intersection. In the present case, however, it is 
simpler to solve (14) for y, 

y 2 = 3^ + 1, y= ±V3* 2 + 1 (15) 

and substitute in (12), 

— 8* 3 — 2* + 1 = 0, x 3 = —\x -f 

In this equation x is real by definition and we proceed as in the preceding 
section. Thus we obtain x = 0.34116. Substituting in (15) we have 
y = ±1.16154 and the required complex roots of (11) are z = 0.34116 ± 
*1.16154. 

As our next example we take an equation from electromagnetic theory* 

zv tanh w — —ik, (16) 


in which w = a + iv is the unknown and k is a known positive parameter. 
To solve this equation we must first be able to separate the real and 
imaginary parts of the complex function tanh ( a -f- iv). Referring to 
Chapter 9 we find 

. sinh tv 
tanh to = — : — > 
cosh iv 


sinh (a + iv) — sinh u cos v + i cosh a sin v, 
cosh (a -p iv) = cosh a cos v + i sinh a sin v. 


(17) 


Multiplying (16) by cosh m, substituting from (17) and separating the 
real and imaginary parts, we have 


a sinh a cos v — v cosh a sin v = k sinh a sin v, 
v sinh a cos v + a cosh a sin v = —k cosh a cos v. 


(18) 


Eliminating k, we obtain 

a sinh 2a = v sin 2v. 


(19) 


* S. A. Schelkunoff, Electromagnetic Waves, D. Van Nostrand Co., Inc., New York, 
1943, p. 485. 
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Since u is real by definition, the left side of this equation is positive* and v 
must lie within the following intervals (such that sin 2v is positive or 
negative depending on whether v is positive or negative) 

0 < v < 7r/2, ir < v < 3ir/2, • • • nir < v < (2n + l)r/2, 

0>a>— tt/2j — n j> v > — 3ir/2, — —in > v > — (2n-\- l)tr/2. ^ ^ 


A reversal of the sign of w does not alter (16) and to every solution u + iv 
there corresponds another solution —u — iv. Hence without loss of 
generality we can assume that v is positive. Since the algebraic sign of it 
for positive v is not determined by (19), we obtain it from the fact that k 
is known to be positive. From the second linef of (18) we have 

k = —it tan v — v tanh it. (21) 


When o is defined by the first line of (20), tan v is positive and k can be 
positive only if u is negative. We now plot a vs. a from (19) and obtain a 
relationship between the real and imaginary parts of w which is entirely 
independent^ of k. For the interval 0 < v < rc/2 the curve is that shown 



V K 


I'ic. 3.7. The plot of thereat part of a root 
of equation (16) vs. the imaginary part. 


Fig. 3.8. The plot of the imaginary part 
of to vs. k in equation (16). 


in Figure 3.7, Using this curve in conjunction with (21), we plot k vs. v, 
Figure 3.8. Thus for each value of k we can find 0 ; and knowing o, we can 
find u from Figure 3.7. 

Numerical work involved in computing complex roots is at best time 
consuming. There are excellent tables of hyperbolic and circular functions; 
but even so we have to find a real root of an equation just to obtain a point 
on the curve of Figure 3.7. The simplest procedure is to plot y = u sinh 2 « 
and y — v sin 2v so that u and a are both abscissas; pairs ( u,v ) are then 
picked to correspond to equal ordinates. 

* The function sinh 2 tt is odd so that sinh (—2 it) — sinh 2.7. 

T The first line does not furnish die required information as readily as the second. 

1 This is really a consequence of k having a constant phase (zero in the present 
case). 
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Problems 

1. Compute the complex roots of 

a) a 3 -f 3= - 2 = 0, b) 25 + 22-1 = 0. 

2. Obtain the values of “V 7 1 + 2/. 

3. Find the smallest roots (except tv = 0) of sinh tr = to. 

Hint: After separating the real and imaginary parts, plot v = cos -1 {u /sinh «) and 
it = cosh -1 (o/sin v). 

Ans. to = ±2.7687 ± Z7.4977. 

4. Perturbation methods 

“ Perturbation methods ” depend on the use of one approximation to 
obtain a better one. The given equation is approximated by a simpler 
equation; the latter is solved and the roots are used to obtain successive 
corrections. 

For example, if x is large, (6) may be replaced by 

tan x = co. 

Solutions of this equation are 

Xn—(n + i)~, n — 0 , ± 1 , ± 2 , • • • . 

Let 

# — (» + §) - + A 0 (22) 

and substitute in (6) to obtain 

cot A„ = — (n + §-)- — A a . (23) 

If A„ is small, cot A„ ~ 1/A„ and 

A* gs — 2/(2« + 1)-. 

Thus 

* i ‘“(" + 2) S '“*(2» + I)r‘ 

These are the approximate roots when n is large. 

For more accurate computation by successive approximations rewrite 
(23) in the form 

A n — -cot -1 [(« + !)- + A„]. (24) 

Calculate A„ on the assumption that on the right side A„ = 0; substitute 
this value in the bracketed expression and recalculate A„; continue this 
process until the desired accuracy has been secured. Thus for n = 1 the 
sequence of successive approximations is 

-0.209105, -0.218510, -0.218957, -0.218978, ••• . 

Hence the first positive root is x = 4.49341 . 
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If we start with » = 0, we obtain the following sequence 
-0.5669, -0.7834, -0.9038, -0.9825, -1.039, -1.082, -1.116, -1.144. 

The limit of the sequence is —n/2 and the corresponding root from (22) 
is x — 0. This root is evident by inspection. The reason for slow con- 
vergence of this sequence is the extreme poorness of tan x — co as an 
approximating equation to tan x = x when x — 0; it is a wonder that the 
sequence converges at all. 

The method is not limited to real roots; thus equation (16) may be 
written as 

tanh w = —ik/w. (25) 

If the absolute value of w is large compared with k, 
tanh w s' 0, w Si inn. 


Let w = inn + A and substitute in (25); then 


tanh A = 


ik 

inn + A 


For small A, tanh A s' A and A s' —k/nn\ hence inn — k/nn. , 
On the other hand, if k is large compared with | w j, tanh test <x> and 
w s: i(2n + l)rr/2. Proceeding as above, we obtain 


K>Si 


^H> 


Next consider a more general case 

N(w) 

rw’- 


(26) 


where k is small.* Suppose that we know the zeros of the numerator, 
N(w) = 0 We write w = to -f- A. By Taylor’s theorem 

N(w) = N(w) + N'{w) A + £A r "(«>)A 2 + ••« 

D(w) = D(w) + D'(w) A + l-D"{w) A 2 + • • • . 

Several cases may present themselves. If D(w) ?£ 0, N ' («>)?£ 0, 


(27) 


, D ( gO 

N\w)’ 


ty si ty + k 


D@) 

N'(u>) 


(28) 


If D(w) ?£ 0, A r '(ty) =0, 

A Si i 


f2k 
\ A 7 


2kD(w) 


IV Si v> ± . 


N"(w) 

* If k is large, take the reciprocal of the equation. 


(29) 

\ A r "(iv) 
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If Z>(&) = N'fp) = 0 but D’ffb) ^ 0, N"(jb) 


2kD'(zs) 
K"{v) ' 


0 , 


(30) 


In this manner we can find A in any eventuality, provided k is “ sufficiently 
small.” 

By “ sufficiently small ” is meant that the absolute value of the correc- 
tion A is small compared with the first approximation w to a root of 
N{w) = 0. This is the only sense in which we can describe k as “ small”; 
for no matter how small k may be in equation (26) we can make the right 
side arbitrarily large by multiplying the equation by a large number so that 
the new “ k ” will not seem small. Conversely, the equation can be 
multiplied by a very small factor and the right side will then seem small. 


Problems 


1. Apply the perturbation method to find the large roots of (8). 

2. Consider sinh to = to and show that, if w 0 is an approximate solution of the 

. xvq sinh to o . 

equation, to — too— : — • Using the answer to Problem 3 of Section 3, 

cosh to 0 — 1 


show that to — too — —0.00002172 — /0.00002372. t 

3. Apply the perturbation method to x z -f- 0.1a: — 1=0. 

Hint: Let x = cos <?o + i sin is 0 + A, where ipo = 0, ±2-/3. 

4. Apply the perturbation method to ax- + bx + c = 0 when b is large compared 
with a and c. 

If the equation is transformed into x = — fjcjb) — ( a /b)x z , the first approximation 
taken as xo = — (c jb~), and the following approximations obtained by successive 
substitutions, then only one root is found. Why r What are the relative magnitudes 
of this root and the one that remains? Having answered these questions obtain the 
second root in a similar form. 

5. Obtain approximations to all three roots of ax z + bx + e = 0 when b is large 
compared with a and c. 

6. Let ro be an approximate root of f{z) = 0. Show that z = Zo — [/(to) lf'(.~o)] 
is a better approximation if the correction term is small. 


References 

The methods described in this chapter have been chosen because they are applicable 
to any equation; they are not always the best for any particular equation or class of 
equations, for they do not take advantage of special properties of functions entering 
the equation. If the reader is only occasionally concerned with the solution of equa- 
tions, it may require more effort on his part to learn special methods than to obtain 
his answers directly as explained in this chapter; this is particularly true if the 
equations encountered by him are of varied forms. 
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A paper by H. C. Plummer, Philosophical Magazine, December, 1 941 , pp. 505-512, 
will introduce the reader to the idea of taking advantage of certain properties of 
circular functions for obtaining rapidly accurate values of the roots of certain equa- 
tions containing them. 

Most special methods have been developed for algebraic equations. A good 
method is given by Shih-Nge Lin in the Journal of Mathematics and Physics, Vol. 20, 
No. 3, August, 1941, pp. 231-242. In a paper by Thornton C. Fry in the Quarterly of 
Applied Mathematics, July, 1945, pp. 89-105, the reader will find a discussion of some 
of these methods as well as valuable references. Pages 2-15 of the “ Smithsonian 
Mathematical Formulae and Tables of Elliptic Functions ” deal with some of the 
more classical methods. 



CHAPTER IV 


Power Series 

1 . Arithmetic series 

Infinite series are first encountered in arithmetic. Infinite decimals 
1.333 • • • , 1.4142 • • • , are series of constant terms; thus 

1.333 ••• = !+ + ioo 4 ~ 1 0 3 o o ri" ‘ * * > 

1.4142 ' • • = 1 4 ~ TJT + jig- -f YUQO + ■ • • , 

more generally, 

S = Cl\ 4" a 2 + a 3 “f* • ' ‘ + a n + 1 * ’ • • (1) 

We could not get along without such series. Although it is true that the 
first of the above series represents -g- and hence could be dispensed with, 
there is nothing that we can do about the second which represents the 
square root of two. To denote this number by V2 is not to give its 
value; to “ know ” V 2 is to know a process for finding a sequence of com- 
mon fractions whose squares approach the limit 2. Infinite sequences of 
numbers x u x 2 , X3, - • • and series #i 4 - *2 + *3 + • • • are the foundation of 

general arithmetic. Irrational numbers are first defined as limits of 

sequences or sums of series of rational numbers; then, irrational numbers 
themselves may be taken as elements of sequences or series; and the 
arithmetic structure rises. 

An infinite series is said to be convergent and its sum is said to be ^ if 
I -S’ ~ d n |, where 

$n — a i + a< 2. + • • * + «n> (2) 

can be made less than any preassigned small quantity e for all values of n 
greater than some value N. It is evident that the series will be divergent 
(not convergent) unless a n approaches zero as n increases indefinitely. 

The requirement that a n should approach zero is a necessary but not a 
sufficient condition for convergence. Thus 

1 + ^ + 5 + i + '” (3) 


is divergent. In order to prove this, write 


S=l+\+ 


+ 


0 


_{ 4 - 

10 T 


G + i) + (? + i + 7 + 0 

'I 


+ i6j + 
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The numbers in parentheses are all greater than and the “ partial sum ” 
S n can be made as large as we please by taking n large enough. 


Problems 

1. Start with a pair of numbers a, b. Form their arithmetic mean a i = ■?> ( a + b) 

and " harmonic mean ” b\ = lab [{a + b) obtained from = I + i ) • From 

bi 2 \a bJ 

Hi, bi obtain as, b« as above, etc. Show that the sequences a, a,, as, • • ■ and b, bi, 
bs, • ■ ■ converge to the same limit and that this limit is the geometric mean \^ab. 
Apply this method to the computation of 

2. Show that the positive solution of the equation x~ = 2 may be represented as a 
“ continued fraction ” 

1 


* = 1 + 


2 + 


2 + 


2 + 


Calculate the successive convcrgcnts of this continued fraction by terminating the 
fraction. 

Hint: Let .v = 1 + y and “ solve ” for_y in a form suitable to the above representa- 
tion. 

3. Show that the positive solution of x- = a, where a lies between the squares, 
tr and (« + 1 ) : , of two successive integers may be expressed as 


.v = ?; + 


2n + 


— 


2,i + 


4. Generalize the method in Problem 1 so that it can be applied to the computation 
of the nth root of a number. 


2. Absolute and relative convergence 

The sum of a finite number of terms, such as (2), is independent of the 
order of addition. This is not necessarily true of an infinite series. Natu- 
rally, if we reshuffle the terms anywhere in the finite part of the series the 
sum will not be affected; but the sum may be altered if the reshuffling is 
done on an infinite scale. 

Consider, for instance, 

+ * ( 4 ) 

The sum of this scries in the order indicated is known to be log 2 (the natural 
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logarithm). Suppose we derange the terms as follows 


5 = 1 


+ 


111111 1 1 • 
3 2 5 7 4 T 9 11 6 


(5) 


In the new series we have included a 11 terms of (4) and added none; we are 
merely adding two positive terms for each negative. It can be shown that 
S' = 1.5 log 2. We write 


Sn ~ 1+ \ + l + 


1 


Then 


i s n — g + 7 + 7 + 


1 1 


1 

+ 2^ 


*2n ~ = l + 2 + £ri“'‘‘ + 

&2n = *2 n ^n, 

S3n 


1 


2 n - 1 


( 


1 


I+ f + l+i + 


(- f 4n 2^2 n) 2^n — C^4n ^2n) “f* 2 C^2n Sn) 

= + 2$2n- 


( 6 ) 


(7) 


4»— 1 } \2 T 4 T T 2»7 


As k — > co } we have 

S = S + = 1.5 S’. (8) 

Series whose sums are independent of the order of summation are called 
absolutely convergent; other convergent series are only relatively convergent. 

The reader may already suspect that relative convergence is connected 
with the presence of positive and negative terms, and with the divergence 
of parts of the complete series made up of the terms of one sign. This is 
actually the case. If the series of absolute values 

S = 1 «1 | + | « 2 I + | «3 i + • • • + | «» | + • • • (9) 


is convergent at all it is absolutely convergent and so is the original series 
(1). On the other hand, if the positive and negative parts of the series 
diverge when taken separately, the value of the sum of the series will be 
altered by any rearrangement of the positive and negative terms. If a 
large positive sum is desired, more positive terms are taken for every 
negative term. 

It may be suggested that to tamper with the order of the terms is to 
create an artificial situation and that in practice we need not worry about 
the distinction between absolute and relative convergence. But the 
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distinction is important if we multiply two series, 

d — a \ + a 2 + a z + • • • + a n + • • • 5 
B = h + h + h + • • • + K + • • ’ j 

for the order of summation of the product series is not given naturally. If 
the two series are absolutely convergent, we can multiply them term by 
term in any order, the resulting series will be absolutely convergent and its 
sum will be the product of the sums of the original series. If A and B are 
relatively convergent, we should be careful about the order of the product 
scries. 

It is fair to add, however, that only slowly convergent series may be 
relatively convergent and that care has to be exercised only in borderline 
cases. 


3. Tests of convergence 

There are numerous tests of convergence; but from the practical point of 
view the most important is the comparison test. Let 

5 = + ••• + «» + •• • ... 

T = b\ + t>2 + ^3 + • • • + ’ 

be two series of positive numbers, and suppose that the first series is known 
to be convergent; then, if “ almost all ” (meaning “ all except a finite 
number of ”) terms of the second series are not larger than the correspond- 
ing terms of the first series, the second series is also convergent. The 
theorem is so obvious intuitively that wc shail dispense with a formal proof. 

Similarly if the first series is divergent and “ almost all ” terms of the 
second series are not smaller than the corresponding terms of the first 
series, then the second series is also divergent. 

Note that in proving the divergence of (3) we actually employed the 
comparison test. Since the series of absolute values of any series is a 
series of positive numbers, the above test is a test of the absolute conver- 
gence of any series. 

Problems 


1. Find a simple direct argument proving that the series 

1+ 5 + S + 5 + “* 

is convergent and that its sum is 2. 

2. Using a method analogous to that in Section 1, show that the following series 

1 a. ! -f i -f i -f . . . 

2-3-4- 


is convergent. 
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3. Prove that 

1-f - + - + — 4 

2 s 3* 4 s 

is convergent. 

4. Prove that 

1 + 1 log 2 + 1 log 3 + 1 log 4 ff 

is divergent. 

5. Prove that 

1 , 1 , 1 

h • • ^ 

1-2-3 4-5-6 7-8-9 

is convergent. 


4. Method of increasing the rapidity of convergence of infinite series 

Several methods of increasing the rapidity of convergence of infinite 
series are explained in that useful collection, “Smithsonian Mathematical 
Formulae,” on pages 113-115. We shall not consider these methods but 
shall confine our attention to the most obvious one 
Consider two series and their difference 

U = «o + «i + «2 "h H* * • • 

V — V 0 + Vi + v 2 + v 3 + • • • (12) 

U — V = (m 0 — 0o) + (#i — v i) + («2 — v%) + * • • • 


If V is known or can be found and if the difference series converges more 
rapidly than the M-series, we have, in effect, a transformation increasing the 
rapidity of convergence of the ^-series. For example, consider 


£ y c=1 _l + I_I + I_I + 

2^3 4^5 6 ‘ 


J_ + J_ + J_ + 

l-2~3-4 5-6 


1 


n =1 (2 n - 1)2;; 


It_is known that 
the difference, 


co 1 _2 

■s = E - 2 = t 

n = l« O 


U-lS = 


1 


4 n t' 1 w z (2« - 1) 


(13) 

(14) 

( 15 ) 


converges more rapidly than (13). 
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Take as another example. 


" COS77.V 

rrr 


(16) 


On page 138 of the Smithsonian Tables we find 

TT ® cos nx 1 , 1 

U — ■ ~ log v > 

n *=*i n 2 2(1 — cos at) 


0 < at < 2tt; 


(17) 


F = + 0 <*<2,r. 

„=1 77“ 6 2 4 


Subtracting 17 from S and adding F, we obtain 
S 


°°1 cos ?/.v 

U-F&'E 


n=l 77 2 (77 + 1) 


(18) 


The series on the right converges more rapidly than the original series. 

This example has been chosen merely to illustrate the method; actually 
S can be,expressed in terms of series whose sums are known, without any 
residue series. Thus, introducing m = 77-1-1, we have 

" cos (777 — 1).V ® 


m 


~ cos 777.V . " ,: sm ;«.v 

= cos x 2- r sin x 2- 

m- 2 777 n-2 777 


(U — cos .v) cos x + — sin sin x 


(19) 


X - .V . ,1 , 1 

— - — Sin A? + - cos A* log — 

2 2 b 2(1 - cos x) 


1 


This method of summation will not work if the denominator in (16) is 
77 + 0.5, or 77 -f. k, where k is a fraction. 

5. Poivcr series 

The simplest and most direct arithmetic definition of a function of a 
single variable is in terms of power series; and this definition is broad 
enough to apply to complex values of thq independent variable. The 
function w — sin s has a very simple geometric definition if a is real; but 
the definition fails if z is complex. On ( the other hand, a definition by a 
scries of powers of z. 


sin z 


1 , 1 , 
~ ~ 3 -1 5 

6 ~ 120“ 


i — 2 " -j- — - 9 — . 

, 71 ^ 9! 


works equally well for either real or complex values of z. We have to 
know only how to add, subtract and multiply numbers; and that is all. 
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On the other hand, if p > 1, the remainder term increases as n increases 
and the series diverges. If p = 1, the remainder term is finite as long as 
ph trO, but it does not approach zero; the amplitude of z" is always 
unity but the phase changes with hence the series is divergent. 

A more general geometric series is obtained from (20) if we replace 
a by "/A, where A = a (cos + / sin p) is some constant; thus 

5=1 + (z/A) + ( z/A f + (z/A) 3 + • • • . (23) 

This series converges when p < a, and diverges when p > a. 

Geometric series are convenient for comparison purposes in proving 
either convergence or divergence of series. 

Problems 

1. Prove that 

x X X 

S = sin .v + 2 sin - + 4 sin }- • • • + 2" sin — + • • • 

5 25 5 n 

converges for all values of .v. 

2. Prove that a series of constant terms, tfo + «i + + • ■ • + n n + • • ■ , con- 

verges if lim | <7 n+ _] ja„ | exists and is less than unity. This is the ratio test. 

3. Give an example in which the limit mentioned in Problem 2 does not exist and 
yet the series is convergent (even rapidly convergent). 

7. Circle of convergence 

' In the complex plane the geometric series (23) converges everywhere 
inside the circle of radius a with its center at the origin and diverges every- 
where outside the circle and on its circumference. With only a slight 
modification this property is shared by all power series. There is always 
a circle inside which a given power series converges, while diverging out- 
side. On the circumference itself it may either converge or diverge. This 
is the circle of convergence. Its radius may be equal to zero, so that the 
scries would diverge everywhere in the plane except at z = 0; or it may be 
infinite and the series would converge everywhere. 

The assertion is almost self-evident. Taking a power series 

5 = <7 0 + ct\z + a-A + • * • + + • • ■ (24) 

we assume at first that the coefficients are positive real. The series of 
absolute values is then 

>? = + <7jp + + • • • + n„o n + • • • . (25) 

If this series converges for some particular value p = pp, it converges for all 
smaller values (the comparison test). When a is complex, there are in 
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effect two power series 

S' = a 0 -f «ip cos <p -f- a 2 p 2 cos %p • • • , 
S" = ci\p sin ip -f- a 2 p 2 sin 2 


(26) 


By the comparison test these series are convergent for p < p 0 ; that is, 
inside the circle of radius Po and on its circumference. 

Let us keep increasing p. If (25) remains convergent for all values of p, 
(24) will be convergent in the entire plane. If for some p = a or for somep 
just exceeding a , (25) fails to converge, it will fail for all larger values as 
well. The following series illustrate the distinction between the two 
possibilities 

S=1 + p + -p 2 + 7P 3 j 1 — p" + • • * , 

£ o 7t 


T = l + p + -p 2 +-p 3 + * 


+ ~2P n + 
n 


(27) 


The first of these series stops converging as soon as p reaches unity and the 
second as soon as p exceeds unity. Normally, the divergence of the series 
is evident for the nth term grows larger and larger; in this case, divergence 
of (26) and hence of (24) is also assured. If we can establish the fact that 
divergence of (25), coupled with the property that the nth term approaches 
zero, can take place for only one value of p, we can narrow down the region 
of uncertainty about the behavior of (24) to the circumference of a circle. 
So let us suppose that (25) diverges when p = a and yet the nth term 
e„ = a n a n approaches zero with increasing n. For a slightly smaller value 
p = a — 5 the nth term is 

a n (a - S) n = (l - 0* = e n (l - 


Since e n becomes eventually smaller than unity, this nth term is smaller 
than the corresponding term of a convergent geometric series. Hence the 
series converges if p < a. 

Suppose now that p = a + 5; the nth term is then 


Vn — 



Although the second factor increases with n, the first decreases and % 
might yet approach zero; but if it did, e„ would eventually be smaller than 
the nth term [1 + (5/n)] - " of a convergent geometric series, and conse- 
quently the power series would converge when p = a, which is contrary to 
our initial assumption. Thus the uncertainty about the convergence of 
(24) is restricted to the circumference of a circle. There anything can 
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happen: the series may diverge everywhere as in (20); it may diverge at 
one point and converge at others as in the general series corresponding to S 
in (27); and the series may converge over the entire circumference as in the 
general power series corresponding to T in (27). 

The theorem has been established for the case of positive real coeffi- 
cients. With only minor modifications the argument applies to any power 
series. The a n ’s in (25) will be the amplitudes of the corresponding 
coefficients in the general series; and in (26) the phases of the coefficients 
will be added to tup; but nothing essential in the argument will be affected. 

A series of negative powers 




+ - + 
z n T 


(28) 


is converted into a series of positive powers by the substitution 

2 = 1 /w. (29) 

This transformation exchanges the inner and outer regions of the circle of 
convergence so that (28) will converge outside its circle of convergence and 
diverge inside. 

A mixed power series, if convergent, 
converges inside a ring of convergence. 

Figure 4.1. The inner boundary must 
be the boundary for the circle of con- 
vergence of the series of negative powers 
and the outer boundary must be the 
boundary of convergence for the series 
of positive powers. It is quite possible 
for the ring of convergence to be reduced 
to just one circumference or even cease 
to exist. The outer boundary of a ring 
may very well be at infinity; the inner 
boundary may shrink to a point, z = 0. 

The series (28) can never converge at 
z = 0. The slight asymmetry in the 
behavior of power series disappears if z 
is represented on the surface of the Neumann sphere; there the outer 
boundary also shrinks to a point, the point at infinity. 

8. Radius of convergence 

Everything points strongly to all power series being almost geometric 
scries (23) or sums of such series. Series (24) can be represented as 

5 = + rtl = + {ff-zf + (f/ 3 zf + • • • + WJ n zY + • • • . (30) 



Fio. 4.1. In general, a series which con- 
tains positive and negative integral 
powers of z converges only inside a 
circular ring of convergence. 
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If the sequence | a n | 1/n converges to a limit a , 1/a is the radius of con- 
vergence. If it does not converge it may have an upper limit a; then 1 / a 
is the radius of convergence. It is perfectly possible for a sequence of 
numbers to fail to converge simply because it consists of several sequences 
converging to different limits; it is the reciprocal of the largest of these 
limits that is equal to the radius of convergence. The sum of two series 
with different circles of convergence will converge only inside the smaller 
circle. 

The circle of convergence has an important bearing on the possibility 
of using power series to represent physical functions. In such functions the 
variable is real and a particular function may be well behaved in a given 
interval and yet the power series representing the function may diverge in 
this interval. The physical existence of the function is no indication that 
its power series will converge; this is because the behavior of the power 
series is governed by the behavior of the function in the complex plane even 
though complex values may be irrelevant in the particular physical prob- 
lem. For example, the power series for /(z) = 1/(1 + z 2 ) will diverge for 
real values of z equal to or greater than unity simply because it has to 
diverge when z = i. If z = i, z 2 = — 1 and /(/) = °° ; if the series is to 
represent the function, it must diverge for z — i for this is the only way for 
the series to assume an infinite value. For purely mathematical reasons, 
this divergence at one point requires the divergence of the series every- 
where outside the circle centered at the origin and passing through z =■ i. 

Problem. Show that if Iim | a n /a n+ i | = a, then a is the radius of convergence. 
More generally if a is the lower limit of the ratio, a is the radius of convergence. 

9. Uniform convergence 

Uniform convergence refers only to series of functions. Consider 

S(x) = 1 +* + * 2 + --. + *"H (31) 

whose nth partial sum is 

(32) 

The series is absolutely convergent everywhere inside the interval (—1,1), 
for we can always choose n large enough to make x n and hence the re- 
mainder S(x) — S n (x) as small as we please. However, as x approaches 
unity, n has to be chosen larger and larger in order that the remainder may 
be made smaller than a preassigned small quantity. 

A series is said to be uniformly convergent in a given region if, correspond- 
ing to a given small positive value e, there is a positive number N independ- 
ent of the variable such that for all n > N the absolute value of the re- 
mainder is less than t everywhere in the region. Series (31) is not um- 
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formly convergent in the interval (— 1,1) but it is uniformly convergent in 
the interval ( — 1,1 — 5), where 5 is some positive quantity, no matter how 
small. To show this we decide on e and find A r for x — 1 — 6; the same N 
will do for all x in the interval. Nonuniform convergence is a property of 
the neighborhoods of certain exceptional points and, like relative con- 
vergence, it is associated with slow convergence. 

The idea of uniform convergence is essential in extending certain proper- 
ties of finite sums to infinite series. Thus, a finite sum of continuous 
functions is continuous; but the sum of an infinite series of continuous 
functions is not necessarily continuous. The sum is continuous if the 
series is uniformly convergent. A spectacular example of discontinuity 
is furnished by the following series 


S(x) = *> + 


1+* 2 


+ 


X 2 

(1 + jc*ja + "'* 


This series is the product of x 2 and a series just like (31) with X replaced by 
1/ (1 + x 2 ); hence the nth partial sum is 

Sn(x) = 1 + X 2 — Q _|_ ^n-l ‘ 

As M — * w, we have 

S(x ) — lim *y„(v) — 1 -f v 2 


for all x except x — 0. As x — » 0, 6" (.v) approaches unity as its limit; but 
if x — 0, all partial sums vanish and the sum of the series is zero. The 
series happens to be nonuniformly convergent in the vicinity of x = 0; 
also it is a slowly convergent series in this vicinity. In fact, x~ 2 S (.v) 
diverges at x = 0 and S(x) converges only on account of the factor* x 2 . 


10. Differentiation and integration of power series 

Power series obtained by differentiating and integrating a power series 
term by term have the same radius of convergence as the original series; 
they represent the derivative and integral of the sum 

dS/dz => rtj -J- 2a 2 ~ 4" 3 a-j,z~ -}-••• -f- na„z n 1 -}-••• , 

S(z) dz = a 0 (z — a) + - a 1 (z~ — a~) + - a 2 {z 3 — a 3 ) + • • • 

/II 1 \ (33) 

= (n 0 z + -a,z 2 + -a 2 J + ■ ■ • + ~ a n z”^ + • • -j 

— (tt on -f- — njfl 2 — a^a 3 + • • • 4 — n n a n ^ 1 -{-••• 

\ l u n 

* For other examples of nonuniform convergence and graphical illustrations, see 
Ivan S. Sokolnikoft, Advanced Calculus, McGraw-Hill Book Company, Inc., New 
York, 1939, pp. 2S3-255; also the Weicrstrass test on p. 262. 
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The wth term of the derivative series is a„[zn lf(n ~ : D]”— : ri if 2 is inside the 
circle of convergence of the original series, then for a sufficiently large N the 
quantity is also inside the circle. Replacing every 'n by A 7 , 

we obtain a convergent series which dominates the derivative series; thus 
the convergence of the latter has been proved. 

This proof does not apply to a point z on the circumference itself; then 
zfiTUV’-i) j s always outside the circle of convergence. It is clear that the 
deri% T ative series converges more slowly than the original series.* If the 
latter is divergent, the former is also divergent; if the latter is convergent, 
the former may be either convergent or divergent. 

The integral series converges more rapidly than the original series. If 
the latter converges on the circumference, the former also converges; if 
the latter diverges, the former may either diverge or converge. 

In obtaining (33), differentiation and integration have been performed 
as if z were real; in the next two chapters it is shown that this is per- 
missible. 

We have still to prove that the two series in (33) actually represent the 
derivative and integral of S (z). The identification may seem natural; but 
there is a question concerning the interchange of limiting processes. The 
derivative and integral are obtained as limits; the sum of a series is ob- 
tained as a limit. It is one thing to integrate each term of an infinite 
series and then add; it is something else to add the series and then integrate 
the sum. It is easier to believe that this interchange of operations is 
permissible for finite sums; and a simple proof may be found in texts on 
elementary calculus. This proof can be generalized if we separate the 
original series into the first n terms and the remainder R n (z) and thus 
reduce it to a finite sum. All that we have to prove then is that the 
integral of the remainder approaches zero as n increases indefinitely. 
Here is where the conception of uniform convergence enters. For the 
present purpose it is not enough to be assured that, for a sufficiently large n, 
the remainder can be made less than some arbitrarily small quantity e for 
any particular z; | i? n (s) | should be less than t for all z in the interval of 
integration when n exceeds a certain value N. It is easy to show that power 
series are uniformly convergent in the interior of the circle of convergence; 
the truth of the second equation in (33) then follows. The same proof 
applies to the integral of the first equation in (33); and this establishes 
it automatically. 

Thus we have found once more that the “ natural inclination ” to treat 
infinite series as if they were finite sums may be followed safely when the 
series converge rapidly; but legitimate doubts arise in borderline cases and 
there are examples showing that these doubts are well founded. In con- 

* That is, when we compare the corresponding terms of the two series. 
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elusion, we should add that from time to time such borderline cases actually 
arise even in applied mathematics, sometimes because of idealization of 
natural phenomena and sometimes because of inherent properties of a 
particular mathematical representation of such phenomena. 


Problems 

1. Suppose that our knowledge of functions is limited to power functions .v"; and 
to their sums, differences, products, and quotients. The integral 


/(•v) 


r*-* = — — (* n+i - j ) 

ji » + 1 


(A) 


iswell defined if —1. If«= — l,therightsidedoesnotexist. Does this mean that 


F(x) 




(B) 


does not exist? Of course, the answer is “ no.” There are two possible reasons for 
the failure: 

1. F(x) does not exist; 

2. the particular mathematical form of the answer in (A) is not suitable for the 
representation of F(x). 

The second reason is the answer in the present case. 

Calculate F(x) by first expanding 1 // in a series of powers of (1 — t) and then 
integrating term by term. What is the region of convergence of the series? 

Am. —(1 — x) — I (1 — ,v) ! — -i (l — .v) s ; the circle centered at x = 1 and 

passing through x ~ 0. 

Note' F(x) has a name: the natural logarithm of.v. 

2. With the aid of power series obtain 


Ans. 


/=(*) - * + 1** + + . . . , 


Mx) = .v - 


1 


v n *H 


i 


,.CnH _ 


1 


,.Sn+! 


+ ' 


n + 1 2w + 1 3n + 1 

A otc Mx) and/»(.v) have names: the inverse circular tangent of .v and the inverse 
hyperbolic tangent of x. 

11. Taylor's series 

By successive differentiation of the power series (24) we find that, ate = 0, 
.V(0) = ,7 0 , S'(0) = S"(0) = 1 • 2fl 2 , 

5 !n) (0) = 1 -2- 3- 


( 34 ) 
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and therefore 

SW = S(0) + S'( 0)z + ± S"(Oy + • - • + + .... (35) 

This is Maclaurin’s formula in the complex plane. 

More generally, we can write a series of powers of (z — a) which will 
converge inside some circle centered at z = a; for the sum of this series we 
have 

/( z) = /(*) +/ (*) (z - a) H +f in) (a) (z ~ f 1 + • • • . (36) 

n\ 

This is Taylor's formula in the complex plane. 

Both these series are treated in elementary calculus but only for real 
variables. This restriction sometimes makes it difficult to understand their 
behavior. Take the following classical example of a function and its 
derivatives 

./(*) = /(*) = 

(27) 

/'(#) = - ( 6 /# 4 )*" 1 '- + (4/x & )e~U * 2 • • . . 


The function and all its derivatives vanish at# — 0 and Maclaurin’s series 
reduces identically to zero. Now if the series were divergent for all values 
of#, we might be disappointed but not perturbed; we should merely say 
that the function under consideration could not be represented by a power 
series of this particular form. As it is, the situation is distressing and, in the 
domain of real variables, nothing can be done to remove the uncertainty 
except by writing Maclaurin’s and Taylor’s formulas as finite series with 
remainder terms. The remainder terms depend on the values of the 
derivatives at points outside the particular point for which the coefficients of 
the power series are being calculated. For instance, for the above function 
Maclaurin’s formula should be written as 

e ~ 1,x * = 0 + 0- # + 0- # 2 -j h 0 • #"- 1 + —./*(£) (38) 

n I 

where £ is some quantity larger than zero. More specifically, the finite 
series (38) is valid in any interval 0 < x < a, so long as £ is within that 
interval. Since £ is unknown and the remainder term constitutes the entire 
significant part of the series, yre cannot derive any benefit from the expan- 
sion. 

No such difficulties ever arise if we consider power series in the complex 
plane. Replacing # by the complex variable z, and studying the values of 
f(z ) and its derivatives at z = 0, we find that none of them exist there. 
For if z = iy, /(z) = exp (1/y 2 ) and this increases indefinitely as y ap- 



POWER SERIES 


69 


proaches zero. Hence, regardless of the value we might assign to the 
function itself at z = 0, its derivative does not exist there and that puts an 
end to the possibility of representing the function by Maclaurin’s series. 
This may be disappointing; but at least we know where we stand without a 
difficult investigation. If we have a function such that, at a certain 
point, the function and all its derivatives exist in the complex plane, then the 
function can be represented by a power series which will converge at least 
within some circle centered at this point. 


Problems 


1. Expand (1 — in a power series. 

j„, 1 + 1,4 ^ + y + ..smmmxessszm^ + .... 

2 8 16 1-2-3 ■■■n 

2. Expand (1 — in a power series. 

3. Calculate/^) = f ——==.• 

Jo V 1 - .v 2 


„ . 1 , . 3 « . . (1 /2)(3/2) • • • [(2n — l)/2] 2 4 ., , 

A "‘ ■ /W - * ■ + 1- * + + ■ ■ ■ + 2.*-,-- * + ' ' ' • 

Note: /(.v) = sin -1 x. 


4. Calculate /(.v) = — .v 2 dx. 

5. The elliptic integral of the first hind is 


-Jjl r ^ — ,o<&<i 

■ X-) (1 — h-x 2 ) Jo VT — k 2 sin 2 y 


where x = sin <p. The complete elliptic integral of the first kind, K, corresponds to 
-v = i,p = 7r/2. 

Expand the second Form in powers of k sin tp. Using the formulas for the integrals 
of the powers of the sine function, show that 

Show that, if k is small, then approximately 

F(.v) <p + \k-{ip — -1 sin 2<p) = sin -1 x -f JPfsin" 1 x — -vV / 1 — x~ ). 

NNhat is the next term in the expansion in powers of k ? 

6. The elliptic integral of the second kind is 

£(*)= f\l~~dx= f* VT~- k' sin ^pdf ,0<k<l. 

<jo v 1 — x- */o 
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The complete elliptic integral of the second kind, E, corresponds to rr = 1, « = - 
SiioTT tnzt 

2[ T %X 2-4-6 — 2n j2*-lj 

Find 2 n approximate value cf the incomplete integral when k is wnpH 
7. By using power series shew that 



12. Multiple-tallied functions 

In Section 8 it has been pointed crut that one perfectly good reason for the 
divergence of a power series in (z — a ) is that the function represented by it 
becomes infinite at some point to- The power series has to diverge at that 
point in order to yield an infinite value; on account of the nature of power 
series the divergence at one point forces divergence everywhere outside the 
circle centered at z — a and passing through z ~ Zq. 

The power series may diverge in “ self-defense.” Suppose we take the 
following function^ 

zs — (l — z 2 ) 1 ' 2 . (39) 

It is a multiple-rained function since the square root of a number may be 
either positive or negative; but a series of positive integral powers of z, 
if it converges at all, represents automatically a single-valued function. 
Our first thought may be that the above function could not be represented 
by a power series anywhere; but this is not quite the case. W e can cer- 
tainly fix on one value of the function, to — 1, at z = 0. For small values 
of z we can fix on that partic ular value of the square root which approaches 
unity as z approaches zero. Tn this way we shall be able to calculate the 
values of the function and its derivatives at z = 0 for one “ branch ” of v; 
then we can apply Madaurin’s expansion. To simplify the process, we 
first expand a related function , 

/(/) = ( l+o"* (40) 

for which 

fit) = Id -f t)~f f'{t) = §(-D(i -f tr 212 , 

fit) = !(-! )(-*)(! -J-'r 5 *-*-. 


( 41 ) 
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The corresponding expansion is 

/(/) = ± (1 + bt — -J-/ 2 + -fei 3 — ri? /4 + •••)> (42) 

where the upper and lower signs correspond to /(0) = 1 and /( 0) = — 1. 
Substituting l = —z 2 , we have 

w = ±(1 - fz 2 - {-z 1 - -jlg-z 0 ). (43) 

Another more laborious method does not depend on differentiation, 
may assume a series for w and square it: 

w = tfo + tfjz 2 + « 2 z 4 + « 3 z° + • • • 

w~ — si® + 'IdQd^' + (rtf + 2rt 0 rt 2 )z 5 + * • * A 
Equating to (1 — z 2 ), we obtain 

«o = lj 2rt 0 rti — — I, rtj -f- 2rt 0 rt 2 = 0 • • • . (45) 


We 

(44) 


This sequence of equations in the coefficients enables us to find their values 
step by step. Only the first equation is ambiguous, leading to « 0 = dbl; 
if one of these values is chosen, the rest are uniquely determined. 

Our series represent two single-valued functions; but, as we shall pres- 
ently show, over the entire plane tv is not just a pair of single-valued 
functions but one multiple-valued function. This leaves no alternative for 
series (43) but to diverge in some parts of the plane, and for power series 
this means to diverge outside some circle. 

At points z = ±1, both values of to are the same (both equal to zero). 
The points at which two or more values of a multiple-valued function 
coalesce are called the branch points. 

It is around the branch points that we 
discover that to behaves as a single 
function and not as a collection of 
separate functions. Let 

z = l + rt(cos 0 + i sin t?), (46) 



where a is small and constant while d Fio. 4.2. As point s moves once round 
is allowed to vary. Graphically, this the circumference of a small circle cen- 

mcans that z will move round a circle tcr j J G at , : , = h 0 , Ilc t ' v ° va ! u “ ^ of 

, , „. , . .. te defined by (39) arc interchanged, 

centered at z = 1, lugurc 4.2. .Now 

1 + z = 2 + rt(cos 0 + i sin t?) and 1 — z = — n( cos & + i sin t?); for 
small rt, 1 + z ta 2 and 


tv = Vl — z* ea \/~ 2rt(cos 0 + i sin t?) 


= V2/;[cos (0 + r) + i sin (t? + r)]. 


(47) 
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Hence, the two values of w are approximately 

( X ? + 7T ( . . t? + 


= \/2«^cos ^ 


+ / sin • 


w 2 


* fTT f & + v , ■ ■ # + 

= — V 2 a (cos — i sm — - — I < 


(48) 


It is evident now that if we take Wi and go round the circle once so that i? 
changes by the amount 2tt, the phase of Wi changes by it and Wi becomes 
equal to w 2 . Our approximation does not affect the argument since the 
interchange of values comes from the factor (1 — z ) and not from (1 -f z). 
Going round this particular circle once, the phase of (1 + z) 1/2 returns to 
its original value; but the phase of (1 — z) 1/2 does not. A similar situa- 
tion exists in the vicinity of z = —1. Thus we have shown that (43) 
cannot represent w everywhere in a region including a branch point. It is 
really an accurate description of the situation to say that the power series 
diverges there in “ self-defense.” 

Consider z going round a circle centered at the origin, inside the circle 
passing through the branch points as shown in Figure 4.3; (z + 1) is 

represented by the line leading from 
point ( — 1) to point z and (z — 1) by 
the line joining point (+1) to point z. 
As we go round the circle, the phases 
of (z + 1 ) and (z — 1 ) return to their 
original values; ph w also returns to its 
original value; hence Wi, w 2 remain sep- 
arate. In constructing (43) we have 
started -with separate values for w at 
2 = 0; as the z-circle expands the series 
continue to represent Wi and w 2 until 
the circle through the branch points is 
reached. This is the limit of conver- 
gence; for if the series converged in a 
larger circle, we should be faced with a 
contradiction: in small regions surround- 
ing each branch point we should have w 
behaving at once as one multiple-valued function and as two single-valued 
functions. 

If the z-circle is outside the unit circle, Wi and w 2 are still separate from 
each other. The phases of (z + 1) and (z — 1) change by the amount 2ir, 
the phase of their product changes by 4 tt and the phase of w is altered by 
2-7t; but this does not alter w. Outside the unit circle we shall have a pair 



Fic. 4.3. As point z moves once round 
any circle concentric with the origin, 
except the unit circle, the two branches 
of (39) are not interchanged. 
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of series of negative powers to represent to. To obtain these series we may 
proceed as follows 


TO = V 1 — Z 2 = V — Z 2 (l — Z 2 ) = ±<Z vT— Z 2 

= ±< 2(1 — | 2 _2 — -gZ~ l — iVz -0 — y-§~g-Z~ S —•••)• 


(49) 


The series are convergent outside the unit circle. 

The treacherous behavior of multiple-valued functions is now fully 
exhibited. Either inside or outside the unit circle, to as given by (39) is 
represented by a pair of separate single-valued functions. All series in 
question happen to be absolutely convergent on the unit circle itself; and 
yet in the entire plane, to is not separable into two single-valued functions. 
If one of series (49) agrees with one of (43) somewhere on the circle, it 
should not be taken for granted that the agreement extends to the entire 
circle. Take the upper sign in (43) at z = <; then 

to(<) = l + 2 ~' 5 ' + T<r — Tirs - + • • • • (50) 


This value agrees with that obtained from (49) if we choose the lower sign. 
At point z = — however, the upper sign in (43) corresponds to the upper 
sign in (49). In general, over the upper half- 
circle the correspondence between (43) and 
(49) is one way, and over the lower half- 
circle the opposite way. 

The only way to break multiple-valued 
functions into single-valued functions and thus 



render them harmless is by means of cuts in the 
complex plane, that is, barriers which are not 
to be crossed. These cuts should join branch 
points. A cut could be made over the lower 
half of the unit circle in Figure 4.3, or along 
the real axis as in Figure 4.4. In the left part 
of the figure the cut joins the branch points via 
the point at infinity (here is where the Neumann 
sphere is helpful). If the cut is over the lower 
half of the unit circle, series (43) and (49) can 
be matched in pairs over the upper half-circle 
and we have complete separation of the two 
branches of (39) at the expense of introducing 
a line of discontinuity over the cut; for there 
each single-valued function joins continuously 
not to itself but to the mate. 


(») 

Fio. 4.4. Any multiple-valued 
function can be represented by 
a collection of single-valued 
functions, the branches of the 
multiple-valued function, if we 
introduce cuts which the inde- 
pendent variable is forbidden 
to cross. These cuts must 
connect the branch points; 
otherwise, to a large extent the 
cuts arc arbitrary: (a) and (b) 
arc two possible choices for 
the function to of equation 
(39). 



The problem of multiple-valued functions cannot be dodged and will 


come up again in Chapters 14 and 15. Serious errors may be made when 
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insufficient attention is accorded to the treacherous behavior of multiple- 
valued functions. Such functions can be vanishingly small and extremely 
large in the vicinity of the same point. 

Problem. Study w = Vs — 1. Show that 2=1 and z = °o are the two 
branch points of w {Hint: To establish the behavior of w at infinity, let 2 = 1 ft). 
Obtain the ascending and descending power series in r. Note that there will be a 
fractional power as a factor in the series of descending powers which renders them 
multiple-valued so that one of them can represent w everywhere outside the unit 
circle. 

Ans. w = ±/( 1 — §2 — &r — r 5 2 s — T'ts~ A — •••), | 2 | < 1; 

= z 1,2 (l — § 2 _1 - \z~- — firs -3 - Tibz -4 ), I s I > 1. 

13. Analytic continuation 

Consider the geometric series (20); the series and all its derivatives 
converge inside the unit circle. Select some point z = Z\ inside the circle 
and use it as the center of expansion in powers of (z — Zj). The conver- 
gence circle of the new series may be either completely inside the former 



Fig. 4.5. Illustrating the analytic continuation of a function. 

circle or partly outside. In the latter case we have succeeded in “ con- 
tinuing ” the function outside its previous region of definition. If, in the 
case of (20), we expand about A(— 3/4), Figure 4.5, the new circle of con- 
vergence takes us outside the former circle; if we expand about 5(1/2), 
it will not. The reason is: every circle of convergence will pass through the 
singular point nearest to the center of expansion. Nevertheless, unless the 
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boundary of the original circle is so dense with singular points that we 
cannot squeeze out between, we can gradually extend the region of defini- 
tion of our function. 

The example (20) is trivial in the sense that we really know that it 
represents (22) and we can find directly all the power scries we want 

1 _ 1 1 I_ 

1 - S “ (1 - - (S - S,) 1 - 2j * 1 - (S - S,)/(l - 2,) 

(51) 

1 _ 2l + (i - Sl )- + (1 - 2l ) :)+ + (i_ Si) -h-i+ • 


The radius of convergence of this scries is j 1 — zj j. In this particular case 
we do not really want the various expansions since we have a simple 
analytic expression which is good everywhere; but we should think of those 
occasions when the power series is the only source of knowledge of the 
function. 

Now, there is no law against our defining a function as follows 


m 



if | s | < 1, 


*M>1- 


(52) 


The analytic continuation of this function from the inside of the unit circle 
will obviously not yield its values outside the unit circle. This is because 
the process of analytic continuation involves the assumption of the exist- 
ence of all derivatives of the function on the unit circle. The derivatives 
of (52) do not exist on the unit circle and so far as this function is concerned 
the unit circle is an impenetrable barrier of singular points. 

Sometimes it is impossible to tell, by a superficial inspection, whether or 
not a given function can be extended; the following scries 

w <= 1 + z + s 2 4- s 1 + s 8 + z 10 -f b 2 s " -1 (53) 

is an illustration. The series looks all right; in fact, it is just like (20) with 
most terms missing; but all attempts to continue it will fail for the boundary 
of convergence is packed with singularities. 


14. Asymptotic expansions 


The sine integral defined by 

Si .v 


sin l 
t 


At 


(54) 


occurs in radiation theory. If the integrand is expanded in a power series 
and integrated termwise, a scries for Si x is obtained which converges for all 
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values of at. However, for large * convergence is slow; 
much more serviceable series can be obtained as follows. 
From (54) we have 


Si x 


sin / /•“sin / , 

Jo ~r d ‘-J, —*■ 


in this region a 


(55) 


The second integral is integrated by parts 

r x sin t r x ...... . cos /l” /•» 

X ~ d J x (!AM(- cos/) = - — J + J cos 

= cosx__ r*cos/^ (56) 

A 1 Jx t 2 ' 

Continuing the process, we obtain 

cos x sin* 2 ! 3 ! 

“ 7 - + 77 - - 7 cos * - ^ sm * +• - • 

cos*^ (— ) n ( 2 »)! sin * £ (-) n (2w+ 1 )! (57) 

* „? 0 + * So a 2 "* 1 

Each of these series diverges for all values of *. In the first series, for 
instance, the ratio of the nth term to the (w — l)th is —2n(2n — l )/* 2 
and if n is large enough this ratio exceeds unity (in absolute value) no 
matter how large is *. On the other hand, if we take a fixed number of 
terms, then as * increases the finite series will approximate the given inte- 
gral better and better. This may be anticipated from (56) where the 
integrand on the right is smaller than the original integrand (if * is greater 
than unity); after the next integration by parts, the integral representing 
the remainder of the series will be still smaller if* is large enough. 

We are now ready for a formal definition. An infinite descending power 
series is said to be asymptotic to /(*) for large * and this relationship is 
expressed symbolically by writing 



/(*) 

if, for a fixed «, 

lim * n j/(x) - 


, a l . a 2 , 
*° + * + ? + 


+ ^ + 
* 


«0 


a\ a 2 

1 — 

c 

<a 

X X 1 

1 

£1 

II 


0 as * — » <=° . 


(58) 

(59) 


If an infinite power series is expressed as a finite series with the remainder 
term /?(*,«) depending on the variable * and the number of terms n, then in 
order that the series be convergent R should approach zero with increasing 
n for a fixed value of x; and, in order that the series be asymptotic, R 
should approach zero with increasing * for a fixed value of n. 
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The definition of series asymptotic to /(a-) is such that all functions 
/(*) + F(x) have the same asymptotic series if F(x) decreases with in- 
creasing x faster than aT"; for then litn .v n F(.v) = 0. An example of such 
F(x) is exp (—at). Normally, this ambiguity does not cause any real 
difficulty. 

Problems 


1. The error Junction and the complementary error Junction arc defined as follows 

erf a- = — = f e~‘ l dt, erfe .v = f e~ r ' dt. 

Vrr »7o Vj vJx 

Expand erf a; in a power series and erfc x in an asymptotic series. 

/Ins, 


9 co „Sn-H 

erf .v = Y" » 

V*„T 0 nl(2n+ 1) 


+ • 


f f ' 15 T, 1,1-3 1-3-5 

erfc a-~ — — 1 d — — - — - — 

A-Vrr L 2*» T (2**)» (2v 2 ) 2 j 

Note: In Chapter 6 it is shown that 

erf a- -f erfc a- = 1. 

2. Fresnel integrals arc 

C(.v) = f cos (-Kt-/2)dt, S(a-) = f sin (ir/ 2 /2 )dt. 

Jo Jo 


Obtain convergent power scries and asymptotic series, using C(°°) = S(°o) = 
Note: The answers arc given in Chapter 19. 


15. Power series and Fourier series 


As shown by (26), two Fourier series can be obtained from any power 
series. Substituting the polar form of z in the geometric series (20) and its 
sum (22), we have 


1 


(1 — p cos <p ) — ip sin <p 


1 + p cos ip + p 2 cos 2p -f p 3 cos 3<p -f* • • 
+ i(p sin tp -f- p 2 sin 'bp + p 3 sin 3p -f- • • • ). 


(60) 


Multiplying both numerator and denominator of the fraction by the 
conjugate of the denominator and separating the real and imaginary parts, 
we get 

■S’ => - — — — — - = 1 -f- p cos <p -f p 2 cos bp p 3 ’cos 3<p + • • • , 

1 — 2p cos <p -f- p“ 

T — — ~ = p sin <p + p~ sin bp -f- p 3 sin 3<p -J . 

1 — 2p cos y + p' 


( 61 ) 
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Letting 

k = 2p/(l + fi 2 ), Vl=¥ = (1 - P 2 )/(l + P 2), (62) 

and dividing both terms of the fractions in ( 61 ) by (1 -f- p 2 ), we obtain 

i i 2 . A 




T = 


Therefore 


1 — p 2 Vl — 1r 

1(1 — Ip cos cs -f- p 2 ) 2(1 — h cos <p) 

k sin ip 

2(1 — k cos <p) 

^ (^ - + p cos t5 -f P 2 cos 2^5 d 

sm (p 2 . . o . . . o . _ . . 

; = - (p sm <p + p sm 2p p sin 3tp 

1 — k COS £5 « 


( 63 ) 


1 — k cos <p 


( 64 ) 


P = 


1 - Vi - k 2 _ 


£ 


ld-Vl -l? 

Since p in ( 61 ) must be smaller than unity, k is also smaller than unity; 
this should be taken into account in obtaining p from ( 62 ). 

Problems 

1. Obtain 

1 — 2p cos <p d- p“ cos „ „ 

— — : — rrr- = 1 + 2 p cos<? + 3 p- cos 2 <? d , 

(1 — 2 p cos 9 s -r P~)~ 

2p sin <p — p- sin 2e> . . „ . . . , . „ . 

— 2 - — - = 2 p sin 95 -f- 3 p- sin 2t5 + 4 p 3 sin 3^5 d — • . 

(1 — 2 p cos <P + p-y 

Hint: The series may be obtained from the power series for (1 — z)~~. 

2. Obtain 


* = "V|( 1 — p cos 95 d- Vl — 2p cos 95 + p 2 ) 


= 1-1 


sin 95 


|p cos 95 — ip 2 cos 295 — xVp 3 cos 3 ts — xi'S’P 4 cos 495 , 

95 + |p sin 2 «J -}- |p 2 sin 3 ;s + t£tP 3 sin 495 d • 



CHAPTER V 
Differentiation 

There are many kinds of derivatives: ordinary derivatives of a function, 
y = /(.v), of one independent variable; partial derivatives of a function of 
several independent variables; total derivatives; directional derivatives; 
derivatives, such as the divergence and curl, of sets of functions. The 
essential idea is always the same, although there are variations with the 
circumstances. The formal process of calculation is always the same; it 
consists primarily of obtaining one or more ordinary derivatives of one or 
more functions of one independent variable. For this reason we shall 
concentrate our attention on definitions. 

1. Pictorial representation of functions 

In Figure 5.1 we have three samples of the most common graphic rep- 
resentation of a real function of one real independent variable, y — f(x). 


(a) (b) 



x x 

ZT\ /N 



Fig. 5.1. Samples of pictorial representation of functions: (a) y — is®, 

(b) y — 2% (c) v = cos s. 

Figure 5.2 illustrates another method of representation which is particu- 
larly suitable for such rapidly varying functions as y — 10*. 

Functions, a = f(xy), of two independent variables pose a problem. It 
is easy enough to think of x,y, a as cartesian coordinates of a point in space; 

79 





80 


APPLIED MATHEMATICS 


Chap. 5 


then 2 =f(x,y) is represented by a surface. Models can be made and 
photographs taken; but there are obvious disadvantages to this. Another 
method is preferable. Suppose that z is considered as the height above the 
sea level of a point on a plane earth; then we can draw contour or level lines 

O O.I 0.2 0.3 OA OS, 0.6 0.7 OS 0.9 1.0 

X I ! 1 ! l I ' ' t I I 

y=to* r ■ » ! j i i i i [ 

* 2 3 456769 10 

Fic. 5.2. The “double scale ” method'of pictorial representation of 

y = 1CF, 0 < x < 1. 

connecting points of constant z. If the successive increments in z are 
constant, such a “ survey map ” of the function gives a clear indication of 
the mountains, valleys, ravines, and “ saddle points ” or “ passes ” of the 
function. 

For example, in Figure 5.3 the level lines are the “ equipotential lines ” 
of two equally charged filaments, passing through A and B and perpendicu- 



Fig. 5-3. The “survey map ” of the function t/ = [(1 + x)' Ay"] 1(1 — x )“ A T\- The 
level lines of this function coincide with the equipotential lines surrounding two parallel 
electrically charged filaments, passing through A and B at right angles to the plane of the 
paper, in the special case of equal and opposite electrification. The potential is propor- 
tional to log U. 

lar to the plane of the paper. The saddle point is at the origin; it is a 
point of minimum potential along the x-axis and maximum potential along 
the y-axis. 

This type of graphic representation is not feasible when the number of 
independent variables exceeds two; still, it is convenient to retain the 
language of the representation. Thus it is usual to refer to level surfaces 
of a function of three independent variables. Frequently these variables 
are actually the coordinates of a point in space; in any case, they can be 
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= *1 + * 2 ; (!) 


= 2v + A.v. (2) 


y 

Pi 

S' 

Ay 

A(x,.y,)^ 


•M 

f\ 

\ 

1 

\ - 


X| 


regarded as such. In special instances, level surfaces are given distinctive 
names; thus, there are equipotentiai, isothermal, isobanc, etc., surfaces. 

2. Average derivative 

The average rate of change of a function j' = f{x) in the interval from 
x — .Vj to .v = .v 3 , or the average derivative of y, is the ratio of the increment 
Ay = /(.vo) — f(xi) of the dependent variable to the increment 
Ax = x 2 — of the independent 
variable. For example, the average 
derivative of y ■= .v 2 in the interval 

(.VljATo) is 

s O O 

Ay j.; — x) 

A.v x 2 — .vj 

in the interval (.v,.v Av) it is 
Ay _ (x + A.v) 2 — x 9 
Ax Ax 

Fig. 5.4. The increments of the independ- 
On a graph of_y = fix') the average ent and dependent variables are the differ- 
dcrivative is represented by the slope cares between these variables at two 
of the chord AB joining the ends of the P omts - 

interval, provided of course that the vertical and horizontal scales are the 
same. Figure 5.4. 

Problems 

1. Show that x\ + .vj.v; 4- x~ is the average derivative of y = x 3 in the interval 

(.Vlj-Vj). 

2. Show that cos j (*i + x/) — is the average derivative of sin ,v in the 

i(*i — *2) 

interval (.vj v v»). 

3. Show that — sin (* + 1 Ax) —■ = — is the average derivative of cos x in the 

A A* 

interval (.\yv + A.v). 

4. Compute the average derivative of y = J o(.v) in the interval from x — 1,2 to 
.v = 1.3. (Note; J o(v) is the symbol for the Bessel function of the first kind of order 
zero.) Ans. — 0.510. 

5. Show that the average derivative of Vx in tiie interval (.vj,.v ; ) is 

1/(4 + ^;). 

3. Derivative 

The derivative Dy of y — /(.v) is the limit of the average derivative 
Ay /Ax as A.v approaches zero; thus 




A>’ A lim /(v+ A.v) -/(.v) 
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For instance, the derivative of y = is D_y = 2sr and the derivative of 
y = x 2 is Dy — Zx 1 . Similarly D(s in x } = cos x and D(cas x) = — sin x. 



th-mdependentjanab!: equals the Ay = (Dj)-lsr -f eAsr. ( 5 ) 

increment djq tie dhrsrentla! At of 

the dependent variable ts the incrs- Except when Dj = 0 the second term on 

men I alcnr the tamer. ; a n d r. arm ai l v t • ' „ i, r . j . 

, - tne riant approacnes zero taster tnan the 

u r.ci ecual to tae increment 47. ~ . 

first and the principal part 


dy = {Dy) Ax = (Dy) dx 


( 6 ) 


is called the differential of y. There is no difference between the increment 
and the differentia! of the independent variable; if y = x, then, by defini- 
tion, dy — Ax and, therefore, dx = Ax. 

Neither increments nor differentials are required to be infinitesimal; in 
applied mathematics, however, it is frequently assumed that they are. 

The most common notation for the derivative, dy[dx , follows from (6); 
thus 


Dy = 


dy 

dx 


( 7 ) 


The symbol Dy was introduced by Cauchy and dy/dx by Leibnitz. 


Problems 

1 . Show that if y- = x 2 1 then Dy = ex' fly — (3f2)x 1! -. 

2. Show tfi 2 1 if sin 7 = x', then Dy = 2x fees y. 

3 . Show that ifyfx) = u(x)r(x), then Dy — u Dr -f- r D:i. 

4. Show that ifyfx) = 1 fu{x), then Dy = — (Du) fir. 

5. Show that ifyfx) = u{z)jrfz), then Dy = (r Du — u Dr) f -r. 

6. Show that if F'y)= Jfz), then Dy = ffx'jfF'fy) where the primes indicate the 
derivatives with respect to die indicated arguments. 

7 . Obtain the derivatives of sec x, tznx, calx. 

Am. tan x sec x, see 1 x, — esc" x. 
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8. Obtain the derivatives of sin x 2 , cos V*, sin (tan x 3 ). 

Am. 2* cos* 2 , — -o.'c~ 1/2 sin* 1/2 , 3* 2 sec 2 !* 3 ) cos (tan x 3 ). 

5. Relative derivative 

The relative increment of y = /(.v) is the increment Ay divided by y itself. 
The limit of the ratio of the relative increment o fy to the increment of x is 
the relative rate oj change or the relative derivative of y with respect to .v. To 
reiterate: 

J.y 1 dy 

Relative derivative = lim — — = — — • (8) 

ax-m yAx y dx 

For example, the relative derivative of y = v 2 is 2/.v* the relative deriva- 
tive of sin .v is cot x. 

The relative derivative of y is the ordinary derivative of the natural 
logarithm of y and for this reason it is often called the logarithmic deriva- 
tive. There is much to be said, however, in favor of definition (8), either in 
pure or applied mathematics. For instance, compare the following two 
statements of the physical law of radioactive disintegration: (I) the rela- 
tive rate of disintegration of a radioactive mass is constant and (2) the 
logarithmic derivative of a radioactive mass is constant. The former 
statement is more directly intelligible than the latter. 


Problems 

1. Find the relative derivatives of cos .v, tan .*, sec x. 

Am. — tan .v, 2 /sin 2x, tan x. 

2. Find the relative derivatives of sin .v 2 , cos .v 2 , sec x". 

Am. 2.V cot .v : , — 2* tan .v 2 , 2.v tan ,v 2 . 

3. Show that if h(.v) = k jv(x), where k is a constant, then the relative derivative 
of it is equal to the negative of the relative derivative of v. 


6. Partial derivatives and differentials 


Derivatives of functions of several independent variables depend on the 
conditions imposed on the increments of these variables. If we assume 
that all increments but one are equal to zero, we have a partial derivative ; 
if we assume a linear relationship between the increments, we have a 
directional derivative (see Section 9). 

For example, the partial derivative of z = f(x,y) with respect to x is 
defined as the derivative of z on the assumption that y is constant; thus 


D-z = 


dz 

dx 



Ax — M) Ax 


]j m /(*' ± AXjjQ —J{x,y) _ 
Ax — *0 Ax 


(9) 
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Similarly, the partial derivative with respect to y is 


= — = lim — = 

dy At/— m 3 Ay Ay 


( 10 ) 


Both notations for partial derivatives are in use but the second is the more 
common. It should be noted, however, that in the above equations dz has 
no meaning by itself and dz/dx, dz/dy are not to be regarded as fractions. 
For this reason D x z and D y z might be preferable; but customs die hard, if 
ever. 

From the above equations and the definition of the limit we have the 
following expressions for the partial increments 


A x z = — - A* + ejAx, A& = — A v + e 2 A y, (11) 

ox dy 

where and e 2 approach zero respectively with Ax and Ay. The principal 
parts of the increments are called partial differentials 


, dz 
d x z — — Ax 
dx 


dz 

dx 


dx. 


, dz 


dZ , 
— dy. 
dy 


( 12 ) 


Extension of these ideas to functions of more than two independent 
variables is straightforward. 


Problems 

1. The expressions for the cartesian coordinates x,y, z of a point P in terms of 
spherical coordinates are 

x = r sin 6 cos (p, y = r sin 8 sin ip, z = r cos 6. 

Find the partial derivatives of the cartesian coordinates regarded as functions of the 
spherical coordinates. 

„ dx . „ dx . dz D 

Ans. — = sin 6 cos <p, — = r cos 8 cos <p , — = cos u, etc. 

dr da dr 

2. Find the partial derivatives of the spherical coordinates regarded as functions of 
the cartesian coordinates. 

dr x . . 

Ans. — = - = sin 6 cos <p, 
dx r 

dd xz 

dx (at 2 + y 2 + z 2 ) V ^- 2 + y 2 r 

Hint: Express r,j 6, <p in terms of x, y, z before differentiating. 

3. Show that if r is regarded as a function of z, 8, <p, then dr /dz = sec 8. Compare 
this result with the, corresponding partial derivative in Problem 2 and note that it is 


dr y . „ . dr z a 

— = - = sin 6 sin <p, — = - = cos a, 

dy r dz r 

cos 8 cos tp 
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necessary to choose a complete set of independent variables before we can assign a 
definite meaning to partial derivatives. The cases in Problems 1 and 2 are the impor- 
tant cases; the one in the present problem is considered only to show the importance 
of the above remark. 

4. Show that if r, x,y are regarded as functions of z, 6 , <p, then: dx [dz — tan 6 cos <p, 
dx 1 00 = z sec 2 0 cos <p. 

5, Show that if x, 8, <p are regarded as functions of r, y, z, then: dx/dz = — z/x, 
80 Idz = - 1 /r sin 0 = — (r 2 — z 2 )" 1 ' 2 . 


7. Total differential 

The total or complete differentials the sum of all partial differentials; thus 
in the case of two variables we have 


a z oz , 

dz = — dx + — dy. 
dx dy 


( 13 ) 




This expression makes it especially clear that dz/dx and dz/dy should not be 
regarded as fractions and that dx, dy are not dx, dy in disguise. 

The complete increment of z 

Az = f(x + Ax, y + Ay) -f{x,y) (14) 

is not the sum of the partial increments. For example if z => xy, then 
Az = (x + A.v) (y -f A_y) — xy = yAx + xA y + Ax-Ay; 
but the partial increments are 

A x z — yAx and Ayz = xAy. 


However, the difference between the complete increment and the sum of all 
partial increments is an infinitesimal of higher order. 

Whenever the total differential is obtained directly from the given 
function, the coefficients can be identified as partial derivatives. Thus, 

if = - 

Az = (x + Ax)~(y -f- Ay) 3 — x^y 3 = 2vy 3 Ax* -f- 3x 2 y 2 Ay -f- 6xy 2 AxAy 
+ y 3 A.v 2 + 3x~yAy 2 -f~ ,v z Ay 3 + lx Ax Ay 3 4* Ax 2 Ay 3 (15) 

+ 3y 2 Ax 2 Ay + CxyAxAy 2 + 3yAx 2 Ay 2 

and 

dz ~ 2xy z Ax + 3 try 2 Ay = 2vy 3 dx + S.vqy 2 dy. 

Therefore, 

D,z - | = 2yy 3 , Z* - g - 3**/. 


Obviously it is not necessary to calculate the increment Az in full in order to 
obtain the total differential; in equation (15) the last nine terms could have 
been lumped together as “ higher order terms.” 
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In actual practice there is no difference between the calculation of partial 
and ordinary derivatives, for in obtaining the former we treat all variables 
but one as constants and in effect seek ordinary derivatives. 

Not every differential expression of the form 


dV = M(x,y) dx + A T (xj) dy (16) 

is the total differential of some function; for instance, dV = x dx -f- x dy is 
not. When the differential expression is the differential of some function, 
it is often called the exact differential. In electrostatics the differential of 
the electromotive force 5s an exact differential; but in electrodynamics it is 
not. Another field in which “ inexact ” differentials are of common 
occurrence is thermodynamics.* 

If (16) is to be the exact differential of some function z = /(xj) we must 
have 

M(xj) = • N(x,y) = ~ (17) 

dx dy 


These relations are obtained if we compare (16) with (13) and note that dx 
and dy are completely arbitrary. Differentiating the first of the above 
equations with respect to y and the second with respect to x, we have the 
necessary condition 


dM dN 
dy dx 


(18) 


that (16) be an exact differential.! In the next chapter we shall show that 
this is also a sufficient condition; that is, if (18) is satisfied, a function 
z = f{x,y) exists for which dz = Mdx -f- Ndy. 


8. Total derivative 

Suppose that we have a function V(x,y,zj) in which x,y, z are. sometimes 
independent variables and sometimes functions of /; then there will be 
occasions for the use of two kinds of derivatives with respect to t: the 
partial derivative dV/dt and the total derivative dVJdt. As indicated by the 

* Leigh Pace, Introduction to Theoretical Physics, D. Van Nostrand Company, Inc., 
New York, Second Edition, 1935,JChapter 7. Samuel Glasstone, Thermodynamics for 
Chemists , D. Van Nostrand Company, Inc., New York, 1947. Hugh S. Taylor and 
Samuel Glasstone, A Treatise on Physical Chemistry , Vol. I, Atomistics and Thermo- 
dynamics. Samuel Glasstone, Textbook of Physical Chemistry, D. Van Nostrand 
Company, Inc., New York, Second Edition, 1946. 

t In this proof it is assumed that the second derivative of z, once with respect to* 
and once with respect toy, is independent of the order of differentiation. This is 
indeed the case if dMjdy and dN/ dx are continuous functions of both independent 
variables. 
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notation the total derivative is the ratio of the total differential of the 
function to the differential of the independent variable; that is, 

dF dFdx OF dy dFdz dF , x 

dt Ox dt dy dt dz dt dt 

This ratio is well-defined when y, z are given functions of t. 

If V is the temperature at point (x,y,z) at time /, then dF/dt is the rate 
of temperature change as it appears to a fixed observer while dF/dt is the 
rate as it appears to a moving observer whose position is given by 

.v = x(t), y = y(t), s = z(t). (20) 


Since dx/dl, dy/dl, dz/dl are the components of the velocity of the observer 
we have 


dV 

dt 


dV dF , dF dF 
Vx te + Vu ^ + V *te + U' 


( 21 ) 


The symbols for the total and ordi- 
nary derivatives are the same because 
as soon as we substitute the given func- 
tions from (20), F(x,y,z,t) becomes a 
function of a single variable t. 

9. Directional derivatives 

Let F — f(x,y ) be represented by 
level lines in the .yy-plnne and consider 
the lines corresponding to F and 
F = A F, Figure 5.6. On these lines 
choose a pair of points, P and Q. The 
average rate of change along PQ is 
AF/As, where As is the length PQ. 
The derivative at P in the direction PQ 
is the limit of the average derivative 
along PQ as As approaches zero 

dF A F 

— = lim — > As — > 0. (22) 

ds As 

If F — ,v~ -{-y 2 , the level lines form a 
family of circles concentric with the 



x 


Fig. 5.6. The directional derivative is the 
limit of a quotient in which the numera- 
tor is the difference of the values of 
the function on two level lines (or 
surfaces) and the denominator is the 
distance Css between the level lines in 
the given direction. The most im- 
portant preferred directions arc along 
the normal to the level line passing 
through the given point and along the 
coordinate lines. 


origin. The increment of Fin passing from P(.v,y) to 0(x -f- Ax,y -f- Ay) is 


AF = 2-vA.v + 2yAy -}- A-v 2 + Ay 2 , 
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and since PQ — As = V Ax 2 -j- Ay 2 the average derivative is 


A V Ax Ay 

— - = 2x — ■ - — 4- 2y — — ■ 4- 

V Ax 2 -f Ay 2 V Ax 2 -f A )’ 2 


Ax 2 + Aj ’ 2 
V Ax 2 -f A _)' 2 


(23) 


If k is the slope of PQ, then Ajy = kAx. Substituting this in (23) and 
letting Ax approach zero while keeping k constant, we have 


dV 7x + 2 ky 
ds ~ Vl + k 2 

More generally 


T . dV dV 

A/' = — — Ax + — Ay -f- infinitesimals of higher order. 
ox dy 


(24) 

(25) 


If a and /S are the angles made by PQ with the x and_y-axes, then 


Ax Ay 

— = cos a, — = cos /3. (26) 

Ar Aj 

Hence the directional derivative is 

dV bV QV 

_._ cosa + _„ sft (27) 

In the present case cos /3 = sin a; but the symmetrical form (27) is the one 
we obtain when the number of independent variables is greater than two 
Thus, if V = j(x,y, z), then 


dV 

ds 


dV dV dV 

— cos a d cos d H cos 7 , 

dx dy dz 


(28) 


where a, P, 7 are the angles made with the coordinate axes by a typical 
direction in the 3-space. 

Partial derivatives are seen to be the derivatives in the directions of the 
coordinate axes. 


10. Gradient 

From the geometric representation it is evident that the magnitude of the 
derivative in the direction of the normal to level lines (or level surfaces in 
the 3-space) is maximum, for in that direction As becomes eventually 
smaller than the corresponding Aj in any other direction. This maximum 
derivative is called the gradient of V and in Vector Analysis it is denoted 
by " grad V.” The notation is supposed to include both the magnitude 
and direction. The magnitude alone is denoted by dV/dn , “n” for 
normal. 
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If p is the angle between PQ and the normal, then 

A n = (A*) cos p -j- higher order infinitesimals. 


Therefore, 


dF 

dn 


dF 

— seep 
ds 


or 


dF 

ds 


dF 

— COS p. 
dn 


(29) 


Thus we have another expression for the directional derivative as well as a 
proof that the magnitude of the normal derivative is really maximum. 
There are, of course, two normal derivatives corresponding to the two 
directions of the normal; if we decide to fix one particular direction as 
" positive,” the negative normal will be specified by p = v. 

If A , B, C arc the angles between the coordinate axes and the normal, 
then from (29) we obtain 


dF dF 
— = — -cos A, 
dx dn ’ 


dF dF n dF dF 

— =t-cos5, — -cosC. (30) 

dy dn dz dn 


Squaring, adding, and taking the square root of the result, we have 
dF 


dn 


•US 


+ 


(■ 




w 


O' 


(31) 


For any number of independent variables, the magnitude of the normal 
derivative is the square root of the sum of the squares of all partial deriva- 
tives. 


Problems 


1. Find die derivative of F = 3.yy 4~ y- in the direction parallel to >• = kx. 
Ans. Pjr + k (3.v + 2y)] /Vi + P. 

2. Find the maximum directional derivative of the function given in Problem 1. 
Ans. (9x : + llyy + 13y-) l '=. 

3. Find the direction in which dF Ids, where V is given in Problem 1, is maximum. 

Ans. Parallel to Y = ^ X . 

4. What are the answers to the preceding problems if F = .v 3 + 2xy — y~. 

Ans. [3.V 1 + 2y + 2k (x - ;>•)] /vT + k~; (9a< + 1 2x'y + 4** - 8.vy + 8/) 1 ' 5 ; 

parallel to Y » 

3 a - + 2 y 

5. Find the derivative of V — x 2 + yz in the direction of the line joining the origin 
with point (2,1,3), the normal derivative, and the “ direction cosines "of the normal. 

6. Show that (2S), (29) and(30) imply that the angle p between any two directions 
given by direction cosines (cos A, cos B, cos C) and (cos a, cos /?, cos y) is given by- 

cos p — cos A cos a + cos IS cos ft + cos C cosy. 



90 


APPLIED MATHEMATICS 


Chap. 5 


11. Derivatives of Junctions of a complex variable 

First let us consider an example of a function a; of a complex variable 2 
in which w is obtained by performing an arithmetic operation upon z 

® = z 2 - (32) 

In this case the procedure for calculating the derivative is exactly the same 
as in the case of corresponding functions of a real variable 

Aw = (z •£- A z) 2 — z 2 = 2zAz + Az 2 , 

(33) 

Aw/ Az = 2z + Az, dw/dz = lim (Aw/Az) — 2z. 

The derivative is clearly a function of z and is entirely independent of Az. 
There is no doubt about it if w is expressed in the form (32); but suppose we 
were given explicitly the real and imaginary parts 

w = (x 2 - y\+ 2 ixy. (34) 

It is no longer clear that the derivative will be independent of the manner 
in which Az = Ax + iAy approaches zero. In fact, the opposite will 
usually be true. For instance, consider the function 

w = (x 2 +y 2 ) + 2 ixy, 

Aw = 2xAx + Ax 2 ri- 2yAy -f- Ay 2 + 2 iyAx -f- 2ixAy -f- HAxAy, (35) 

dw Aw Aw 2x + 2 y{dy/dx) -f 2 iy + 2 ix(dy/dx) 

— = lim — = lim ; — = — *- , > 

dz Az Ax + iAy 1 -j- i(dy/dx) 

provided Az approaches zero in such a way that Ay/Ax approaches a limit, 
that is, provided the point z is approached along some curve which has a 
tangent at point z. 

Some functions of a complex variable have derivatives depending only on 
the independent variable and not on the direction of approach to the point 
in question. Such functions are called monogenic junctions. Those 
functions which are given by the same set of arithmetic operations on each 
value of the variable z as a whole are clearly monogenic functions; and it 
can be shown that all monogenic functions can be represented in this way. 
Monogenic functions are also called analytic junctions for, if they are given 
over even a small portion of a curve in the z-piane, they can be determined 
throughout the entire plane with the possible exception of some “ singular ” 
points. Other functions of a complex variable are called polygenic junc- 
tions. It is monogenic functions, however, which play such an important 
role in applied mathematics. 

We shall now derive the Cauchy-Riemann conditions, satisfied by 
monogenic functions alone. Generally we should say that w = F( z) is a 
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function of z if the real and imaginary parts of zv are functions of die real and 
imaginary parts of a 

u = «(.vj’), o = o(*o0. (36) 

The differentials are 

dz = r/.v + idy. 


and their ratio is 


" (S * + 1 ' *) + '■ (£ * + 1 ' ,j ') * 

3 is 

(du . dv\ (du . 3a\ 
dw \dx dx) \dy dy) dx 


* <+4 

dx 

Thus the derivative depends, in general, on the direction k — dy/dx of 
approach to point a. 

This derivative can be represented by points in another complex plane, 
the derivative plane. In Section 1.11 it is shown that the locus of these 
points, as ' k varies from — «> to co, is a circle (note that k is a real 
parameter). The center of the circle is at 

If do dtt\ 1 .fdv dtc\ 

c -2 fe+sy+i-U-;*)’ m 

the square of the radius is 


Ifdu do\ 2 \(du , do\ 2 


The function is monogenic if the radius of the derivative circle vanishes. 
This happens if 

du do dn do 

dx~dy-’ dy dx ^ 

These arc the Cauchy-Riemann equations; if they arc fulfilled, 

dw du . do do . du .... 

* “ c -s + '^“5~v (42) 

Both tt and c satisfy the following second order partial differential equa- 
tion (Laplace’s equation) 


d-u , d-n n 

T3 + 7i = 0, 

3a dy 


B~V d-o 

dx~ ' dy 2 
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If u is known, v can be determined from the Cauchy-Riemann equations 
and vice versa. For example, if n = v 2 — y 2 , 


dv du 2 ^ 3d 
dy dx 5 dx 

From the first equation, we have 



from the second 
Therefore, 


v = 2 xy + a function of x only; 
V = 2 xy -f a function of y only. 
v = 2 xy -j- a constant. 


(44) 


(45) 

(46) 


On the other hand, if u = x 2 + y 2 , the same procedure leads to the con- 
clusion that the Cauchy-Riemann equations have no solution and u is not 
the real part of any monogenic function. That is, the real part of a mono- 
genic function determines the imaginary part (except for a constant) and 
vice versa; but the real and imaginary parts of polygenic functions are 
independent of each other. 

Geometrically a function of a complex variable defines a correspondence 
between the points in two planes. One of these planes may be regarded 
as a map of the other. In Chapter 14 it is shown that monogenic functions 
preserve shapes of infinitesimal figures and thus may be used for conformal 
mapping. 


Problems 


1. Show by direct calculation that it; = x— iy is a polygenic function of r = *+ iy, 
that the radius of its derivative circle is unity, and that the phase of the derivative 
is —2 tan -1 (dy /dx). 

2. Show by direct calculation that to = (* 3 — 3r>' 2 ) + i(3x-y — y 3 ) is a monogenic 
function of z = x + iy and that the derivative is 3(x : — y~) + dixy. 

3. Using the Cauchy-Riemann equations obtain the imaginary part of w in Problem 
2 from the real part and vice versa. 

4. Show that (39) is equivalent to 


5. Let — = tan 6 in (38). 
dx 



Show that 


dw _ 1 /d« .do .du 1 / du ~ ,do_ .du 

dz 2 \3.v dx dy dy) 2 \<9.v dx dy 



dj\ e -2$ 

dy) 
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This represents a vector, - (— + 


,bw\ 

? T-). 


2 \dx ' ' by)’ 


rotating clockwise about the point 


l _ i — w ith the angular velocity 20. 
2\dx by) 


6. Obtain equations (39), (40), (41), (42) from the results in the preceding problem. 


12. Divergence and curl 

Two other kinds of derivatives, the divergence and curl of a vector, are 
explained in Ciiapter 7. These derivatives are associated not with single 
functions but with sets of functions or “ components ” of a vector. 



CHAPTER VI 
Integration 


1. Integration 


The term integration possesses a double meaning — at least when the 
concept is first introduced in elementary calculus. After learning how to 
find the derivatives of various functions, we begin to wonder about revers- 
ing the process and ask ourselves the question: What is the function whose 
derivative is given? The most obvious and tempting thing to do would be 
to prepare a table of derivatives and interchange the columns so that we 
could read off directly the “ inverse derivatives ” or “ antiderivatives ” of 
given functions. From this point of view a natural symbol for the anti- 
detivative is D~ 1 ; thus, if fix) is the derivative ofy(x), we should say that 
y(#) ; s an antiderivative of fix). Symbolically: 


if Dy{x) =/(*), then y(*) = D~]f(x). (1) 

For example, 

D(x n ) = nx n ~ x .-. 

or, if » s'* , 

zru*" -1 ) = 


On the ght-hand side an arbitrary constant may be added since the 
deny 3£b of a constant is zero. 

This )int of view is simple but not entirely satisfactory. Thus the 
above exaf?le gives no answer to the question: What is the antiderivative 
of 1/x? If stie clever person suggests that the answer is log x, we might 
go on to ask hii for an antiderivative of Gog x) 112 . 

Going back to '£ original question, let us denote by y(x) the unknown 
function whose deri\tive f(x) is given. Our problem is then to solve the 
following differential eqition 

— =«) or dy=f(x)dx. (2) 

dx 

This equation gives very de?ite instructions for computing the unknown 
function to any desired degr^ of accuracy in terms of its value at some 
initial point. Equation (2) i# n abbreviation of 

Ay -.fix)Ax + eAx, 

94 


( 3 ) 



INTEGRATION 95 

where c approaches zero together with A*,- hence if x differs but little from 
some particular value a, and if we assume that y(a) is known, then 

y(x) - y(.«)—Ra)(x - a), or y(x) ^ y{rt) +/(*)(.%•- a). (4) 

The accuracy of this equation improves as x — a becomes smaller. 

Let h be a small quantity. In the interval a < x < a + // we approxi- 
mate v(.v) as in (4). Replacing a by a -f- h, we find that in the interval 
a + h < x < a + 2 h, 

y(x) ^y(rt + fi) +/(a +h)(x - a - h), 

where y{a -f h) is found from (4). Repeating the substitution again and 
again, we obtain 

y {x ) ~ y (a + nh) +/(« + nh)(x — a — nh), (5) 

when 

« + «/;< v < a + (« + 1 )/;. 

In each interval y (x) is approximated by a straight line; but the slope of 
the straight line varies from one interval to the next, Figure 6.1. As the 
interval h approaches zero, the broken line approaches the limit curve which 
represents y(.v) exactly. 



Fio. 6.1. Illustrating n step-by-step method of approximate solution of the differential 
equation (2) and of evaluation of the definite integral (S). 

If <7 -f- nh < .v < a 4~ ill -j- 1 )h, we have successively 
y( a + /;) CHy( a ) +/(«)/', 

y{f> + 2/;) ~ y {a 4- //) 4 -/(<* -f h)h, 

y(a 4- 3/;) y{a + 2h) +/(a + 2h)h, (6) 

_)■(« 4- nh) ca y{a -f- — 1 h) 4* /(« + » - 1 h)h, 

y(x) &y(a + nli) +/(a 4- ;;/;)(.v ~ a — nh). 

Adding, wc obtain 

j(v) eajr(«) + \f(p) +/(a 4- h) +/(« + 2A) + • • • 


4-/(<x + n — 1 //)]// 4 /O 4- w//)(-v — a — nh). 


( 7 ) 
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This expression brings out the fact that, in so far as (2) is concerned, the 
initial value y (a) is arbitrary and the problem of solving the equation con- 
sists in finding the sum, or rather its limit as h approaches zero. This 
limit is called the integral off{x) from x = a to x = x; thus 



n —1 

dx = lim f{a + mh)h 


m =0 


( 8 ) 


where Ax — » 0 and lim nh — x — a. Hence in the limit (7) becomes 


jW = y(a) + £ f(x) dx. 


( 9 ) 


It should be noted that the integral (8) is that particular solution of (2) 
which vanishes at x = a. 

Equation (9) is a solution of the differential equation (2) in the sense that 
it implies a definite process for calculating the unknown function y (at). If, 
however, y (x) is found by some process other than that implied by (8) — 
from a table of derivatives for instance — then the same equation yields 
the value of the integral 


If x = b, then 


dx = y(x) -y(a). 
jf /(*) dx = y{b) - y{a). 


( 10 ) 

(ID 


The equation shows that the variable a- under the Integral sign is a 
“ dummy variable ” and can be denoted by an arbitrary letter; thus 

Pf(x) dx = Pfrt) dt = /*/(«) du. ( 12 ) 

«/o i/a */a 


This general method of obtaining an antiderivative of f(x) explains the 
more usual name and symbol for it. The name is an indefinite integral of 


fix')-, the symbol is J’fi x) dx, without indicating the limits of integration. 


The arithmetic process implied in the integration of a function of one 
independent variable is typical of all integration: ordinary summation 
leads to a sequence the limit of which is an integral — it may be an ordinary 
definite integral or a line integral or a surface integral or a volume integral 
or an integral of a function of a complex variable. 

If.v is time and/(*) is the speed of a particle, then the integral (8) is the 
distance traversed by the particle between two instants. lff(x) is the rate 
of flow of water from a pipe, the integral is the quantity of water which has 
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left the pipe in the time interval Either picture is representative of 

the definite integral of a function of one independent variable. 


Problems 


1. Show that 


J ' cos x dx = sin x + C, J' see 3 .v dx — tan x + C, 

tan 3 x dx = tan x — x + C, J' sin 3 x dx — |x — y sin 2x + C, 

J' cos 3 x dx = 2 -v + j sin 2x + C, 

J' Vl — x- dx — J,.v V 1 — x- + i sin -1 x + C. 

2. Let A/(.v) be a function whose derivative is 1 /.v. Show that 

J ' tan x dx — ~M(co s x) 4* C, J ' cot x dx = M(sirt x) + C, 

d +c - 

/rrr. * \Kxh + rb) & - m ‘ +*)-*"<>-*>+ 

f -.iL^ = M(x + Vl +x-) + C. 

J V1 + .V 3 

3. Show that J u(x) du(x) = «(x)r(x) — J "* s(x) dti(x). 

4. Show that if M(x) is defined as in Problem 2, then 

J M(x) dx = xM(.v) - x + C. 

5. Show that 

Jx cos xdx ~ x sin x +• cos x + C, 

J' xt cos x dx — x 3 sin x + 2x cos x — 2 sin x + C. 

6. Show that, if A f(x) and A T (x) arc functions whose derivatives are given below. 
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:n f~dx = M(x) + C, J~^dx = N(x) + C, 

/ sin * _ sin x I AT/ \ I /o f c 05 * , cos x „ „ , 

2 + A (at) + C, I - dx — Af(x) + C, 

XX J X- X 


/ sin* 


dx = 


sin * cos * 


1 


2x- 


2x 


M(x) -f C. 


2. Area under a curve as a geometric representation of an integral 

Figure 6.1 presents one possible geometric representation of the solution 
of the differential equation (2). Another representation is given in Figure 
6.2 where we begin with the curve representing the given function u = /(*). 



Fig. 6.2. The definite integral of a given function « = /(x) may be interpreted as the area 

under the curve u = /(x). 


The successive terms of the sum (8) are the areas of the shaded rectangles 
and the limit of the sum is the area under the curve. The picture suggests 
that 

f f{x) dx = lim X f(a + mh)h, (13) 

da m=l 

since the area under the curve is also the limit of the sum of the areas of the 
augmented rectangles. If in the interval under consideration, /(.v) is a 
inonotonic function (either a nonincreasing or a nondecreasing function), 
the value of the integral lies between the sums in equations (8) and (13) 
and the error of approximating the integral by either of the two sums is less 
than |/(*) — f(a) \h. 

The average of the two sums is an even better approximation to the 
integral 

£ f{x) dx =* [if (a) +f{a + h) +f{a + 2 !*) + ■•■ 

+ f(a + n — Ih) + if (a + nh)]h, (14) 
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where x = nh. Geometrically, this means adding the areas of trapezoids 
as in Figure 6.3. The error is less than £|/(.v) —/(a) \h. 

The following table illustrates the process of numerical integration 


.V 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

COS X 

0.540 

0 454 

0 362 

0 268 

0.170 

0.071 

J' cos x dx 

0.0 

0.0497 

0.0905 

0.1220 

0.1439 ! 

1 

0.1559 


The first entry in the last row is zero. The next entry is the average of the 
first two entries in the second row multiplied by the length 0.1 of the inter- 
val. One tenth of the average of the second and third entries in the second 
row is added to obtain the next entry in the last row; and the process is thus 
continued. Since the antiderivative is sin ,v, the 
integral is sin x — sin 1. If x — 1.5, this quan- 
tity is 0,15602. Considering that we have 
retained only three decimal places in the first 
row, the accumulated error of one unit in the 
fourth place of the last entry is not excessive. 

Naturally, throughout the entire discussion it 
has been assumed that the processes under con- 
sideration could be carried out and that the given 
functions could be called inlcgrable. “ Inte- 
grate in the Riemann sense ” we should have I?,a t!,c tr ‘T' 

said; for there is no limit to mans ingenuity mating a definite integral 
and there are integrals in the sense of Lebesgue, 

Stieltjcs, etc. It is easy to show that there are functions which are not 
integrate in the Riemann sense. If, for example, /(.%•) = + 1 or — 1, 
depending on whether x is rational or irrational, it would be impossible 
to carry out the above directions for integration. 



Problems 


J " 1 dx . 

— in die interval (1,2) and compare it with a table of 
l -v 

Jo X 


log .v (natural logarithm). 
2. The integral sine 


Si x : 


occurs in die theory of radiation. Prepare a short tabic of Si x and of 
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3. Prepare a table of 


£l«(*)dx. 


where 7 0 (x) is the modified Bessel function of 


order zero and of the first kind. 

4. Using the quadratic interpolation formula derive the following approximation 
/ y dx — \h{ya -f- 4jj + 2 ys + 4y 3 -f- 2y t -f- 4_>- 5 + lye -f- 1- 4 y^i -f y„), 


where y n = y(*o + m^) and « is even. This expression is the sum 

\b{ye + 4yi + Ja) + i^O ‘2 + 4>'a -EyO + §A(y< + 4_y s + ye) 4 . 


If m = 2m -j- 1, the value of the integral is obtained for n — 2m; to this the follow- 
ing quantity is added: + j 2 rrfi)A + -^sAQysni-i — _>•»-, — y The 

second term is an improvement on linear interpolation. 

The above approximation to the integral is known as Simpson's rule. 

5. Obtain an approximate formula based on cubic interpolation. 

6. Show analytically and illustrate graphically that 


d 

dt 



dx = 



db da 

dx +RtJ>) — - f(t,a) ^ • 


7. Show that, if a and b are constant and /(/,*) has a finite discontinuity at x = £ 
where £ is independent of /, 

d r b d 


8. Show that if the discontinuity of/(/yc) is at* = /, where a < t<b, the equation 
of Problem 7 must be replaced by 

t f f if*) ** = r +m - o) -m + o). 

at J a Ja dt 


9. Let 


Evaluate 


/fc*) “(1-0*. 0 < * < /, 

= /(* — 1), t < * < 1. 

/(f) = fM dx, 


show that dljdt = —3/- -f 3/ — 0.5, and thus verify the formula in Problem 8. 
10. Let J(t y x) = tx. Evaluate 

lit) = £ f(t y x) dx. 


obtain the derivative of I it), and thus verify the formula in Problem 6. 
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3. Line integral 

In an electromagnetic field the voltage, or electromotive force, between 
infinitely close points (-vj’,c) and ( x -f- A.vj’ + A y,z + Ac) is of the follow- 
ing form 

P(xj,z)Ax -j- Q(xy,z)Ay +• R(x x y,z)Az -f- infinitesimals of higher order. 

Functions P, Q, R are the components of the electric intensity in the 
,v, y, z directions. Proceeding by infinitesimal steps along some curve 
joining two given points, A and B, we have an expression for the total 
electromotive force 

V ■= f (P<f.v + 0J)' + R^z) = limE(PmA-Vm + 0mAy m + 7? m A2 m ). (15) 
Jab 


In the summation P m , Q m> R m refer to some point within the mh interval 
on the curve AB. Integrals of this type are 
called line integrals . 

An ordinary definite integral is a special 
line integral: the curve AB is a segment of 
the .v-axis and the integrand depends only 
on ,v. The evaluation of line integrals can, 
at least in principle, be reduced to ordinary 
integration. If 



V — f (y dx — x dy) 
Jab 


. Fic. 6.4. A segment JB of the 
(lo) parabola y — along which 
the line integral (16) is to be 
evaluated. 


is taken along the parabola y = ^x 2 from 
(1,1/4) to (2,1) (see Figure 6.4), we know in effect a relationship between 
the differentials, dy = vx dx. Substituting in (16), we have 


-jr* 


.v 2 dx — 2 .V 2 dx) = 


1 ,.3 
" 1 2 * 


-7/12. 


If the relation between .v and y is implicit, /(ay) = 0, it may be necessary 
to depend on the definition (15) to evaluate the integral. 

It is clear that in general the line integral depends on the path of in- 
tegration and not merely on the end points. If, however, the integrand is 
an exact differential of some function, then the line integral becomes 
independent of the path. For instance, for any curve connecting two 
points -7(.v u vi) and Bfey*) 



•K^ + r) 


AT! 


= + 2 - 2 ) +:>•!)• ( 17 ) 
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In this case the element xAx + yAy of the sum (15) differs from 
A (v.v 2 -f l-y 2 ) by infinitesimals of higher order and the sum of successive 
increments of the expression -f- |_y 2 is evidently the difference between 
its final and initial values. 

In the above example the integrand is the differential of a single-valued 
function. In the case of a multiple-valued function care should be taken 
to take the proper values at the end points. For example, 


J C x dy — y dx 
AS AT 2 -fry 2 



d tan 1 (y/x) 


= tan 1 (y 2 /x 2 ) — tan 1 (yi/x 1 ). (18) 


The integrand is a single-valued function; and if AB does not go through 
the origin, there is nothing ambiguous about it. On the other hand, the 

antidifferential tan -1 (y/x) is a multiple- 
valued function; in Figure 6.5 this function 
is represented by the angle <p which can 
assume either its smallest value or any value 
differing from it by an integral multiple of 
2a-. Thus the final answer in (18) is ambig- 
uous. This ambiguity is resolved if we note 
that the successive increments in the sum 
(15) are infinitesimal and that in computing 
A tan ~ l (y/x) we should take the difference 

Fjc. 6.5. The angle <? represents between two nearby values of the inverse 
the antidifrercnnal of the function . . r . 

(xdy — -f j : ). tangent; this dmerence is free from ambi- 

guity. Similarly there is no ambiguity in 
the difference between the values at the end points of a curve if we follow 
the curve. 

To illustrate, let us consider a path of integration connecting A (1,1) wfith 
B (0,0.5), as shown by the solid curve in Figure 6.5. If we start with the 
initial value of <p = tan -1 (y/x ) = r/4 at A, the corresponding value at B 
will be ~/2 and the value of the integral will be -/ 4. If we start with 
tp = 9r/4, we end up with 10-/4; the difference is still x/4. If, however, 
we follow the dotted path, <p decreases from -/4 to zero, becomes negative 
and reaches the value —3-/2 at B; hence, the line integral along the dotted 
path is (— 3-/2)— (-/4) = -7-/4. 

With regard to the dependence of the line integral in a plane on the path 
of integration connecting two fixed points we have encountered three possi- 
bilities: 

(a) In general, the line integral varies with a variation in the path, al- 
though there may be some variations for which the line integral remains 
constant. Thus we could deform one part of the path and, having de- 
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tcrmined the change in the line integral, we could deliberately alter the 
remainder of the path to compensate for this change. 

(b) If the integrand is a total differential of a single-valued function, the 
line integral is entirely independent of the path. 

(c) If the integrand is a total differential of a multiple-valued function, 
the line integral is independent of path deformation so long as the path does 
not cross certain points (the origin in the above example). In crossing such 
“ singular points ” the line integral varies discontinuously. 

Another way of stating these properties is: 

(a) Generally, the line integral round a closed curve is different from 
zero. 

(b) If the integrand is the total differential of a single-valued function, 
the line integral round any closed curve is zero. 

(c) If the integrand is the total differential of a multiple-valued function, 
the line integral round a closed curve does not change with any deformation 
of the curve which does not involve crossing certain singular points, or, in 
the case of three variables, singular lines. 

There are examples of physical fields of force falling into each of these 
three categories. Suppose that E x , E v , E - are the cartesian components of 
the electric intensity in an electrostatic field; then E x dx + E v dy + E z dz 
is the exact differential of a certain single-valued “ potential function ” and 
the line integral round any closed curve is zero. This line integral rep- 
resents the work done by the field on a unit charge; hence, the electro- 
static field does no work on a charge which has been moved completely 
round a closed curve. Such fields of force are called conservative. 

If //*, H y , H z are the components of the magnetic intensity of the field 
generated by steady electric currents in a number of closed loops, then 
Hr dx + H v dy + H t dz is the exact differential of a multiple-valued 
function. The line integral is the magnetomotive force and it is independ- 
ent of any deformation in the path which does not involve crossing any of 
the current-carrying loops. Whenever the path crosses a particular loop, 
the magnetomotive force is cither augmented or diminished by an amount 
equal to the current in the loop. 

Finally, in the case of a nonsteady electromagnetic field, neither of the 
above differentials is exact and the line integrals depend on the paths of 
integration. 


Problems 

I. Calculate (16) first along the parabola y = x- from (0,0) to (1,1) and then 
along jr = x, between the same points. Show that the difference is twice the area 
bounded by the two curves. 
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2. Evaluate V — J' {zdx + x 2 dy — 2ydz), starting from the origin along the 

curve given by the following parametric equations x = t,y — t-.z — t* 

Ans. \ t* - it 5 . 

3. Show that the line integral (18) taken once in the counterclockwise direction 
round a circle concentric with the origin is 2~. Do this without making direct use of 
the fact that the integrand is the differential of the inverse tangent. Hint: Use a 
certain parametric equation of the circle. 

4. Surface integral 

In a surface integral the integration is extended over an area in a piane or, 
more generally, over a surface in space. As a representative picture of the 
surface integral we may take the flow' of liquid across a surface. The flow of 
liquid in a given interval of time across an element of surface AS becomes 
more nearly proportional to AS as AS approaches zero and the coefficient 
of proportionality f(x,y,z) is the flow per unit area. The total flow across 
the surface is the integral 

J Jf( x ,yS) SS = lim ^ f^f(x m JmiZrf) A S a . (19) 

If the surface of integration is a plane, a convenient partition into ele- 
ments is accomplished with a net of straight lines parallel to the coordinate 
axes. Figure 6.6, in which case dS = dx dy. Any method of subdivision 



FlC. 6.6. A partition of an area in the definition of a surface integral. 

and any order of summation should yield the same limit; otherwise the 
surface integral v'ould not exist in the sense implied by (19) and by the 
picture of liquid flow. It is possible to define functions which are not 
integrable in this sense; but such functions are of no interest in applied^ 
mathematics. 

. A simple example of a surface integral is the volume bounded by a 
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surface z = /(.v,y), the .vy-plane, and a cylindrical surface whose generators 
arc parallel to the "-axis. This volume is the surface integral, J J' z dx dy , 


taken over the base of the cylinder in the .\ 7 -pInnc; the integrand z dx dy is 
the volume of an elementary rod parallel to the z-axis. 

If f(x,y,z) is the density of electric charge on the surface of a conductor, 
that is, the charge per unit area, then (19) represents the total charge on the 
conductor or on a specified part of it. The electric potential of a point 
charge equals the charge divided by 4 rrer, where t is the dielectric constant 
and r is the distance of the point charge from a representative point in 
space. The potential of the surface distribution is then the following 
surface integral 



/(*,y,z)ds 

wc* - + O' - sf + (= - W’ 


( 20 ) 


where (xj’,z) is a point in space and the integration is extended over the 
surface of the conductor. 


5. Volume integral 

If f(xj,z) is the density of a body, the total mass is the volume integral 

I j j dr — lim XI f At m , ( 21 ) 

l fUt/ Jr—»0 

where dr is a differential element of volume. 

' 1 'he same integral would express tiic total electric charge in a given 
volume provided /(.\\y,s) is the density of charge. If dS in ( 20 ) is re- 
placed by dr, the integral will represent the electric potential of a given 
volume distribution of charge. 


6 . Integral of a function of a complex variable 

The complex variable is defined in a plane and the integral 



— Inn XI y(“m) dz rn 
0 


( 22 ) 


is essentially a line integral. Substituting /(z) = u(x,y) -J- io(xj) and 
dz ~ dx + i dy, we have 



= j ["(■v.r) + 'Hvj')) (dx + idy) 

— j ' (u dx — r dy) -J- / J' (v dx -f u dy). 


( 23 ) 
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The first of the above equations seems to suggest that the integral 
depends only on the end points of the path of integration; the second 
indicates that it may depend on the path as well. What actually happens 
depends on whether /( z) is obtained by performing arithmetic operations 
on z as a whole or on its real and imaginary parts separately, that is, on 
whether the integrand is monogenic or polygenic. The difference may be 
illustrated by the following examples. Thus 

jT z^z = |z 2 =14-^ = f (* + iy)(dx -k idy ) (24) 

depends only on the end points. Just as in the case of a real variable, 
z A z = A(z 2 /2) except for infinitesimals of higher order. The summation 
along the curve reduces to the addition of successive differences to z?/2 and 
the result is simply the difference between the final and initial values. 

On the other hand, the integral 

J {x — iy)(dx + idy) = J*(xdx+ydy) + i J" (xdy—ydx) (25) 


depends on the actual path of integration. The function x — iy can be 
obtained from x + iy only if a: and y are considered as separate entities. 
In this case there is no antiderivative for the entire integrand. It happens 
that the first integrand is an exact differential and the integral equals the 
difference of the final and initial values of \ (.v 2 + _y 2 ); but the second 


integral depends on the actual path. Integrating along the A:-axis from 
z = 0 to z = 1 where y — 0 and dy — 0, and then along a line parallel to 
the jy-axis to point z = 1 + i where a; = 1 and dx = 0, we obtain 1 -f* i. 
Integrating along the j-axis and then along the line parallel to the x-axis, 
we obtain 1 — i. Following the first path and coming back to z = 0 by the 



x 

Fig. 6.7. An area of integration. 


second, that is, integrating round the 
boundary of the unit square, we get 2 i. 

7. Green' s theorem 

Green’s theorem establishes a rela- 
tion between surface and line integrals. 
We shall consider a simple case first. 
The integral 

A = 1 1 dxJy (26) 


represents the area of integration, Figure 6.7; this simply states that the 
area is the stun of its elements. Integrating with respect to at, we obtain 
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We note that on the right side of the boundary (C) of the area, the positive 
differential element dy corresponds to a counterclockwise movement on 
(C); on the left side, the positive dy corresponds to a clockwise and —dy to 
a counterclockwise movement. Therefore, the above integral represents a 
line integral. 

j c *dy, ( 28 ) 

taken counterclockwise. 

Similarly, 

A =-f c yd x , (29) 


also taken counterclockwise. From these equations we have 
A = \ J c (x dy - y dx). 


(30) 


Thus the surface integral (26) has been expressed as a line integral. 
We shall now show that a more general line integral 


5 = f c {Pdx + Qdy) 
is equal to the surface integral 

-//(f-fW- 

Integrating the first term of (32) with respect to x, we have 
J J dx dy = J [Q(x 2 ,y) - Q(x u y)]dy 

= J c Qixj) dy. 


( 31 ) 


(32) 


(33) 


Similarly, integrating the second term of (32) with respect to y, we obtain 
the first term of (31). 

The extension of Green’s theorem to curved surfaces and an analogous 
relation between volume and surface integrals are considered in the next 
chapter. 

An immediate corollary of Green’s theorem is a condition under which 
the line integral round a dosed curve vanishes. If 

dQ = dP 
dx dy 


( 34 ) 
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is true everywhere in the region bounded by (Cj, the line integral (31) rvili 
certainly vanish- It should be noted that the line integral depends only on 
the values of P and 0 on the boundary (C), and may exist when the sur- 
face integral does not. 

Simple examples will show that, unless the condition (34) is satisfied 
throughout the area in spirit as well as in form, we cannot be sure that (31 > 
vanishes without further investigation. Consider the integrals 


-L 


x ax ~ y dy 


. .2 

J 


s, - JA=P 

J x- -f r 


y dx 


(35) 


taken round a circle concentric with the origin at which point neither P nor 
Q exists. The derivatives. 


sQi 

2xy 

dPi 

2 xy 

dx 

(r-fr) 2 ’ 

dy ~ 

-!- 

v ' 

W 

d0 2 

jr-x" 

dP 2 

o o 

y~ - ** 

dx 


dy 

(*" -r r) 


satisfy (34) formally; but they do not exist at the origin. Hence, the 
separate parts of the surface integral do not exist. Green’s theorem is not 
applicable, and no conclusion about the values of S\ and S 2 can be drawn 
without further study. Let x = a cos e and y = a sin e, where a is the 
radius of the circle of integration. Integrating from e = 0 to e = 2r, we 
find that Si = 0 and S 2 = 2v. Thus (34) is a sufficient but not a neces- 
sary condition for the vanishing of (31). 


8. Evaluation of integrals 

Line, surface and volume integrals are almost indispensable in the 
formulation of many physical laws. Thus, in one form. Maxwell’s equa- 
tions represent the equality of certain line and surface integrals. In such 
circumstances one need know only the meaning of various kinds of inte- 
grals. Then comes a time when certain integrals have to be evaluated. 
In principle all integrals can be reduced to ordinary definite integrals; 
but in practice it may be more expedient to resort to numerical evaluation 
based on the definitions. We have seen that a line integral becomes an 
ordinary definite integral if all the variables can be expressed in terms of 
any one variable. Suppose, however, the equation of the path of integra- 
tion, f{x.j) = 0, is given in an implicit form; unless this equation can be 
solved analytically either for x or for y, or both can be expressed in terms of 
some parameter /, the simplest method of evaluation is the one inherent in 
the definition of the line integral. The same is true of surface and volume 
integrals. 
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In this section we shall consider a few examples in which integration can 
be carried out without resorting to numerical methods. Let the surface 
integral 


S = J' J xy dx dy 


(37) 


be taken over the area bounded by the straight line, y — x, and the parab- 
ola, y = x 2 , Figure 6.8. We may integrate first 
with respect to x, thus adding the elements in a 
strip parallel to the #-axis where y is constant. 

The limits for this integration are a - = y and 
x — Vy; thus 


Wi 


(38) 



S - fy(?yf v xdx = Jydy (lx 2 ) 

= \ Jy Jyiy - /) = \ f O ’ 2 - /) dy. 

Flo. 6 8. Showing the area 

Next we integrate the strips over the area of inte- integration for the sur- 
. b . / , , face integral (3t). 

gration where y varies from zero to unity (the 

second point of intersection of the boundary curves) and obtain 

*-i(S/-*/> f-*. 

|o 

Integrating first with respect toy and then with respect to x y we have 
S = f xdx f y dy = \ f xdx(y 2 ) = \ f (x 3 - x r ')dx = J r . (39) 

t/0 i/* 1 0 z j t/0 

The principal complication is in the variable limits; otherwise eacii step 
consists of ordinary integration. Sometimes one order of integration is 
simpler to carry out than the other. At times some net other than rectan- 
gular is preferable. Consider, for example, 


S-ff (-v 2 + y 2 ) dx dy 


m 


taken over a circle of radius a with the center at the origin The polar 
coordinate system suggests itself immediately, for .v 2 -j- y 2 = p 2 and the 
limits of integration with respect to p and p arc constant. The element of 
area in polar coordinates is p dp d<? and (40) becomes 

5 = I £ pZ dp * = (X p: ' *)(jf ^)= (4i) 

The meaning of the integral is the guide in transforming from (40) to 
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(41 ). It would not be right merely to replace x and y by their expressions 
in polar coordinates. The element of area, dx dy, is proper for the cartesian 

subdivision of the total area by 
straight lines parallel to the coordi- 
nate axes, but not for repeated inte- 
gration in polar coordinates. For 
sdq> a constant e, the integration has 
to be performed in an angular strip 
flp and the rectangular elements do 
not ft into it. In changing co- 
ordinates in a surface integral, the 
differential element of area bounded 
by coordinate lines in one system 
must be replaced by the differential 
element of area bounded by coordi- 
nate lines in the second system; 
„ „ . thus, dx dy is replaced by p dp dc, 

ail on of surface integrals in polar coordinates. Figure 6.9, ana dp dtp by (dx dj jj p. 

The following equations show the 
difference between this transformation and mere substitution of variables 



(42) 


dx — cos p dp — p sin p dp, dy — sin p dp -f- p cos p dip, 

dx dy = sin cos p dp 2 -j- p(cos 2 p — sirrp) dp dp — p 2 sin p cos a dp 2 . 

Transformation of coordinates is sometimes useful in evaluating definite 
integrals. Consider 

S = J** e~*~ dx. (43) 

The variable x is a dummy variable and we can write equally well 


-f 


dy. 


(44) 


Multiplying (43) and (44) and transforming to polar coordinates, we have 

' dx dy 




p dp 


( 45 ) 


= (— (<?) 

o 

Therefore, S = Vv/2. 


x/2 


= w/4. 
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We have treated the integrals taken over an infinite range as if they were 
sums of a finite number of terms. This is a safe procedure so long as the 
integrand decreases rapidly as the variable of integration increases. When 
the integrals are only just convergent the operation of multiplication should 
be avoided, at least without consulting the more advanced treatises where 
such borderline cases are studied. Examples of such integrals are given 
in the next section. 

In the case of volume integrals there is one more integration to perform. 
Suppose that we wish to find the total mass of a hemisphere of radius a 
when the density is proportional to the distance from the plane surface. 
If this surface is chosen as the .vy-plane and the density is assumed equal 
to kz, then the mass is given by 

-*/// z dx dy dz. (46) 

The integrand is dependent on s alone and the quickest method is to inte- 
grate first with respect to x and y 

m — k J zdz J J' dx dy. (47) 

Since the equation of the sphere is 

■v 2 + y 2 + z 2 = a 2 , (48) 

die boundary of the area of integration is the circle x 2 -f-_y 2 = a 2 — s z . 
In this case the surface integral is, in fact, the area of the circle and there- 
fore 

in — -k z(a 2 — z 2 ) dz = ka*. (49) 

Suppose, however, that we integrate first with respect to z; then 

m = k ff dxdy J^^^zdz = U J f (a 2 - .v 2 - y) dx dy. 

The variables .v and y can assume any value within the base of the hemi- 
sphere and this base is bounded by the circle .v 2 y 2 — a 2 . Since x 
varies from — V a~ — y 2 to \'u~ — y~, we have 
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The limits of the final integration are —a, +a. Introducing a new variable 
t such that y — a sin /, we obtain 

r*r/2 Or 12 

m = -§7w 4 J ^cos 4 t dt — ^ka‘ J cos 4 1 dt. 

If the integrand is expressed in terms of multiple angles (see Section 1.7), 

J rv /2 

(3 + 4 cos 2 / + cos 4/) dt — \-ka 4 . 

0 


This long laborious step by step integration is the rule; simplifications may 
sometimes be spectacular but nevertheless they are exceptions depending 
on the character of the integrand and on the region of integration. 

For further information on the evaluation of integrals the reader is 
referred to Joseph Edwards, “ A Treatise on the Integral Calculus,” 
Vol. II (Macmillan and Company). 


9. Improper and infinite integrals 

An improper integrals an integral in which the integrand becomes infinite 
within the range of integration. Thus 


l-f'f 

Jo sfx 


(50) 


is an improper integral. If a small region containing the singularity of the 
integrand is isolated, the rest of the integral becomes proper and the im- 
proper integral is regarded as the limit of the proper integral as the isolated 
region is made to approach zero. Thus 

= lim as 5 — > 0. (51) 

V X V X 

The “ convergence ” of the improper integral depends solely on the 
behavior of the integrand in the immediate vicinity of the singularity. In 
the above case the antiderivative is 2\/x and the proper integral is equal to 
(2 - 2V5); as 5 approaches zero the limit is 2. If the integrand were l/x, 
the antiderivative would be log x and the improper integral would diverge. 

An infinite integral is an integral taken over an infinite range as in 



as A — > 00 . 


(52) 
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Thus the infinite integral is regarded as the limit of a proper integral in 
which the range of integration is allowed to increase indefinitely. If the 
proper integral can be evaluated, the question of convergence can readily 
be settled and the value of the infinite integral found by direct passage 
to the limit. Thus in (52) the proper integral is (1 — 1 /A); as A in- 
creases, this value approaches unity. If the integrand were I/a-, the proper 
integral would be log A and the infinite integral would diverge. 

If we arc unable to obtain the proper integral in a sufficiently simple 
form, we can still settle the question of convergence by studying the 
behavior of the integrand. Just as in the case of infinite series, the com- 
parison test is the most important test for the convergence of an integral. 
Thus, if we multiply the integrand in (52) by 
10“*, we can be sure that the resulting in- 
tegral will converge even though we may find 
it difficult to evaluate. 

There is a connection between the con- 
vergence properties of infinite integrals and 
infinite series. Thus if /(.v) is a monotone 
(nonincrcasing or nondecreasing) function 
of x, then 

*/(-v) Ax, £/(») (53) 

l 

converge or diverge together. This is clear 
from Figure 6.10 where the area under the curve is the integral, the sum 
of the areas of the rectangles projecting outside the curve is the sum of the 
scries, and the sum of the areas of the rectangles which do not project 
outside the curve is the sum of the series diminished by/(l). 

Sometimes a transformation of the variable of integration helps to 
establish the convergence of an infinite integral. Take the following 
integrals encountered in the theory of the diffraction of waves 




Fio. 6.10. Illustrating the rela- 
tionship between the convergence 
of infinite integrals and infinite 
scries. 


A = cos .v 2 tfx, B = jf* sin .v 2 dx. (54) 

As .v increases, the integrands fluctuate between -{-1 and —1. These 
fluctuations become more rapid and the areas under positive half-waves 
and over negative diminish. Thus the integrals should converge. We 
can make this conclusion clearer, however, if we let a -2 = t, lx dx — dt\ 


-*jC 


* cos / 


dt , B 


_ y r * sinj 
*/0 \f~} 


dr. 


(55) 
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The infinite series 


. , ( C t! ' 1 COS t , cos / /’St/2 cos [ 

A — 2 \ f — -p dt -f / 7 ^ d( -jr I -f- 

\«/0 V7 dr/2 V/ *J3r/2 y/} 

n 1/ r r rin/ r 2 r sin/ r 3T s\nl \ 

B = i(JoV7 J ‘ + l V7 J, + Lv 7* + -) 

arc alternating series with the wth terms approaching zero, 
limits exist. 



Hence the 



CHAPTER VII 
Vector Analysis 



1. Scalars and vectors 

A large number of physical quantities are grouped together under the 
generic name scalars; numerous other quantities are called vectors. 
Scalars may be vastly different in their physical nature but quantitatively 
they are characterized by a single number expressing the “ magnitude ” 
of the quantity. Mass, volume, weight, distance between two points, an 
interval of time, electric potential, stiffness of a spring — are all scalars. 
Addition of scalars of the same physical nature 
is just ordinary arithmetic addition. 

Force, velocity, acceleration are vectors. To 
characterize them it is necessary to specify their 
direction as well as their magnitude. The law 
of addition is not that of ordinary arithmetic. 

The magnitude of the resultant of two equal 
forces, acting perpendicularly to each other, is 
not twice as great as either force but only \^1 
times as great; its direction is that of the bi- 
sector of the 90° angle formed by the two forces. 

To find the resultant of any two forces acting at 
the same point we draw radii in the direction of 
each of the forces, with their lengths proportional to the magnitudes of 
the forces, and construct a parallelogram, Figure 7.1. The diagonal OP, 
emerging from the common origin of the radii 0/1 and OB which represent 
the forces, gives the magnitude and relative direction of the resultant 
force. This is the parallelogram law of addition characteristic of all 
vectors; it represents a test for deciding whether or not a given quantity 
is a vector. 

Symbolically we may write 

04-}-0B = 0P, ( 1 ) 

where the arrows indicate the vectorial character of the segments as distinct 
from mere lengths 0/1, OB, OP. If, however, all line segments are known 
to be vectors, there is no good reason for repeating the arrows; they are 
best dropped altogether. If occasionally we wish to refer to the magnitude 

115 


Fic. 7.1. The sum OP of two 
vectors OA and Oil is tie- 
fined, both in magnitude and 
direction, as that diagonal 
of the parallelogram con- 
structed on OA and OB 
Which emerges from the 
common point O of the two 
vectors. 
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of a vector, it is simpler to use a special symbol; for instance, the vector 
symbol may be placed between two vertical bars, as in | OA j. Simplicity 
and intelligibility' of notation should be the principal concern; too many 


F B 



A E 


Fig. 7.2. The simplest way to add several 
vectors is to translate the second vector 
parallel to itself so that its origin coincides 
with the end of the first vector, then 
translate the origin of the third vector to 
the end of the second, etc. The sum is 
the vector joining the origin of the first 
vector to the end of the last. 

sliding vectors which are permitted 


distinguishing marks often distract 
the attention from the really impor- 
tant meanings of the symbols. 

In this discussion we have implied 
that the point of application of a vec- 
tor is not important; we have been 
considering/ree vectors which, by defi- 
nition, are equal if they are parallel, 
point in the same direction , and are 
equal in magnitude. There are also 
bound vectors , attached to their ori- 
gins. The law of addition of free vec- 
tors applies to them only if they have 
a common origin. There are also 
to slide along a straight line without 


being “ changed.” Normally the term “ vector ” is applied to a free vector. 
Since the point of application of vectors is irrelevant, vector addition 


can be performed by' taking the end of one 
vector as the origin of the next. This method 
is particularly convenient in adding more 
than two vectors. The sum is the vector 
drawn from the origin of the first vector to the 
end of the last; thus, referring to Figure 7.2, 
we have 

AB + BC+CD + DE + EF = AF. (2) 

Here the arrows have been dropped and the 
directions of the vectors are indicated by the 
order of the letters. If the end of the last vec- 


c 



A B 

Fig. 7.3. The difference CB of 


two vectors AB and AC, 
emerging from a common ori- 
gin, is the vector joining the 
end of the second vector to 
the end of the first. 


tor coincides with the origin of the first, that is, if the vectors form a 


closed polygon, the sum is zero: 


AB + BC + CD + DE + EF + FA = 0. (3) 


A special case of (3) is 

AB + BA = 0, BA = -AB; (4) 

hence we have a definition of subtraction 

AB — AC = AB + CA = CA + AB = CB. (5) 

If two vectors are drawn from a common origin, Figure 7.3, the difference 
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is the vector connecting the end of the second vector with the end of the 
first. 

Although in substance vector addition is different from ordinary addi- 
tion of numbers, the laws of common algebra, as given in Section 3 of 
Chapter 1, are still satisfied — at least as regards addition and subtraction; 
multiplication has not yet been defined. 

2. Vector components 

While the sum of any number of vectors is unique, the reciprocal process 
of breaking up a given vector into its components is indefinite unless 
further conditions are imposed. Any vector can be uniquely represented 
as the sum of three vectors in three given directions. This decomposition 



Fig. 7.4. A graphic definition of the component/ , (?of’a vector//# in the direction AfjV. On 
the left PQ is positive; on the right it is negative. The component PQ in the opposite 
direction A 'M is negative on the left and positive on the right. 

is effected by constructing a parallelepiped on the given vector as diagonal, 
with its faces parallel to the three planes defined by the pairs of given 
directions. The choice of the three directions is arbitrary (except that 
they should not be coplanar); but the usual choice is to make them 
mutually perpendicular. 

The component of a vector AB along a line MN is the vector PQ con- 
necting the feet of the perpendiculars drawn from the terminals of AB 
to MN, Figure 7.4. If MN is assigned a positive direction, then PQ is 
regarded as positive or negative depending on whether it points in the 
positive or negative direction. The ratio of the length PQ to the magni- 
tude f of AB is the cosine of the angle f between AB and the positive direc- 
tion of MN; thus 

PQ - f cos (6) 

’Phis is really a definition of cos 

If the positive direction of the line MN is chosen from N to M, then the 
angle between AB and NM is - — ^ and 

PQ = f cos (- — f) — — f cos 


(7) 
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The components of a vector AB along the axes of a rectangular frame of 
reference are called the direction components of AB and their ratios to the 
length ! of AB are the direction cosines of AB. The direction components 
are distinguished by subscripts indicating the particular directions in 
which they are taken. Thus 

AB X = x 2 — *1 = ! cos a, AB V — y 2 — j’i = f cos ft 


AB, — z 2 — zi — ! cos 7 , (8) 

where a, (3 and y are the angles made by AB with the x,y and z axes. 

Vectorial components in the same direction have the properties of ordinary 
scalars and the component of the sum of several vectors is the algebraic stun of 
the components of the separate vectors. On the other hand, the components 
in different directions must be added vectorially. In the accepted usage, 
direction components are thought of primarily as scalars and their vectorial 
counterparts are designated by means of unit vectors. Thus if F x , F v and F z 
are the direction components of F, we write 

F = F x i + Fff + F z k, (9) 



where i, j and k are unit vectors along the respective coordinate axes. 
This equation implies multiplication of a vector by a scalar, meaning multi- 
plication of the magnitude of the vector, which 
is a scalar, by another scalar, thereby obtaining 
a second vector of different magnitude but in 
the same direction as the first. 

3. Scalar product 

A certain function of two vectors is very im- 

Fl oftwLeImrsft 1 5is P dTfined P ortant in P h >’ sics ‘ ^ vector A represents a 
as the product of their mag- force acting on a particle, and vector B repre- 
nitudes and the cosine of the sents the resulting displacement, Figure 7.5, the 
ane ’ c work done by A is the product of the magnitudes 

of the two vectors and the cosine of the angle ^ between them. This 
product is called the scalar product of A and B and is designated by (A,B) 
or, in Gibbs’ notation, by A ■ B. Using the corresponding small letters 
to denote the magnitudes of the vectors, we write 

A • B = (A,B) = ab cos (10) 


The direction components of a vector are the scalar products of the 
vector and the corresponding unit vectors 

F x = F-i, F v - F-j, F z = F-k. (ID 

It is evident that scalar multiplication is commutative. The distributive 
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law of algebraic multiplication is also applicable. This might have been 
anticipated since the work done bp a force is a representative example of 
the scalar product and the work done by two forces acting on the same 
particle is equal to the work done by their resultant. On the other hand, 
the associative law of multiplication fails to apply for the simple reason that 
the scalar product of three vectors has no meaning. 

The scalar product of two nonvanishing vectors is zero if, and only if, 
these vectors are perpendicular; thus the condition of perpendicularity of 
A and B can be expressed as 

A • B - 0. (12) 

The scalar product of two unit vectors (of unit magnitude), A and B, is the 
cosine of the angle \p between them 

cos yp = A • B. (13) 

For unit vectors along the coordinate axes, we have 

i'i =d-y = k'k = 1, / -j =j-k = k-i = 0. (14) 


By repeated application of the distributive law, we obtain 

F' ■ F" = F'F'J + F'F" + F' Z F'.' (IS) 


for any two vectors F' and F" . Since the direction components of unit 
vectors arc direction cosines, the cosine of the angle p between any two 


vectors can be expressed in terms of their 
direction cosines 

cos \p = cos a' cos a" 

+ cos /3' cos $" + cos y cos y". (16) 

Rewriting the condition of perpendicu- 
larity (1 2) in a more explicit form, we have 

A X B- + A U B V + A Z B C — 0. (17) 
4. Vector product 



Another important function of two vec- l 7 ' 0 - 7.6. The linear velocity V of a 

tors is itself a vector. Consider a typical r> °. in 'f. in * bod - v rolM 'J l " 
, . , , : \ axis OM is the vector product A X B 

point P of a rigid body routing with an where the magnitude of A is the 

angular velocity A about OM, Figure 7.6. angular speed and II U the vector 

The linear velocity V of P is a vector per- ticfmins thc > ra T inn n of l vitl1 f cfcr - 

* r encc to some point 0 on the axis, 

pcndicular to A and to any vector Is drawn 

to P from a point on the axis. Thc speed r of P, that is, the magnitude 
of the linear velocity, is the product of a, b and thc sine of thc angle p be- 
tween A and B\ tints 

v = ab sin p. ( 18 ) 
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The direction of V is that in which a right-handed screw would advance if 
turned from A to B. This vector is called the vector -product of A and B 
and is denoted by \A,B\ or, in Gibbs’ notation, by A X B. To give a 



ing in the direction in which a right-handed screw would advance if turned 
from A to B through the smaller angle between them; its magnitude is the 
area of the parallelogram constructed on A and B as the sides, Figure 7.7. 


The commutative law of multiplication does not apply to vector 
products but is replaced by a simple modification, 

A X B — — B X A; (19) 

on the other hand, the distributive law does apply, 

(A + B)XC = AXC+BXC. (20) 


For unit vectors along the coordinate axes, we have 


iX i = j Xj = kXk = 0, iXj = -jXi = k, 
j X k — —k X j = i, k X i = -/ X k =y. 


( 21 ) 


Consequently the direction components of the vector product of two 
vectors F' and F" are 


(F' X F") x = F’ y F[' - F’.F'y , IF' X F") v = FlF'J - F' X F'J, 
(F r X F") z = F' x Fy - F'yF'J . 


( 22 ) 


These formulas include as a special case those for the direction cosines of a 
vector perpendicular to two given vectors. 

Two nonvanishing vectors are parallel if, and only if, their vector product 
vanishes. 

* By magnitude in the algebraic sense is meant the “ arithmetic or absolute 
magnitude with plus or minus sign to distinguish between opposite directions. 
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Problems 

1. Show that A ■ (ft X C) = B ■ (C X A) — C • (A X ft) and that the magnitude 
of this triple product represents the volume of the parallelepiped whose edges arc 
A, B, C. 

2. Prove that AX (ft X C) - (A • C) ft — (A ■ ft)C, Show directly from 
geometric considerations that this triple vector product is a vector in the plane de- 
fined by ft and C. 

3. Show that (A X B) ■ (C X D) = (A ■ C)(B • D) ~ (A ■ D)(B ■ C), 

Hint: Use the results in problems 1 and 2. 

4. Prove that (AXft)X(FXG) = [(A X ft) • G]F - [(A X ft) • FJG. 

5. There is one to one correspondence between two dimensional vectors and 
complex numbers. Show that the real and imaginary parts of the product zpA are 
respectively the scalar and vector products of the vectors corresponding to zi and Z;. 

6. Let the angle between a plane unit vector and the .v-axis be p. By definition the 
cartesian components of this vector are the circular functions: cos p = A', sin p = Y. 
Using the formulas for the scalar and vector products of two unit vectors, show that 

cos (<pi — pz) — cos pi cos p 2 + sin pi sin p 2 , 

sin (<pi — P 2 ) — sin pi cos p* — cos pi sin p°. 


5. Invariance 

It is an obvious but nevertheless important fact that scalar and vector 
products have been so defined that they are independent of the particular 
coordinate system in which they may have been expressed. They are 
invariants under any transformation of coordinates. Quantities which arc 
not invariant under such transformations possess no intrinsic physical 
meaning. If the work done by a given force on a particle displaced in a 
given manner depended on the particular system of coordinates used to 
specify the force and the displacement, we would not be interested in it. 

Definitions such as (10) have the virtue of making the invariance 
obvious; the magnitudes of vectors and the angle between them are 
clearly independent of any coordinate system. However, a vector might 
have been defined as a sort of “ complex number ” (9); scalar products of 
complex units might then have been defined by (14); and the scalar prod- 
uct of any two vectors might have been defined as subject to the distributive 
law of multiplication. From these definitions we could derive (15), an 
equation which possesses but does not exhibit the property of invariance. 
This property would have to be proved before we could expect the scalar 
product to be of interest in physical applications. 

Any function /(afifi/) of the magnitudes of two vectors A and B and of 
the angle between them is an invariant; but for the most part such func- 
tions would be of no interest in physical applications and would not obey 
simple algebraic laws. For instance, the “ neo-sealar ” product, defined as 
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ab tan f, merely for the purpose of illustrating the point, does not obey the 
distributive law. 


6. Gradient 

Consider a scalar function of position V(x,y,z); that is, a function whose 
values depend on the position of the point under consideration. Tem- 
perature, pressure, electric potential are all functions of position. In 
Sections 9 and 10 of Chapter 5 we considered the rates of change of such 
functions in different directions. The maximum directional derivative 
or the gradient possesses a direction as well as a magnitude; since it is the 
limit of AV/ An, where An is the normal distance between the level sur- 
faces, the gradient is independent of the frame of reference; and to prove 
that it is really a vector we have only to show that the addition of gradients 
follows the rules of vectorial addition. 

Thus let V{x,yp) = V\ (_y.,yp.) + V 2 (x,y,z) be the sum of two functions 
of position. In Section 2 we have seen that the component (in any given 
direction) of the sum of two vectors is equal to the sum of their components 
and that any vector is the sum of its components in three mutually perpen- 
dicular directions. Equations (5-30) and (5-31) show that the partial 
derivatives are the components of the gradient along the coordinate axes. 
These components are certainly added algebraically since 

QV _ 0{V X + V 2 ) _d_V 1 dV*' 

Ox Ox dx ^ dx ’ 1 ' 


and similarly for the remaining components; thus grad V is indeed a 
vector. 

Willard Gibbs introduced the following vector operator “ del ” 


. o . o , o 

V — i b J V k — 

Ox J Oy dz 


and used it to denote the gradient 

r = vr = (4+4 + 4y = ;^+;^+* 

b \ Ox Oy 0z/ Ox Oy 


0V 
0z ’ 


(24) 


(25) 


This notation is tied to cartesian coordinates and is not very useful in 
physical thinking; but it is a valuable tool in the rapid derivation of some 
important formulas. As a general policy a single standard notation is to be 
highly recommended; but it is just as important to admit exceptions when 
their usefulness has been proved. 

Problem. Find directly from the definition grad (r n ), "where r is the distance 
from a fixed point. 

Ans, Thegradient is a radial vector of magnitude wr" -1 . 
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7. Divergence 

Associating a vector with every point in a given region of space, we 
obtain a vector point Junction or a vector Jield. Electric intensity, magnetic 
intensity, fluid velocity are all examples of vector point functions. The 
concept of divergence may be illustrated by visualizing the vector field 
F(x,y,z) as fluid flow; at each point the vector F is assumed to represent 
the quantity of fluid passing per unit area perpendicular to the lines of flow 
(in some fixed interval of time). The flux 'h of F across a given surface S , 
that is, the quantity of fluid passing through S, is the surface integral 

-// F n dS = If | E | cos (F,n) dS, (26) 

where F n is the normal component of F (the component of F along the 
normal to dS) and ( F,n ) is the angle formed by F and the normal to dS. 
If n represents the unit normal, then F n = F ■ n. The element of area 
itself can be regarded as a vector dS directed along the normal, with dS 
representing its magnitude. These considerations lead to two additional 
symbolic forms of (26): 

4> = ff F ■ n dS — J J F-dS. (27) 

No matter how the integrand is written, it is the product of the magnitude 
of the vector, the elementary area in the ordinary sense, and the cosine of 
the angle between the vector and the normal. 

The outward flux of F through a simply connected closed surface S 
divided by the enclosed volume v is the average divergence of F throughout 
the volume 

/ 1 FndS 

av div F — (28) 

v 

The limit of the average divergence, as S shrinks to a point, is the divergence 
nj F at the point 

IS Kds 

div F = lim — (29) 

v 

If we divide the total volume v enclosed by the surface S into clcmcntaJv 
volumes, we observe that the total flux of F across ^ is the sum of 
fluxes through the boundaries of the elementary volumes, the fluxes 
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through the common partitions between the elements contributing nothing 
to the whole; thus 

If Fn dS = fff d5v Fdv - (30) 

In simple cases the divergence may best be calculated directly from the 
definition; otherwise the definition is applied first to obtain expressions for 
die divergence in terms of the partial derivatives of the vector components. 
Let F be a held of vectors directed along the radii emerging from a fixed 
point 0 and suppose that the magnitude is equal to r, the distance from 0. 
It is clear that div Twill depend only on r and will be the same at any point 
on a sphere of radius r. Thus instead of applying our definition to a small 
sphere surrounding the point at which div F is to be determined we may 
consider a vanishingly thin spherical shell enclosing the point between 
two spheres of radii r and r~Ar. The dux across the sphere of radius 
r is (4rr 2 )r = 4irri 5 ; the dux across the sphere of radius r-f-Ar is 
4r(r-f- Ar) 3 ; the dux out of the spherical shell is small quantities 

of higher order; the volume of the shell is 4rr 2 Ar — small quantities of 
higher order; the dux/volume ratio is 3 -f- small quantities of higher order; 
hence div F = 3, everywhere except perhaps at the origin where the above 
method is not applicable. But at this point we can apply the definition 
to a small sphere surrounding the origin and we find that the dux/volume 
ratio is (4r r~’ ) r( (4/3 ) rr 3 = 3, and div F — 3 everywhere. 

Suppose now that the magnitude of F is I /r 3 . Following the above 
procedure we obtain div F — 0 everywhere except at the point r = 0. 
But at the origin the outward dux through a small sphere of radius r is 
(4ar 2 )(l/r 2 ) = 4r; the volume of the sphere is (4/3)ar 3 ; and the ratio 
becomes infinite as r approaches zero. Thus at r = 0 div F — <&. 

In deriving equation (30) we have naturally assumed that we could 
carry out the instructions for calculating both sides. If F is defined as in 
the above example and the region includes the point r — 0, we shall not be 
able to carry out the instructions on the right-hand side. In fact, in order 
to obtain (30) wc have to argue as follows: 

1. The dux across the boundary of the entire volume is the sum of the 
duxes across the boundaries of the elementary volumes, 

2. The contributions from boundaries common to elementary" volumes 
are nil, 

3. The limit (29) exists in the interior of the volume. 

-r second part of the argument requires F to be single-valued and the 
third part states explicitly the condition for the existence of div F. If we 
think of divTVr not as a product of two quantities but as a single quantity, 
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the third part of the argument is not needed and (30) will be more generally 
true. 

The case of two-dimensional vector fields can do treated similarly. The 
average surface divergence is defined as the outward flux of F across the 

boundary s of an area 5 divided by S and the limit of this quotient as s 

contracts to a point is defined as the surface divergence at the point 

J F n ds 

sur div F = lim * (31 ) 

o 

The prefix “ sur ” need be used only on these rare occasions when three- 
and two-dimensional types of divergence occur together. The formula 
corresponding to (30) is 

/*•*-// sur div F dS. (32) 

The linear divergence is an ordinary derivative and the formula corre- 
sponding to (30) and (32) is 

F(h)-F(a) = £ d £dx. (33) 

The electric current in a wire is the time rate of flow of electric charge past 
n given point and the rate at which the charge per unit length is accumulat- 
ing is the negative of the linear diver- 
gence of the current. 

Each time the dimensionality of the 
vector field is decreased by one, the 
dimensionalities of the integrals in these 
formulas are also decreased by one. 

8. Calculation of divergence in cartesian 

coordinates 

If the vector field is expressed in car- 
tesian coordinates, then to evaluate its 
divergence we may choose an elemen- 
tary parallelepiped formed by coordi- 
nate planes, Figure 7.8, and let it 
shrink to the center P(-\\ y,r). Let 
l's> I'd F : be the components of the vector at P and Ax, Ay, Az be the edges 
of the parallelepiped. The flux across the cross section Ay Az at P is 
P~AyAz -f- small quantities of higher order; hence the flux out of the cube 
across the front and back faces is D-( t F.AyAz)Ax. Since AyAz remains 



Fic. 7.S. An elementary coordinate cell 
for calculating the dhcrgencc of a vector 
in cartesian coordinates. 




126 


APPLIED MATHEMATICS 


Chap. 7 


constant as we slide the section from back to front, the flux is D z F x AxAyAz. 
Similar expressions are obtained for the fluxes through the left and right 
faces and through the top and bottom. Dividing the sum of these fluxes 
by the volume Ax Ay A z of the parallelepiped we have 


divF= — + — ' + ^ 
dx dy dz 


(34) 


In cartesian coordinates (30) assumes the following forms 
IS [Ec cos (*,«) + F y cos (y,n) + F z cos (z,«)] dS 

-///( 

If (F x dy dz + F v dx dz + F s dx dy) 


(35) 


= ///( 


dF x dF y dF z \ 

sr + ^ + -^) dxdy,k - 


In the second form the element of area dy dz should be counted as positive 
or negative depending on whether the angle ( x,7i ) between the normal and 
the tf-axis is acute or obtuse; similarly for the other elements of area. The 
above equations constitute Green’s theorem. Any set P(x,y,z), Q(x,y, z), 
R(x,y,z) of three scalar functions of position can be chosen as components 
of a vector and the above equations represent general relationships be- 
tween certain volume and surface integrals. 

In Section 6 the vector operator del was introduced. If we treat it as a 
vector and multiply it scalarly by a vector F, we find 


v - F =( i f,+4 +4 £'- (iF ' +A+ ^ ) 


dFx , dFy dFz 
dx + dy ^ dz 


div F. 


(36) 


For this reason V • may be used as an alternate for div; however, the nota- 
tion is tied too specifically to cartesian coordinates. 


Problems 

1. Let F be a radial vector whose magnitude is 1 /r 2 = 1 /(x~ + y" + "")■ F* n 4 
its cartesian components and use (34) to obtain div F. Note the complications which 
arise when the frame of reference is not adapted to the simplicity of the vector field. 
„ What happens at r = 0? 
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2. Let Fbc a radial vector whose magnitude is r”. Show that dir A = (?; -fi 2 )r” -1 
by direct application of (29) and by (3-5). 

3. Let F be directed along lines perpendicular to a fixed line and | F | = p”, where 
p is the distance from the axis. Show that dir F — (« + l)p n_I by die direct and 
indirect methods. Discuss the case /; = — 1. 

4. Show that 

J \p cos (*,») + Q sin (ay;)] ds = J J + ^j") Ax Ay, 


9. Curl 

The line integral of a vector F along a curve /IB, Figure 7.9, is defined as the 
line integral I F, ds, where F, is the tangential component of F and ds is the 

v All 

differential clement of length. Evidently, / F, ds = I F -ds, if we 

ah *Jab 

regard the element of length along the curve as a vector tangential to the 
curve. If F is a force, the line integral represents the work done by F on a 
particle mos'ing along /IB. If the 
direction of integration is reversed, 
the line integral changes its sign 


f F, ds - — f F t ds. 
Jar Jua 



The line integral of a vector F 
along AB is defined os the line integral of 
the tangential component F, along the 
curve. 


When the curve is closed the posi- p IO ~ 9 
tive value of the line integral is called 
the circulation of F and the direction 
of integration corresponding to this 
value the direction of circulation. The circulation of the electric intensity 
round a given curve represents the total voltage which would be impressed 
on a conducting wire coinciding with the curve. The circulation of any 
force represents the work done on a particle moving round a closed curve. 
If the circulation vanishes for every closed curve, the field of force is 
conservative; the field does no net work on a particle returning to its 
original position. 

The circulation round an infinitely small plane loop depends upon its 
sire and orientation. As the loop contracts to a point while keeping its 
orientation unaltered, the circulation per unit area may approach a limit. 
This limit is called the component of the curl of F in that direction, normal to 
the plane of the loop, in which the circulation appears to be clockwise. 
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For a certain orientation of the loop the circulation per unit area is maxi- 
mum; this maximum value combined with the direction in which the 
circulation appears to be clockwise is denoted by curl F (read “ curl of F ”). 
Presently we shall show that curl F is a vector. 

If F is a field of force, the circulation is the work done by the field when a 
particle is carried round a closed path and curl F represents the maximum 
work per unit area. The magnetic intensity H is defined as the force 
which would be exerted on a unit magnetic pole and the magnetomotive 
force U is the work which would be performed by H -when a unit pole is 
carried along a given curve. According to Ampere the magnetomotive 
force round a dosed curve is equal to the total electric current passing 
across any surface bounded by this curve; hence the curl of the magnetic 
intensity is equal to the density J of the electric current (that is, the 
current per unit area normal to the lines of flow). Symbolically 

curl H = J. (39) 


Similarly, Faraday’s law of electromagnetic induction may be stated in 



electromotive forces appear respectively clockwise and counterdockwise. 

Consider a cylindrical wire carrying a uniformly distributed electric 
current of density J; Figure 7.10 shows the cross section of the wire and the 
drcular lines of magnetic intensity (they are counterdockwise if the current 
is toward the reader). Inside the wire the current within a circle of radius 
P is "p 2 /; according to Ampere this should equal the magnetomotive force 
2 rpH v (symmetry requires the independence of H c from the angular 
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coordinate); therefore, = \pj. For any p greater than the radius 
a of the wire, the current enclosed by the magnetic line is -a 2 / and 
H p = crjjlp. To summarize 


= I'pJ, P<a ; 


ll 

2 p * 


p > «. 


(41) 


The radial component 77 p and the axial component H s of the magnetic 
field of the straight current filament are both zero. 

Let us now verify that (39) is true for all points P, Figure 7.10. Choos- 
ing an elementary area bounded by two radii and two circles, we find that 
the total counterclockwise magnetomotive force round the boundary is 
(//,. + A H v )(p + Ap)Ay> — H^pAi? = p(A//„)Ay> + H v ApA<p plus an in- 
finitesimal of higher order. The area is pApAy? and the magnetomotive 
force per unit area is AH V /Ap + H v /p and in the limit dHJdp + H v /p. 
By (41), the sum of these terms is J for any point inside the wire; outside 
the wire the two terms cancel each other. Let us note carefully that the 
magnetic lines are circular both inside and outside the current-bearing 
wire and that the total circulation round these lines does not vanish any- 
where outside the axis p = 0; but the curl of the vector field is different 
from zero inside the wire and vanishes outside. The curl expresses the 
circulation in the vicinity of a point. An example from mechanics will 
illustrate this feature. 

Consider the rotation of a solid body about an axis, Figure 7.6. The 
field of the linear velocity is 

v„ = 0, v s , = up, d : — 0, (42) 

where w is the angular velocity and p the distance from the axis. This 
field is similar to (41 ) with a = « ; hence, if we regard the angular velocity 
as a vector along the axis of rotation, 

u = v curl v. (43) 


In this case, not only is the whole body revolving about OM with the 
angular velocity u but each element is revolving with this velocity about an 
axis passing through the center of the element. 

Returning to the definition of curl F let us calculate its components in 
cartesian coordinates. To obtain the s-component, curl. F, we take an 
elementary rectangle in the .vy-plane, with its sides formed by coordinate 
lines, Figure 7.11, and calculate the counterclockwise circulation round the 
boundary. The line integral of F along CD is F v Ay 4- infinitesimals of 
higher order, where F v is taken at the center of the rectangle; the rate of 
change of this quantity in the .v-dircction is D.(F u Ay), omitting the higher 
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order terms which will disappear in the final calculation, and the difference 
between the line integrals along LN and KM is D r (F y &y) Ax. This 
difference is the contribution to the counterclockwise circulation from LN 

and MK. Similarly, D v (F x Ax) Ay is 
the contribution to the clockwise circu- 
lation from MN and LK. The total 
counterclockwise circulation is thus 
obtained and the limit of its ratio to 
the area Ax Ay is 


i 

M D 

' p y 
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A 
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curl, F 


SF.j 

dx 


aF. 

dy 


(44) 


Ax 


In the partial derivative D z {F v Ay) we 

note that Ay is constant as we slide CD 

X from one side of the rectangle to the 

Fig. 7.11. An elementary rectangle other; hence Ay may be moved outside 

bounded by coordinate fines for ca/cu- the derivative sign. In curvilinear Co- 
latmg the curl of a vector at a point P, , .. , ... 

ordinates the element of length will vary 

from one side of the corresponding curvilinear rectangle to the other and- 

certain factors depending on the position of the point will appear in the 

vector components (see Chapter 8). 

Permuting x, y, z cyclically we have 

curl- F — 


(45) 


curly F = 



Fig. 7.12. The circulation ofa vector 
round the periphery of a surface is 
equal to the sum of the rirculadoas 
round the peripheries of the ele- 
ments of the surface. 


dy dz 

dF~ dF z 
dz dx 

It is evident that the components of the 
curl of the sum of two vectors are the sums 
of the corresponding components of the 
curls of the individual vectors and that 
curl F is a vector. 

Consider a surface 5" bounded by a simple closed curve (a curve which 
does not intersect itself). If S is divided into elementary areas, Figure 7.12, 
the circulation round the boundary 5 of £ is the sum of the circulations 
round the boundaries of the elementary areas, since the contributions from 
the boundaries common to adjacent elements cancel out (assuming that the 
vector function is single valued); hence 

J F s ds = J' J' curl- F dS, (4^) 

where the integration on the left appears clockwise to an observer looking 
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through 5 in the direction of the normal. If dS is a vector normal to the 
— ■ 

surface and ds tangential to the boundary, then 


J'f- ds — J J (curl F) ■ Us. 


(47) 


This is Stokes’ theorem. In cartesian coordinates 
J(F X dx + Fy dy + F z dz) = //[(“ - 5) cos (»,v) 

+ (S - W c ° s (?v) + (S v - §) c ° s d s • 


(48) 


Any set of three functions P, 0, R may be regarded as the components 
of a vector F, and we have a theorem about the equivalence of certain 
line and surface integrals. 

If Fx = P(xj), Fy rn O(.vj'), F t - 0, then 





(49) 


This is essentially the same as equation (37). 

We have seen that div F is the scalar product of del and F; the student 
can easily verify that curl F is the vector product 

curl F = V X F. (50) 

10. Some vector identities 


There are numerous identities connecting the gradient, divergence, curl, 


and laplacian 

AV - div grad V « V • VP = — + ~ + 0 . (51) 

dx dy - dz? v 

The following list provides a few examples: 

div cur! F = 0, curl grad V — 0; (52) 

curl cur] F — grad div F — AF\ ( 53 ) 

div ( IF) = V div F + F • grad V ; ( 54 ) 

curl (FF) = V curl F — F X grad V- ( 55 ) 

div (FX G) = G • curl F — F- curl G; (56) 


curl (F X G) = Fdiv G - G div F -}- (G • v)F — (F * Y)G. (57) 

It is evident from the context that Fand G are vectors while Fis a scalar. 
The iaplacian of a vector Fis defined as a vector whose components are the 
laplacians of the components of F. 
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The above identities can be verified in cartesian coordinates; for example 

diva,HF , i./'W _ dFg\ 

dx \ dy dz J dy \ dz dx J dz\dx dy ) 


In some cases Gibbs’ notation is suggestive. Thus the second part o! 
(52) is V X VF = 0; the truth of this equation is strongly suggested since 
the vector product of two equal vectors vanishes. 

That div curl F vanishes can be deduced directly from (30) aud (46). 
Replace F by curl F in the former equation, 

ns div curl F dv — I S cur * n FdS'i (58) 


exclude a small area of the surface of integration and apply (46) to the 
remainder of the surface; the surface integral is equal to the line integral 
round the edge of the excluded area and this approaches zero as the area 
shrinks to a point. 

Next consider (54) 


div (FF) 


dFF x dFF v , dFF z 

V q 2 

dx By dz 


= y~+F x ^+F^ + F v ~ + F^^F g y- 

dx dx dy dy dz dz 


The sum of the first, third and fifth terms represents the first term on the 
right of (54); the remaining terms represent the second term. 


11 . Green's theorems 

A number of useful modifications of Green’s formula (30) can be ob- 
tained by various substitutions. Let F = U grad F , where U and F are 
two scalar functions; then 

i j ' J " div ( U grad F) dv = J' J' U grad„ F dS. (59) 

From (54) ye obtain 

d / (U grad F) = U div grad F + (grad V) ■ (grad U) 

!, = UAF + (grad U ) • (grad F). 

I 

Substituting from (60) in (59) 

SJIf Vi ’ 

= J J U grain VdS - J J f ( grad U) ■ (grad V) dv. (61) 


(60) 
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Interchanging U and F'and subtracting the result from (61), we obtain a 
symmetrical form 

fffmr - va U) * = ff(u% - r£) ( 62 ) 


12. Irrotational, solcnoidal and general fields 


If the circulation of a vector field vanishes for every closed curve, the 
field is called irrotalional or lamellar. Gravitational and electrostatic fields 
are examples. Such fields can be expressed as gradients of single-valued 
potential /unctions 

F — grad V. (63) 

This is the form employed in gravitational theory; 
in electrostatics the usual form is F — —grad V. 

If the flux of a vector field vanishes for every 
closed surface, the field is called solcnoidal. The 
magnetic field is an example. Such fields may be 
expressed as curls of single-valued vector potentials 



F — curl A. 


Fic. 7.13. An irrotational 
(64) field. 


A general field may be expressed as the sum of irrotational and solcnoidal 
fields 

F — grad V + curl A. (65) 

The word “ every ” in the above definitions is essential. Consider the 
field of a positively charged particle. Figure 7.13. This field is radial and 
it varies inversely as the square of the distance r from the particle 


F r = 


r~ 


( 66 ) 


it is the gradient of the following potential 



r 


(67) 


The field is irrotational because the circulation round every curve is zero; 
this is easily verified for curves bounded by the lines of force and circles 
concentric with the particle. Green’s theorem extends the conclusion to 
alt closed curves. 

A very similar field is the magnetic field of electric currents circulating 
around the surface of a semi-infinite cylinder of infinitely small radius, Figure 
7.14 The magnetic flux comes out of the end of the cylinder and spreads 



134 


APPLIED MATHEMATICS 


Chap. 7 


out radially. The appearance of the field is similar to that in Figure 7.13 
everywhere except along the radius occupied by the cylinder where the flux 
is toward the center of the field. It can be shown that the field (66) is 
expressible by (64) if 

. n . k cot 6 _ 

A r = 0 , A v = — i A B = 0, ( 68 ) 


where the only nonvanishing component is along the circles coaxial with 
the cylinder. This example shows that the same field is sometimes ex- 
pressible almost everywhere either as the 
gradient of a scalar function or as the curl 
of a vector function; it is “ almost ” that 
may make the difference between the 
field being irrotational or solenoidal. It 
is possible for a field to be both irrota- 
tional and solenoidal; an example is 
F = constant. 

If the circulation of F vanishes round 
every curve, the line integral of F de- 
pends only on the end points A, B of the 
path of integration; any two paths joining A and B form a closed curve 
and the circulation round this curve is the difference between the fine 
integrals. Keeping A fixed, we define a scalar single-valued function which 
depends only on the position of B 



Fic. 7.14. A solenoidal field similar to 
the irrotational field in Figure 7.13. 


= f . 


F. ds. 


(69) 


The differential element of this function and the directional derivative are 

d,V BV 
ds ds ’ 


d.V = F s ds, F, = 


(70) 


that is, F = grad P . 

The fields of continuous distributions of mass or electric charge may be 
regarded as resultants of the fields of volume elements of mass or charge; 
but while direct addition of the fields is complicated by the necessity of 
taking their directions into consideration, the addition of the potentials 
is a simple integration over the volume occupied by the “ sources ” (mass 
or charge). The potential of each element is given by (67) where k is 
proportional to the mass or charge of the element. The latter is propor- 
tional to the volume of the element; hence, 



( 71 ) 
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where 1: is proportional to the density of mass or charge. The field can 
now be found by differentiating V. 

On the other hand, taking the divergence of (63), we have Poisson's 
differential equation for V 

hV = div F, (72) 

and the potential should be expressible in terms of div F. By analogy 
it^secms possible that we might be able to find 
a solution of (72) similar in form to (71). 

Thus, turning to equation (62), we observe that 
the left side will be an integral depending on 
div F if U satisfies Laplace's equation 

At/ = 0. (73) 

The function U — \/r satisfies this equation 
everywhere except at r = 0 where neither U 
nor its derivatives exist. Thus A U = div 

grad [/and grad (1/r) is a radial vector, —1/r 2 , . , 

the divergence of which vanishes everywhere of equation (76). 

except at r = 0. Hence (62) can be applied 

to any volume which excludes r — 0. The stage is now set for the final 
steps. Let 




where is some fixed point in space; [/is a solution of (73) everywhere 
except at this point; we exclude this point from the volume of integration 
by a small sphere or as shown in Figure 7.15; and w'e apply (62) to the volume 
bounded by a and a dosed surface 5 which is to be expanded to infinity 
and which is also chosen to be a sphere for convenience of integration 




As S recedes to infinity, the integral on the right, taken over S, will ap- 
proach 7.ero if at infinity F varies as r~ m where m >0. If grad V — /’and 
is finite, the first part of the surface integral vanishes over c as the radius 
approaches zero; this is true since the surface of the sphere is 4-rr 2 . On a, 
A, (1/r) = — Z) r (J/r) — 1/r 2 , the negative sign being due to the fact that 
in (62) u is the normal pointing out of the volume; hence the contribution 
of the second part of the integral is —4rl / (xffff) and 
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It is not very difficult to extend this result and express a genera] class of 
vector fields in the form (65). Taking the divergence and curl of (65), we 
have 


div F = A V, curl F = curl curl A = grad div A — \_4. (77) 

The field F depends on three functions (its cartesian components) bat on 
the right of (65) we have four functions; one of the latter is redundant and 
vre are free to restrict A by making div A — 0. Thus the above equations 
are reduced to 


A V = div F, A A — — curl F. 

Making use of 176), vre obtain 


(78) 


F = — — erad 


Iff 


div F 


do ■ 


curl 


Iff 


curl F 


ds. (79) 


Naturally, (79) is true only if the volume integrals converge; but the 
resolution (65) is possible even if they do not. In the latter case vre have 
to look for another method of obtaining V and A. 

It will be recalled that V was assumed to vanish at infinity in a certain 
way; the assumption was made in order to eliminate the surface integral 
over S by extending the Integration to infinity. If S is kept finite and the 
corresponding surface integral is retained in (75), a more general formula is 
obtained. In this formula, however, V a.nd A are not determined solely by 
div F and curl F but by the values of F and its derivatives over S. 

Furthermore, we have assumed that F and its derivatives are finite. 
Even such simple fields as that of a point source are not included in (79) 
for at the source F is infinite. Equation (79) represents the field of a 
distribution of sources when the volume density is finite; to this we should 
add surface integrals expressing the field of surface distributions of sources, 
if any; line integrals of line distributions of sources; and finally, a sum 
representing the field of a system of isolated point sources. The surface 
integral over S expresses the field of sources lying outside S. When all 
these terms are included, a perfectly genera! expression is obtained for the 
field in the interior of S. 

Of course, we could limit the formula to volume integrals on the ground 
that in nature all volume densities are finite; this would result however in 
unnecessary complications. Small particles, thin wires and thin sneets 
actually exist; and frequently nothing is gained by bringing m the small 
dimensions. 

In special cases (79) takes on more familiar forms. If F is the electric 
intensity E, div E equals the density of charge q divided by the dielectric 
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constant t; curl E vanishes and (79) reduces to 

£= -g rad ///“<*- (80 ) 

The integral is called the electric potential. On a conductor the charge is 
concentrated on the surface and the integral becomes a surface integral. 

If Fis the magnetic intensity H of the field generated by electric currents, 
div // = 0 and in view of (39) we have 

"““ rl ///£*■ < 81 > 

The integral is called the magnetic vector potential. 
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the meridian plane passing through P, and the distance z from the equa- 
torial plane. 

In the spherical system, P(r,0,<p ) is specified by the distance r from the 
origin, the polar angle 0 made with the polar axis by the radius OP, and the 
longitude <p. 

Some current notations for cylindrical and spherical coordinates are 
mutually conflicting in that the same letter r is used to denote the distance 
from the polar axis in one system and the distance from the origin in the 
other; likewise, the letter 0 is sometimes used to denote the polar angle in 
spherical coordinates and the longitude in cylindrical coordinates. Such 
conflicting symbolism should be avoided since there are problems, in- 
creasing in number, in which it is convenient to employ both systems 
simultaneously. 

The following are the equations for the transformation of coordinates 
in the three systems : 

x = p cos v> = t sin 0 cos <p; p = V x 2 + y 2 — r sin 0 ; 

y — p sin <p — r sin 0 sin <p ; v> = tan -1 (y/x ) = <p ; 

Z—z — r cos 0; z-z — rcosO; (1) 

r = V x 2 + y- + X 6 — V P 2 H- a 2 ; 

0 ~ tan -1 (Vx 2 + y 2 /z) = tan -1 (p/z); 

«p t= tan -1 {y/x ) = <p. 


Problems 

X. Find the cartesian components of a unit vector in the direction {0,<p). 

Am. X — sin 0 cos <p, Y = sin 0 sin <p, Z — cos 0. 

2. Using die formula for the scalar product of two unit vectors in the directions 
and (O*#*), show that the cosine of the angle between these directions is 
cos 4 1 ~ cosOi cosO» + sin 0 1 sinO; cos — tp 2 ). 

2. Differential elements oj length, area, volume 

In the cartesian system the coordinates represent distances along 
coordinate lines, measured from points of intersection with the principal 
reference planes; hence the distances between points on the same coor- 
dinate line, such as P(x i v v,z) and / 3 (.v«,_v,c), are simply the differences 
between the corresponding coordinates 

j. = ,v 2 - x r , s.j - y- — ji; J.- «= ze - ~i- (2) 
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The distance between any two points P 1 Oj^Zj) and P z {x 2 j 2 ^) J s 
given by the theorem of Pythagoras 

J = V'jf + 4 + 4 = \/(Ar 2 — + (j-, — jx)- + (e 2 - zH 5 . (3) 

On the differential scale these formulas become 
ds x — dx, ds v - dy, ds z — dz\ 

, (i) 

ds — V dst + dP u -p dsi — V dx 1 + dy ' 1 + dr. 

These simple formulas hold only if all distances are measured in the 
same units. If x is measured in feet, y in inches and z, s in centimeter s, 
then in centimeter units equations (4) become 


ds x zx 30 dx, ds v zx 2.5 dy, ds. — dz; 

ds zx \Z9Q0dx 2 + 6.2 5dy 2 + dr?. 


On doubly logarithmic coordinate paper the distances along the coordinate 

lines are proportional to the logarithms 
of the coordinates and in the expres- 
sions for the differential distances in 
terms of the differentials of the coordi- 
nates the scale factor varies from point 
to point. A similar situation arises in 
any curvilinear system of coordinates, 
Figure 8.2; the differential distances 
along coordinate lines are proportional 

to the differentials of coordinates 
Fic. 8.2. An elementary coordinate ceil , _ , 

formed by the intersection of neighboring “S u “ w j 

coordinate surfaces. The edges of the (6) 

cell are proportional to the differentials 

of the corresponding coordinates. ds v — e% dw ; 

the coefficients e t , e 2 > ?z depend on the position of the point in whose 
vicinity the distances are being eva'luated. If the system is orthogonal , 
the distance between two infinitely cl&'e points is 

ds = vV4 + ~dr z -f- ds^ — \r.y dir eidsr +4 dvr , (7) 

since the curvilinear triangles approach^ the rectilinear as their size de- 
creases; but there is no simple formula for the distance between distant 

points. j 

A general expression for the differencial element of length can be ob- 
tained as follow's. By definition, u, v, b are three families of surfaces: 

n = f{xy,z), v = g(x.y.z), to = h(xyy). M 
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Solving for x, y, z we have 

x = F(u,v,w), y = G{u,v,w), z = (9) 


Hence, 


, BF 3F 3F 

ax = — du -\ dv -j dsn, 

dll dv dw 


, dG dG dG. 

dy — — du + — - do 4 dw, 

du dv dw 


(10) 


. dH . dH J ,dH 

dz — — du 4 dv -j dw. 

du do dw 


Substituting in (4), we obtain 

dr — gu du 2 + g 22 dt? + £33 dvr + 2gn du dv 


+ 2g l3 du dw + 2g 23 do dw, (11 ) 


where 



dF dF dG dG dH dH _ 
du dv du dv du dv ’ 


( 12 ) 


It can be shown that if the surfaces (8) are orthogonal, then — 0 if 
m yt u. The proof is lengthy and we shall omit it since we arc interested 
primarily in the actual expression for ds. In each special case wc shall have 
direct evidence that ds is of the form (7). 

For instance, in cylindrical coordinates ds p = dp, ds v — pdp, ds r = dz; 
in spherical coordinates, ds T — dr, ds e = rdO, ds p = rsin 0 dip. The dis- 
tance ds ( is taken along a meridian of radius r and it is the product of r and 
the angle supported by the arc; ds ? is taken along a circle of radius rsin 0 
and the preceding formula follows. The coordinate lines arc orthogonal 
and we obtain an expression of the form (7). 

The physical character of space is determined by measurements of dis- 
tances and hence by the corresponding metrical form (11). If, by some 
transformation of coordinates, the coefficients of the metrical form can be 
made constant, the space is said to be " flat otherwise, it is “ curved.” 
The words “ flat ” and “ curved ” are borrowed from the two-dimensional 
geometry of planes and curved surfaces and should not be taken too 
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literally, at least in so far as physical space is concerned. On the surface 
of a sphere of radius a, dr = e?{dP -f sin 2 6 df 1 )-, by transformation of 
coordinates this expression can be thrown into a great variety of form; 
but never into ds 2 = /fh 2 -f- . By careful measurements made tzitkou! 

getting outside the surface it would be possible to establish that the geometry 
of the surface is different from that of a plane and that it is identical with 
the geometry of a sphere. Similarly, only measurements can disclose 
whether the physical space is flat — Pythagorean might be a better term — 
or curved (nonpythagorean). Expressing 6 and a in terms of three varia- 
bles, it is possible to choose the new variables in such a way that dr will 
equal the sum of the squares of the differential elements; thus there is an 
abstract basis for asserting that the surface of a sphere may be immersed 
in a three-dimensional pythagorean space. Similarly a three-dimensional 
nonpythagorean space may be regarded as “ immersed ” in a pythaeorean 
space of a larger number of dimensions. 

The term flat or pythagorean two-dimensional space is not completely 
synonymous with the term “ plane.” The differential elements on cylin- 
drical and other “ developable ” surfaces may be expressed in the simple 
form (4). 

In any system of orthogonal coordinates the elements of area and 
volume are 

d-S'uv — ds u ds z = e\en du dv, 
d — — ds T ds r— — ^ 2^3 d" die, 
dSn — ds c ds u — ez€\ dva du- 
^dr = ds u ds r ds^ — eiC 2 Sz du do dto. 

It is these expressions that should be used in changing coordinates in sur- 
face and volume integrals. 

3. Calculation of gradient, divergence, curl, laplacian 

The definitions of the gradient of a scalar point function, and of the 
divergence and curl of a vector point function, as riven in the preceding 
chapter, are independent of coordinate systems and are well adapted for 
the mathematical description of relations between physical quantities; 
but, in general, it would be awkward to have to depend on them for the 
actual calculation of these functions. It is mere convenient to express 
their values in terms of the derivatives of the functions in question in 
various coordinate systems. 

Grad V is a vector which can be resolved in any three mutually per- 
pendicular directions; these can be taken as the u, v, to directions. The 
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components are the directional derivatives; hence, 

. .. dV 1 dV . dV 


grad„ V = 


Cl du ’ 


grad„ F 


a rr dV 1 dF 
grade, V = — = - - — 

ds w c 3 dw 


In order to obtain div F at some point P we surround P by an elementary 
coordinate cell like the one shown in Figure 8.2. The definition instructs 
us to divide the flux through the boundaries of the cell by the volume. 
For an elementary cell it is convenient to obtain the flux across the opposite 
faces as follows: consider the vw surface passing through P and suppose 
that the area intercepted by the cell is dS vv .; the flux across this area is 
F u dS vu -, the rate of change of this flux as the vw surface is moved across 
the cell in the positive u direction is D u (F n dS vu ) and the differential 
change in the flux as dS vv is moved from one face of the cell to the other in 
the positive it direction is D U (F U dS vlc ) dti. Similarly we obtain the con- 
tributions of the two remaining pairs of faces; then 


D U (F U dS vv .) du + D V (F V dS UK ) dv + D a (F v dS uv ) dm 


= r~ (ctfsFu) + — (cifoE*.)! . 

CiCot's L dti dv dw J 


When deriving these equations it should be noted that, in taking the 
directional derivative D u of F u dS vv , — 


F u cnc 3 dv dw, the product dv dw is con- 
stant; this is true because we have 
chosen coordinate surfaces as the bound- 
aries of the cell. 

To calculate curl u F we consider the vw 
surface through P and surround the point 
by a differential rectangle of v and w lines, 
Figure 8.3. The circulation round this 
rectangle is to be divided by the area 
dS VK — c«c 3 dv dw. The simplest way of 
computing the circulation is to consider 
the contributions from the pairs of op- 
posite sides of the rectangle. Take the 
r-linc passing through P; the line in- 
tegral of F over that portion of this 



F:o. S.3. An elementary curvilinear rec- 
tangle formed by the intersection of two 
pairs of neighboring coordinate lines 
lying in the same coordinate surface. 
Another pair of coordinate lines is 
shown passing through a point P. 


line which is intercepted by the rectangle is F v ds v ', the rate of change 


of this in the positive w direction is D v {F v ds r ); the change in the line 
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integral is D K (F T ds v ) dw; and this is the contribution to the clockwise 
circulation. Similarly D r (F a dsf) dv is the contribution to the counter- 
clockwise circulation from the remaining two sides. Since curl u F j s t }j e 
clockwise circulation per unit area when the observer is looking in the 
positive u direction, that is, the counterclockwise circulation for the 
reader looking at Figure 8.3, we have 


curl u F = 


D r (Fu- dsf) dv — Dy(F v ds v ) dw 
dS VV! 

Dfe^Ff) dv dw — D a {e z F v ) do dw 


c 2 ?3 dv dw 

1 p>(c 3 EV) a{e 2 F v y | 

£2^3 L dv dw J 

Permuting u, v, w and 1, 2, 3 cyclically we have 

curl . F= Ar^>_M, 

ezei L t )w dit J 
rarl r _ 1 V d(c 2 F T ) a(ciFu)~ | 

eye o L du do J 


(16) 


(17) 


The laplacian A V = div grad V ; hence 

+ + ( 18 ) 
fie 2 r 3 Lau\ Ci du J 6u\ dv J dw\ez dw) J 


4. Transformation of coordinates 

Transformation of scalar functions from one system of coordinates to 
another is a problem of substitution. To express V(xjf) in the u, v, vs 
system, we substitute for x, y, 2 their expressions (9) in terms of the new 
coordinates. In transforming a vector function F(xyfi) we have to bear 
in mind that simple substitution would give us the components in the new 
coordinates but in the old directions — and we are naturally interested in 
the components fitting the new frame of reference. 

Now F u is the projection of F on the u direction and is equal to the sum o 
the projections of F~, F y , F z ; similarly in the case of F v , F a and therefore 

F u = F x cos (x,u) + F y cos (y,n) + F z cos ( 2 ,«), 

F v = F x cos (x,o) + F v cos (y,v ) + F z cos (z,o), (19) 

F v — Fx cos (x,w) + Fy cos (y,w) + F z cos (z } w). 

One of the coordinate systems lappens to be cartesian by accident onl) , 
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the form of the equations of transformation is perfectly general and the 
coefficients are the cosines of the angles between the two sets of directions. 

Frequently, these direction cosines can be obtained directly from geo- 
metric considerations. General expressions can be derived by transform- 
ing some simple vector and comparing the coefficients; the vector ds 
joining two infinitely close points is ideally suited for this purpose since its 
components ds u , ds v , ds a are easily obtained when the equations relating 
the coordinate systems are known. Since ds u = e\ du and da is the total 
differential of u — u(x,y,z), we have 


, J dH J A. -I— SU J 

ds u = a du = ci — dx -f ei —dy + c x — dz, 

dx dy oz 

dv dv dv 

ds v = e 2 dv = c 2 —dx + e 2 —dy + e 2 —dz, 
dx dy dz 

J J dw dtv dw 

ds w — c 3 dw = e 3 — dx + e 3 — dy + e z — dz. 

dx dy dz 


( 20 ) 


Since dx = as x , dy = ds y , dz = ds. are the components of the same vector 
in the cartesian system, the coefficients are the direction cosines. 

Sometimes it may be more convenient to express the cartesian compo- 
nents of ds in terms of the components of the other system: 



dx 

du + 

dx 

dv 


dx 

dw 


1 , 

dx 



+ 


= 

. 


~ du 

~dv 


dw 



C\ < 

dy 

_ 1 

2*. 

+ 



ds v 

+ 

1 


Cl 

dll 

Co 

dv 


C 3 

dw 


1 

dz 


1 

dz 

ds v 


1 

dz 

dz 


— ds u 

+ 



+ 




D 

du 

Co 

dv 


C-A 

dw 


1 <> x , , 1 Av 

■ ds v “P dSlCy 


e 2 dv 


e 3 dw 


( 21 ) 


ds\i 


From this set of equations we have 

1 dx 

cos («,-v) = - — ’ 

C\ du 

while from (20) the corresponding expressions are 


1 dx 

cos (cyv) = 

Co du 


t ^ du 

cos (k,.v) = fl — » 
dx 


( \ dn 
cos (r,.v) = c 2 — >• 

dx 


( 22 ) 


(23) 


That there may be a real difference in the ease with which the results 
are obtained may be seen from (1). It is far easier to differentiate x,y, z 
with respect to r, 0, ^ than vice versa. Incidentally equations (22) and 
(23) show that dttfdx is not equal to the reciprocal of dx/du. 
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Problems 

1. Show that the cosines of the angles made by coordinate lines of any two ortho', 
onal systems («,?,») and (&,:,■&) are 

cos (uji) = (eilei) — = 

du du 

cos (u,v) = (ej/tfj) = (eilt j) — i — . 

Uu on 

2. Calculate the transformation cosines for the cartesian and spherical coordinate 
systems. 


5. Special coordinate systems 


Some of the most frequently used coordinate systems will now be 
described. 

Cartesian coordinates. There are two systems, the right-handed as in 
Figure 8.1 and the left-handed. The left-handed system is obtained from 
the right-handed by reversing the positive direction of one or all of the 
coordinate axes. In applied mathematics the right-handed system enjoys 
general acceptance. 

The expressions for the gradient, divergence, laplacian and curl are 


grad* v “ Yx ’ 


grad v V : 


dV 


erad, V ■ 


dV 


dz 


i- ’ 


di vF — 


dF x , dF y 

dx T dy 



&V , d 2 V d 2 

~ dx 2 ! dy* + dz 2 5 


curl- F = 


dFz 

by 



curlj, F = 


dF * 

dz 


d l± 

dx 


1 


curl z F = 


^Fy 

dx 


dF~ 
dy ' 


(24) 


Cylindrical coordinates. Figure 8.1 shows the most usual orientation 
of the cylindrical system with reference to the cartesian. The expressions 
for cylindrical coordinates (p,<?p.) in terms of cartesian are given in Section 
1. The direction cosines are 


x y z 


p 

cos ip 

sin <p 

0 

<p 

—sin ip 

COSip 

0 

z 

0 

0 

1 


( 25 ) 
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The fundamental metrical form and the expressions for the gradient, 
divergence, laplacian and curl are 

dr = dp 2 + p 2 dp 1 + dz 1 ; 


a v dV 
grad, V = •— > 

dp 


A V BV 

grad * r== ^V 


grad; V — 


bV 

dz 5 


div F — 


I 3(pF ) dF v dF. 


dp 


+ ~ + 
pop 


dz 


AV 


d_f dV\ 

p dp\ dp) 


d 2 V d 2 V 

+ — m + 


p 


aF; aF„ 

curl ' F -p-^-^> 

P L op dp J 


da 2 * 

i rp dF P 

curlp F = — - 
dz 


dF 
dp ’ 


(26) 


Spherical coordinates. Figure 8.1 shows spherical coordinates in their 
relation to cartesian and cylindrical coordinates. Expressions for r, 0, p are 
given in Section 1. The fundamental metrical form and other formulas are: 

d s 2 = dr + r 2 dO 2 + r 2 sin 2 0 dp 2 ; 


r 

sin a cos <p 

sin a sin p 

cos a 

a 

COS a COS P 

cos a sin ¥5 

—sin a 


—sin 9 

COS ^3 

0 


grad r V = ~ i 
b r dr 


div F s= 
AF = 
curl r F = 
curio F = 
curL F = 


grad/, V - 
1 a(r 2 F r ) , 1 


5F 


rdO 
3 (sin OFj,) 


gradp F = 


dF 


r sin 0 dp ’ 


aF„ 


rsin a dO 


j- dr 

l a/,a/V i a / 

p>*V"* 7 + ?*i»V nn# 

1 pa (sin dF c ) aFp l 

~ a? J ’ 


r sin 0 dp ’ 

l a 2 F 

r 2 sin 2 0 dv > 2 ’ 


aF\ 

aa/ 


( 27 ) 


rsin a 
1 


L 


aa 


PaF r 


rsin a[_ dp 
l r a(rF) _ dF, 
r L dr SO 


sin a 


a (r F t 

dr 


r 


•Frl, 

aa J 
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Elliptic cylinder coordinates. There are two related forms of elliptic 
cylinder coordinates (£,t?,z) and (u,v, z). Their connection with cartesian 
coordinates may be expressed as a transformation of complex variables* 


X + iy — f cosh (£ + id); 

x = t cosh £ cos d = luv, u = cosh £, o = cos t?; 


y — ! sinh £sin d — l V {id — 1)(1 — tr); 
ds 2 = (cosh 2£ - cos 2 d)(d? + dd 2 ) + dz 2 

-w-*>(F=-i+rh)++ 

p 2 = 5 f 2 (cosh 2£ + cos 2d) = / 2 (m 2 -j- v 2 — 1); 
tan <p = tanh £ tan d. 


(28) 


The coordinate surfaces are confocal elliptic and hyperbolic cylinders 


: + 


V 2 .V 2 y 2 


f 2 cosh 2 £ f 2 sinh 2 £ 


= 1 , 


f 2 cos 2 f 2 sin 2 d 


= 1, (29) 


and planes 2 = constant. The geometric meaning of elliptic coordinates 
£, d and u, v is illustrated in Figure 8.4a and may be stated as follows: 

OF = ! is the distance from the center to a common focus F, 

OA — f cosh £ = Ui is the semi-major axis of an ellipse £ = constant, 
OB = / sinh £ = / V id — 1 is the semi-minor axis of the ellipse, 
e — 1/m = sech £ is the eccentricity of the ellipse, 

OC = S cos d = Iv is the real semi-axis of a hyperbola d = constant, 
CD = l sin d = f V 1 — a 2 is the imaginary semi-axis of thehyperbola, 
e' = 1/n = sect? is the eccentricity of the hyperbola, 

Z COD = i? is the angle between the .v-axis and an asymptote to the 
hyperbola; it is also the eccentric angle for the point P on 
the ellipse. (In order to construct the eccentric angle for 
any given point on a given ellipse draw a circle of radius 
OA = l cosh £, equal to the semi-major axis; extend the 
ordinate through the given point P to the intersection E 
with the circle; the angle AOE is the eccentric angle d since 
x = (/ cosh £) cos d is the abscissa of P.) 

Thus u. = cosh £ and v =-cos d are the reciprocals of the eccentricities of 

> _ 

* To obtain ds 2 , take the differential of x + iy and multiply it by its conjugate. 






Fig. 8.4a. Elliptic coordinates («,c) or (£,t3). In the xy-plane, the lines of constant u and 
? arc con focal ellipses; the lines of constant rand 0 are confocal hyperbolas. The distance 
2/ between the foci is a characteristic constant of a particular system of elliptic coordinates. 
The values of the elliptic coordinates may be obtained from u — (pi -f- pi)/2l and 
c — (a; — pi)/2/; £ = cosh' 1 Km + pi)/2I\ and 0 — cos' 1 [{pi — pi)/2/]. 

Fin. S.4b. In the elliptic coordinate system of the first kind £ is positive for all points and 0 
lies in the interval (0,2r). The points /’" and P~, on the upper and lower sides of the seg- 
men tE'/^joining the focal points, have different t5 coordinates, cos -1 (v//)and 2 : — cos 'Tv//) 
respectively. Thus for the point, whose cartesian coordinates arc x = 1/2, y <= 0, we 
have t? x/3 on the upper side and t> «= St/3 on the lower side. 

Flo. S.4c. In the elliptic coordinate system of the second kind £ may be either positive or 
negative, while <1 is restricted to the interval (0,v). The .v-axis,cxc!usivcof the segment F'F 
joining the focal points, has two sides. The £ coordinates of points, /’% on the upper side 
arc positive; on the lower side negative. Thus if the Cartesian coordinates of a point P 
are x » 21, y => 0, then for the upper side £ «= 1-517 and for the lower side £ =» — 1 - 317 . 
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the confocal ellipse and hyperbola passing through the point ( x,y ). Also 

u = cosh £ = — J Pl > v = cos t? = — — - - - 1 » (30) 

where pj and P 2 are the distances between P{u,v) and the foci. 

If the cartesian coordinates are given, the elliptic coordinates may be 
found from 



If jy is different from zero, the upper sign must be used to make u consistent 
with its geometric meaning; u is the ratio of the major axis and focal dis- 
tance of the ellipse and must not be smaller than unity. The negative 
sign leads to a value smaller than unity, unless^ = 0 in which case u = 1 
and £ = 0 is the second solution. The solution corresponds to points on 
the segment F'F\ thus £ = 0 is the equation of the segment F'F in elliptic 
coordinates. Various points on F'F are specified by cos t? = x/L 

Two alternatives now present themselves since neither £ nor i? is 
uniquely determined by x and y. Thus cosh (— £) = cosh£ and 
cos (27 r — t?) = cos t?; hence, when £ is one solution of cosh £ = a given 
value, then — £ is another possible solution. And if t? is one solution of 
cost? = a given value, then 2ir— t?is another solution. Suppose that we agree 
to take only positive values of£. The denominators in (32) will then be 
positive and in order to specify all points (.v,y) by different pairs (£,t?) of 
elliptic coordinates we must let t? vary from 0 to 2x (or — x to x ). In this 
case t? is between 0 and i r for points above the x-axis and between x and 2x 
for points below the Ar-axis. Therefore, one and the same point on the 
segment F'F joining the foci of the coordinate system will be given by two 
different t?-coordinates, Figure 8.4b. We can take advantage of this result 
whenever it is convenient to distinguish between two sides of the segment 
F'F, as for instance in problems involving liquid flow in the presence of an 
infinite rigid strip or in electrical problems involving a metal strip, where it 
is obviously necessary to distinguish between two sides of the strip even if, 
for mathematical simplicity, we assume that the thickness of the strip is 
zero. 

In the elliptic coordinate system of the second kind. Figure 8.4c, £ is 
permitted to have negative values as well as positive and t? is restricted to 
the interval (0,7r). This time the x-axis, exclusive of the segment F F, has 
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two sides; and the coordinate system is well adapted to problems involving 
plane screens with a slot. 

The expressions for the gradient, divergence, laplacian and curl are: 


grad £ V = 
grad.t V - 


\/2 


OF 


! V cosh 2£ — cos 2t? 

\/2 BF 


! V cosh 2£ — cos 2d && 


grad. F = 


dV 

dz ’ 


div F = 


V2 


r* 


(Fj Vcosh 2$ — cos 20) 


AF = 


curb F = 


/(cosh 2$ — cos 2/?) [_d£ 

+ jz (Ft Vcosh 2t — cos 2t?)l +• ; 

at/ J dz 

2 


(d 2 F d 2 F\ , d 2 F 
-+..») + 53 8 J 


/ 2 (cosh 2£ — cos 2$) \<9£ 2 dt? 2 

V5 3F- 

/ Vcosh 2? — cos 2t? 3i? dz 


i r 

curl,> F — — 


VI 


3F r 


curl. F = 


/ V cosh 2£ — cos 2i? 


V3 


f (cosh 2f — cos 2i?) 

— — (Fj V cosh 2£ — cos 2t?) I 
dO J 


(33) 


: (Fj Vcosh 2£ — cos 20) 


Prolate spheroidal coordinates. Prolate spheroidal coordinates arc de- 
fined by 

= + »> = / cosh (£ + id), 0 < $ < « , 0 < i? < r; 

s — f cosh £ cos 0, p = / sinh J sin t?; (34) 

ds~ — -If^Kcosh 2$ — cos 20){d $ 2 + t/t? 2 )] + f 2 sinh 2 £ sin 2 1 J dip 2 . 

The z and p coordinates correspond respectively to x and y in Figure 8.4a. 
The coordinate surfaces are prolate spheroids, hyperboloids of revolution 
(about the horizontal axis in the figure) and axial planes. The segment 
F'Fis the limiting spheroid; its equation is { = 0. The positive 2 space is 
given by 0 < 0 < x/2, the negative : space by~/2 < 0 < x. 
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The expressions for the gradient, divergence, laplacian and curl are: 

V2 av 


gradj V = 
gracf, V = 
grad„ V = 


! V cosh — cos 2$ df 

V2 dF 


f V" cosh 2£ — cos 2d && 

1 av 

f sinh | sin d dip ’ 


V2 


r i 


diVF 5(cosh2£ — cos2t?) Ls"4i ^ (s ' mh| ' 

+ ^ To fei^' / »sh2 { -co S 2^ ft)] + — h { ^ ^ ^ , 


dF. 


A V = 


+ 


curie F — 


2 r 1 a 

f 2 (cosh 2£ — cos 2d) Lsinh f df 
1 d ( ■ 3FY1 

sin d dd V m d dd)\ 

V2 


( sinh? f) 


(35) 


+ 


1 


dV 2 


l 2 sinh 2 | sin 2 d a<p 2 ’ 


! sin d V cosh 2f — cos 2# 


— (sin «F r ) - 


1 




curL F = 


1 


5-Fe 


V2 


P I sinh f sin d dip 
d 


;(sinh^F p ), 


fsinh£sini? dip / sinh f\/cosh2£- cos 2t? 

a / o r 

I — (V cosh 2f — cos 2d F#) 

— (V cosh 2f — cos 2i? F { )J • 


curL jp = — — , . 

t (cosh 2% — cos 2i?) 1_3£ 


Oblate spheroidal coordinates. Oblate spheroidal coordinates are defined 
by 

p + iz = f cosh (| + id), 0 < £ < 00 , —r/2 < d < r/2; 

p = f cosh £ cos t?, z = i sinh £ sin i?; (36) 

A 2 = |/ 2 [(cosh 2£ — cos 2d) (dip + dd 2 )] + t 2 cosh 2 % cos 2 d dp 2 . 

The p and z coordinates correspond respectively to x and y in Figure 8.4a. 
The coordinate surfaces are oblate spheroids, hyperboloids of revolution 
(about the vertical axis in the figure) and axial planes. Positive and 
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negative 2 spaces correspond to positive and negative 0. The disc of 
radius OF is the limiting oblate spheroid; its equation is £ = 0; the upper 
side is given by positive 0 and the lower by negative 0. 

In problems involving a circular hole in an infinite plane 0 is restricted 
to the interval (0,ir/2) and f is permitted to have negative values. The 
equation of the perforated plane is j? = 0; and each point in the hole is 
given by a unique pair of coordinates. 

The expressions for the gradient, divergence, laplacian and curl are: 


grad £ V = 


gradj V = 


grad v . V = 


Vl 



OF 
■ 1 — 1 

f ‘V cosh 2£ — 

COS 

20 


V2 



OF 

{ Vcosh 2$ — 

COS 

20 

00 

1 

dV 



f cosh £ cos 0 

dp 

J 



div F 


\/2 

i'(cosh 2$ — cos 2t?) 




1 0 

— — — (cosh £ Vcosh 2£ — cos 20 Ft) 
cosh £ 


AF = 


d — — (cos d V cosh 2£ — cos 20 F #) 1 

cos 0 dO J 

1 ? ^ 5 : . 

/ cosh £ cos 0 dp ’ 

, i r_j_i( coshf £T) 

f"(cosh 2£ ~ cos 20) Lcosh £ c?£ \ <?£ / 

, J_ d_ ( £FY] I d-F ' 

cos 0 HO \ C0S dO ) J F cosh 2 £ cos 2 0 dp 2 ' 


curlj F 


V 2 


— (cos 0F r ) - 


1 


3F, 


curl., F = 


f cos 0 \ / cosh 2$ — cos 20 &0 

1 0F t V2 


r ( cosh £ cos 0 dp 
d 


f cosh £ cos 0 dp [ cosh £ "'/cosh 2$ — cos 20 &£ 


(cosh £ FJ , 


curl. F 


V2 




(v cosh — cos 20 F#) 


/ (cosh 2£ — cos 2t?)l_d£ 

— ~ (Vcosh 2$ — cos 20 F { )J • 
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Fig. 8.5. Bipolar coordinate system in the *y-plane, or a z-section of the biaxial coordinate 

system in space. 


Biaxial coordinates. , 

Biaxial coordinates are defined as follows: 


x + iy = l tanh £(£ + id). + id = log - + X + .Jl ; 

v f — x — ty 


„ sinh £ 

x = f ■ — — — , 

cosh £ + cos d 

, C t+x)*+y* 

* 2 g (/-*) 2 +y’ 


= f 


cosh | + cos t? ’ 




+ tan -1 


! - x ’ 


2 9.2 o2 ^Osh £ COS t?\ 

p 2 = *Z+/ = f2 — -«><£<«>; 

cosh f + cos \ 

, , f 2 (4 2 + dd 2 ) , | 

'A' — 7 t . 772 ^Z 2 ; — IT < d < 7T. 

(cosh £ + cos dY ’ 

Coordinate surfaces are circular cylinders passing through a pair of parallel 
focal lines, distance 21 apart, an orthoglonal family of circular cylinders, 
and planes perpendicular to the generators of these cylinders. Figure 8.5 
shows a cross section of the cylinders bj|' one of these planes. Focal lines 
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arc limiting cylinders £ = The equation of the yz-plane is £ = 0. 

The equation of the strip of the xz-planc between the focal lines is t? = 0; 
the equation of the remainder of the .vz-plane is d = tr (or — ir). The 
equation of the coordinate cylinder coaxial with the z-axis is d = ±r/ 2, 
the plus sign corresponding to one half and the minus sign to the other half. 

The position of the center and the radius of a coordinate cylinder £ = 
constant are given by 

x = ( coth^ R ~ f | csch £ | . 

The position of the center and the radius of a coordinate cylinder d = 
constant are given by 

y = —t cot d, R = f | esc d j . 

The coordinate £ = log (pa/pi), and d is the angle through which we 
have to swing PE in Figure 8.5 to make it coincide with the continuation 
ofP'P. 

The expressions for the gradient, divergence, Iaplacian and curl are: 


1 dF 

grad { V — - (cosh £ + cos d) — » 
f o£ 

1 dF dF 

grad,? F — - (cosh £ + cos d) — — > grad- F — — ; 

f do dz 

div F = \ (cosh i + cos Of [| + 


cosh £ + cos 0 dd cosh £ + cos d. 

dF. 
d: 


0 


+ ■*. > 


A „ l t , > . d~F 

" " 7 (cosh ( + c ° si) 'W + w) + ~o? ; 

curl, F = - (cosl, £ + cos 0) i 

i dt) dz 


, „ dFi 1 , , dF. 

curl.i F — — (cosh £ + cos 0) —f > 

dz t 

curl.. F - - (cosh £ -f cos 0)~ - — -- 

t L3£ cosh £ 4- 


cos d 


a F t 1 

dd cosh £ -f- cos 


Toroidal coordinates. To obtain toroidal coordinates, we shall call the 
vertical axis in Figure 8.5 the z-axis and consider the figure of revolution 
about it. The circles with their centers on the z-axis will form spheres; 
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the circles with their centers on the p-axis (the former .v-axis) will form 
toruses. The defining equations for toroidal coordinates are: 

p -f- iz-= f tanh |-(| + /9), £ -f- id- — log ' P - • 

( — p — iz 

. sinh £ „ sin 9 


P “ * , . > Z — 

cosh f -j- cos & 

f ; 

cosh £ + cos # 

„ 1, (f + P^+z 2 

? 2 ° S (f — p) 2 -j- z 2 ’ 7 

“ n 'f+p +t,n ‘/-V 

^2 _ p 2 j _2 _ f 2 c °sh £ - cos 9 
cosh £ + cos 9 ’ 

0< £ < CO ; 

, , f 2 (^ 2 -f ^9 2 sinh 2 £ i/cs 2 ) 

uST — . ~ ; 

(cosh £ + cos 9) 2 

-- < 9 < 77. 


The expressions for the gradient, divergence, laplacian and cur] are: 


l dV 1 dV 

gradj V — - (cosh £ + cos 9) — — > gradp V = - (cosh £ + cos 9) — > 

f 9£ f 99 

, 1 cosh £ + cos 9 dV 

si „h« 


divF = 


(cosh £ -f- cos 9) 3 T9 F f sinh £ 


f sinh £ 


_9£ (cosh £ + cos 9) 2 


9 F> sinh £ 

99 (cosh £ + cos 9) 2 _ 


cosh £ + cos 9 dF v 
( sinh £ 9p ’ 


AV = 


(cosh £ + cos 9)' 


f 2 sinh £ 


- 9 / sinh £ 9/A 

_9£ \cosh £ + cos 9 9£ / 


sinh £ 


99 \cosh £ + cos 9 


9FV 
99 /_ 


(cosh £ + cos 9) 2 9 2 F 
f 2 sinh 2 £ 9^ 2 ’ 

cosh £ + cos 9 9F,, 


curh F = - (cosh £ cos 9) 2 — r— — : „ - , 1' 

4 f d9 cosh £ + cos 9 f sinh £ 


cur^ F = 


cosh £ -f- cos 9 bF i (cosh £ 4- cos 9) 2 ^ F y sinh £ ^ 


/ sinh £ 9^5 


•f sinh £ 9£ cosh £ + cos 9 


CurI - 4 '' F f - COsh ? + C0S |_9£ cosh £ + cos 9 99 cosh £ -f cos 9_ 
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Bipolar coordinates. Bipolar coordinates are obtained by taking the 
horizontal axis in Figure 8.5 as the z-axis and making it the axis of revolu- 
tion. The circles with their centers on the horizontal axis will form 
spheres. The defining equations are: 


z + ip - l tanh \ (£ + id), 
sink £ 


z = f 


t , f + “ 4- tp 

£ + id = log r ; 

f — z — ip 

sin d 


cosh £ + cos d 


P = t 


cosh £ + cos d ’ 


1, (f+z) 2 + p 2 

f 4- ^ = /2 COSh £ - COS d } 

cosh £ + cos d‘' 


tan' 


-i P 


+ tan' 


ds 2 = 


t 2 (d £ 2 + dd~ + sin 2 i? dtp 2 ) 
(cosh £ + cos d)“ 


f 4" 2 
— w < £ < <x>; 

0 < d < 7T. 


-1 P 
t -z 


The expressions for the gradient, divergence, laplacian and curl are: 

grad £ F — ~ (cosh £ + cos d) ~ > gradj V = - (cosh £ + cos t?) — > 

, 1 cosh £ 4- cos d dV 

grad- r — *“ *t 5 

f sin i? 

_ (cosh £ + cos j?) 3 F 0 sin d 

1V / sin d l_d£ (cosh £ + cos d) 2 


+ 


F 0 sin 


AF = 


dd (cosh £ 
(cosh £ 4- cos 1 7) 3 


;in d 

f cos i ?) 2 _ 


4- 


cosh £ + cos d OF- 


f 2 sin 2 d 

+ 4z(~ 


\ 1 (. 

U>*v 


sin d 


t sin d 
<5F\ 


dp * 


cosh £ + cos d d£ ) 


curb F — 


dd \cosh £ + cos d dd ) J 
(cosh £ -f- cos d) 2 d F e sin d 


sin d 3/^1 (cosh £ + cos t?) 2 d 2 V 
+ t' 2 sin 2 d Up 2 ' 


! sin d 


dd cosh £ 4~ cos d 


cosh £ -F cos 0 d!\ t 
dp 


curl 


~ cosh £ 4- cos d dF, 1 . . . , 

» F “ r— ; ~ - 7 (cosh £ 4- cos d)- 


t sin d 
d F. 


I sin d 


dp 


d£ cosh £ 4* cos d 


curl.F-!(co ! h { + co s ^[|^ 


Ft 


cos d dd cosh £ 4* cos d_ 
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Parabolic cylinder coordinates. Parabolic coordinates in a plane are 
defined as follows 


x + iy = f(u + iv) 2 , x = l{tr - v 2 ), y = 2f uv. 

The lines u = constant form a family of parabolas, concave to the left- 
these are shown as dotted lines in Figure 8.6. The lines v = constant 



Fig. 8.6. Parabolic coordinates in the Ay-plane, or a z-section of parabolic 
cylinder coordinates. 

form an orthogonal family of parabolas, concave to the right; these are 
shown as solid lines. The corresponding cartesian equations are: 

y 2 = 4f 2 « 2 ’ y 2 = 4fV ^ • 

Translating the Ary-plane perpendicularly to itself, we obtain parabolic 
cylinders. 

The equation of the half-plane passing through Oxisv = 0; the equation 
of its complement is u — 0. If we restrict v to being positive, wc must 
allow u to be either positive or negative. The positive u will then define 
the positive y space; the negative a will give the negative y space. 1 he 
equation u — constant will define only one half of a parabolic cylinder. 
The half-plane passing through Ox is the limiting parabolic cylinder with 
two sides to it: the upper side corresponding to positive u and the lower 
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side to negative u. Such coordinates are suitable for problems involving 
boundary conditions on the surface of a parabolic cylinder v — constant. 
We could have restricted u to being positive and allowed ail values to p; 
such coordinates would be suitable for problems involving boundary con- 
ditions on the surface of a cylinder u = constant. The second frame of 
reference is just a mirror image of the first. 

In terms of cartesian coordinates we have 



the signs of u and y should be identical. 

The fundamental metrical form is 

ds~ = 4 f{:r + xr){dtt~ + do 2 ) + dzr. 


The expressions for the gradient, divergence, laplacian and curl are: 

, „ 1 3F , „ 1 dF 

grad,, V - — » grad„ V = p 1 

21 V tr + tr 2f v7r' + tr dv 

, „ OF 

grad, 

lliv F ■ iFTfl [£ + £ c^ + ?iw] + § . 

„ 1 (d 2 F , 3 2 F\ d-F 

- 4W) U? + ^7 + ’* 


curl u F 


1 OF. d Fi- 

ll \S tr + tr Ov dz 


curL F = 


. 0F U 


1 dF s 


0: 21 Vtr + tr On 


Curl ' F ~ V („= + r) [£ (vV + "- ) - l (vV ' + rfj] • 


Paraboloidal coordinates. The paraboloidal coordinate system is obtained 
by taking the horizontal axis in Figure 8.6 as the r-nxis, and making it 
the axis of revolution. The defining equations are 

= + b — f(» -f id) 2 , z = !{ir — tr), p = line; 

ds 2 = 4f 2 [(xr + tr)(d,r + dr) + «V ^=1. 
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The expressions for the gradient, divergence, laplacian and curl are: 

grad u V = ~ 2 J f, grad p V — -±=—, 

2! Vu 2 + a 2 du 5 2/ V^ + v 2 dv 


grad,, V = 


1 dV 
2 htv d(p ’ 


div F + ?) [£ (so F ->] 


+ j_s. 

2f«a dp ’ 


A „ l r 5 / dV\ t a / apyi l 

^ ~~ 4f 2 W a(« 2 + a 2 ) L D a#V 3»/ + “ dv\ V dv )\ + 4f 2 * 


1 d 2 V 
4 (W dp 2 ' 


cur l„F-—==-(aF,)- 


2!v V?+7 dv 


1 6F V 
2 !uv dp 


, r, 1 1 3 , ^ 

CurL .r = — ■ — ( uF„ ), 

2 luv dp 2 (u V u 2 + a 2 du 

F - [i - s (^7«] ■ 



CHAPTER IX 

Exponential Functions 


1. Definitions 

In a broad sense, the name “ exponential function ” is applied to such 
functions as 

y — y = 10*, .y = **; (l) 

in a restricted sense it is applied to a particular function in which the 
“ base ” a is e — 2.71828 • ■ In elementary arithmetic and algebra 
the exponent x is at first introduced as a shorthand notation for the number 
of times the base a is multiplied by itself. This definition requires a- to be 
a positive integer. Later another definition is given for negative integral 
exponents, still another for fractional exponents, st ill another for imaginary 
exponents. These definitions are so formulated that the range of applica- 
tion of certain algebraic equations is extended. Thus if m and n are posi- 
tive integers, then the definition of the exponent, as the number of times 
the base is repeated as a factor, leads at once to the following equations 

a m a n = rt m+n , a m /a n = (2) 

Now, even for positive integral values of m and n, the second equation does 
not always have a meaning. If m < n , the exponent on the right side of 
the equation is negative and the base cannot possibly be repeated as a factor 
a negative number of times. On the other hand, the left side of the equa- 
tion has a meaning for all positive integral values of tn and n and thus can 
be used to define the meaning of the right side. Similarly, the right side of 
the first equation in (2) has a meaning when m — n = ?, and thus can be 
used for defining the meaning of n 1/2 as the square root of a. Here we en- 
counter our first difficulty: when a- is a fraction, if becomes multiple valued 
and the number of values depends on x. If x = the function has two 
Values; if -v = J, the number of values is three; if -v = 0.01, the number of 
values becomes one hundred. 

Further difficulties arise when x is irrational. It is easy enough to 
define 10'^ as the limit of a sequence, 

10*\ lO 1 - 41 , 10 l - 4I V'* 

provided we agree to take only the positive values of the roots; but if wc 

try to apply the same definition to (— 10)' ", wc find that the first approxi- 
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mation, ( 10) 1-4 — (— 10)' /5 , is a negative real number, while the next, 
(-TO) 1 - 41 , is imaginary. 

The best way to overcome these difficulties is to start anew and try to 
formulate a definition which will apply unambiguously and universally, 
first to all values of x and, then, to all values of a. Several such definitions 
have been found; perhaps the simplest is the one which defines exponential 
functions as Junctions whose relative rates of change are constant , that is, as 
solutions of the following differential equation 


dw , 
— = kw. 
dz 


(3) 


A particular exponential function whose relative rate of change k is 
unity, and whose value at z = 0 is also unity, is denoted by exp z; that is 
exp z is defined by 

d 

— exp z ■■ exp z, exp 0 = 1. (4) 

dz 


These definitions involve a radical change in the point of view. In 
elementary calculus we learn how to differentiate known functions; we 
have now introduced a new idea: a possibility of giving a rule for differentia- 
tion as a part of the definition of a function. It is important to become 
accustomed to this idea, since many other functions, such as Bessel and 
Legendre functions, are defined as solutions of certain differential equations. 
We should become used to the idea that differential equations may be 
regarded as a source of information about their solutions. 

For example, equation (4) gives a rule for obtaining the approximate 
value of the increment of exp z, 

A(exp z) = exp (z + Az) — exp z ^ (exp z) Az. (5) 

Hence, 

exp (z -j- Az) m (1 -j- Az) exp z. (6) 

Starting with z = 0 where exp z is given, we obtain successively 
exp (Az) ^ (1 + Az) 

exp (Az -f Az) (1 + Az) exp (Az) = (1 + Az) 2 

exp (2Az + Az) (1 ~f Az) exp (2Az) = (1 + Az) 3 (7) 


exp («Az) ^ (1 + Az)”. 


Let wAz = 


z; then 

/ z\ n 
exp z — { 1 — H > 


exp z = lim 

n— 



( 8 ) 
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From these equations we can obtain exp z as accurately as we wish; but 
the convergence is so extremely slow that this method is impractical. 

A better expression is obtained as follows. By repeated differentiation 
of (4) we obtain any derivative of exp z 

<P d d n 

d? cxpz== 7z exp 2 " exp z > "'77 exp 2 = ex P 2 - ( 9 ) 


Thus when z = 0, exp z and all its derivatives arc equal to unity and by 
Maclaurin’s theorem we obtain 


z~ a 3 

expz=l+2 + |j+ji + 


. 2 

+ ;r! + 


( 10 ) 


This scries converges in the entire complex plane. 

It should be noted that so far there are no indications whatsoever that 
the independent variable z in exp z is somehow related to the exponent in 
such expressions as 2 : , 10 1 , etc., even when z is a positive integer. We 
might just as well have used some other symbol in place of "exp." 

From the definition it follows that to = expz is a solution of 


dw 



( 11 ) 


What is the general solution? The equation gives the derivative in terms 
of the function and by successive differentiation we may express all other 
derivatives in terms of w; but to itself is not given. If we assign an initial 
value tv = A for z = 0, then w will be determined for all values of z by 
Maclaurin’s series, 

A A 

w(z) = A+Az + — * (12) 


= A exp a. 

Dividing (3) by k, and recalling that d(kz) = kdz, we find that the gen- 
eral solution of (3) is A exp (kz). 


Problems 

1. Calculate exp 1 by (10), and then try using (8). Arts. 2.71828 • • • . 

2. Calculate exp t by (10). Ans. 0.54030 4-/0.84147. 

3. Calculate exp (0.1-0.2/). Am. 1.0S314 - /0.219S6. 

2. The addition theorem 

Further simplifications in the calculation of exp z may be made with the 
aid of the following addition formula 

exp (z, -{-zn) = (cxp=i)(cxpz2). 


(13) 
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In order to prove this we note that since d(z + z x ) = dz, w = exp (2 + zj) 
is a solution of (11). The value at z = 0 is expzx; hence by (12) w = 
(exp Zj)(exp z) and the theorem has been proved. 

Another proof may be obtained if we replace all terms in (13) by the 
corresponding power series and show that the equation becomes an identity. 

If z is large, the power series (10) is not very convenient for the evalua- 
tion of the function; but we can always choose z = z x + z 2 , where z x and 
z 2 are smaller than z, and then use the addition formula (13). 

For example, it is relatively easy to evaluate exp 1. Let us denote this 
value by the symbol “e”; then 

e — l + l + i + -g-+2 ! f + T2T + * • • = 2.71828 • * • . (14) 

From the addition formula we now obtain 

exp 2 = (exp 1 ) (exp 1 ) = e 2 , 
exp 3 = (exp 2) (exp 1 ) = e z . 

Thus for any positive integral value of z, we have 

exp z = e z . (15) 

In every other case we simply define e z as exp z, whose value can always be 
uniquely obtained from (10). In other words, exp z and e z are just two 
different notations for the function originally defined by (4) and then by 
GO). 

Letting Zi = z and z 2 = — z in (13), we have, in the new notation, 

e z e~ z — 1, e~ z — \/e z . (16) 

Likewise, we obtain 

e**» = e x e iv . (17) 

This formula is very convenient since it is easier to use the power series (10) 
when z is either real or pure imaginary, than when z is complex. In fact, 



The real and imaginary parts may now be recognized as power ser.es for 
cos y and sin y; thus 

e' u = cosy + i sin_y. (19) 

However, we can obtain this expression directly from the formula (1-62) 
for differentiation of the unit complex number; (1-62) is a special case of 
(3) when k = 1 . 
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Problems 


1. Show that exp 



±* exp 2 . 


2. Show that exp (z ± nr) = —exp z. 

3. Show that exp (z ± 2-/) = exp z. 

4. Show that = 1. 


S. Show that exp ^z + CX P " 


3. Geometric interpretation of exponential functions of a complex variable 

It is possible to form a good picture of the behavior of the exponential 
function vo = exp z = exp (x + iy) from rather simple geometric con- 
siderations. Let us assume that x 
and y are proportional to time / 

a; = y = «/, 

% «(* + *»)/, (20) 

and see what happens to ?t> when / re- 
ceives an infinitesimal increment At. 

From the definition of exp Z we have Fio. 9.1. If the relative increment of a com- 
plex variable w is (£ + iu) A; where A t is an 
Aw ~ wAz — wAx -j- iwAy infinitesimal interval of time, then w will 

revolve with the angular velocity ui and grow 
= (IjAt)iv + (iuAt)w. (21) in magnitude at the relative rate f. 

Thus Aw consists of two increments: one, {£At)w, in the direction of w; 
the other, (iuAt)w, at right angles to w, Figure 9.1. Both increments are 
proportional to the magnitude of w. The first increment stretches w in 
the ratio (1 + |A/)/I; the second rotates w through the angle uAt. The 
stretching in the ratio VT + (wAt)-/ 1 from the second increment is an 
infinitesimal of the second order. From all this wc conclude that as / in- 
creases, w will turn counterclockwise with the angular velocity cu and its 
magnitude p will grow at the relative rate $, thus describing a spiral, 
Figure 9.2. If { is negative, p will decrease. The angle between w and 
Aw, may be found from Figure 9.1; thus tan ^ = tu/{. Hence the radii 
drawn from the origin to points on a particular spiral make equal angles 
with the spiral; such a spiral is called equi-angular or logarithmic. 

4. Exp z as the upper limit of an integral 

By definition, w «= expz is that particular solution of (11) for which 
tr = 1 when z = 0. Solving (11) for dz, 

dw 
w 



d: 


( 22 ) 
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and integrating, we obtain 



The lower limit of the integral has been made equal to unity in order to 
make z equal to zero when w is unity. The variable w in the integrand is a 
dummy variable; it is best to replace it by some other letter in order to 
stress that the value of the integral really depends on the upper limit 


z = 


J r w dt 

i t 


(23) 


The upper limit in this integral is the exponential function of the value of 
the integral itself. When w is real, z may be regarded as the area under the 



Fio. 9.2. Geometric representation of w = for several values of £. 


hyperbola s — \/t, between the ordinates corresponding to / = 1 and t = w. 
In this case, the second abscissa is the exponential function of the area. 
The addition formula (13) may be obtained from (23) as follows. Let 


and add 



(24) 


In the second integral substitute a new dummy variable t, defined by 
t — wir, 

J o ail Jf fWiW! dt raw dt 

, T + X, 7 = J [ 7 ' 

Thus W 1 W 2 is exp (zj + z 3 ) as well as the product (exp zj ) (exp Z 2 ). 


( 25 ) 
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Equation (23) gives the value of w in terms of z only indirectly; in 
making a table we should have to assign a set of values to xo and then 
evaluate by numerical integration the corresponding values of 2 . Re- 
garded as a function of w, 2 is the inverse exponential function, 2 = exp -1 w; 
this function is called the logarithmic Junction , z = log w. In this notation 
equation (25) becomes log uq + log w 2 — log {wiwj). 


5. Hyperbolic functions 

Hyperbolic functions may be defined in terms of exponential functions: 

cosh 2=2 (<r + e~‘), sinh z — \ (c c — c~~); 

, sinh r e* — c~ z 1 — e~ 2: 
tanh z = — — = — — = — — — zzr . » 

cosh z er-\-c l + e 


. cosh 2 (T + C ! 1 + T 2s 

coth 2 = —r ~. — = — — = » 

sinh z c — e ~ 1 — c 


(26) 


sech 2 


1 


cosh 2 


> csch 2 = 


sinh z 


Adding and subtracting the equations in the first line, we have' 


c~ — cosh 2 -}- sinh z, 
e~ : = cosh 2 — sinh z. 


Multiplying, we obtain 

cosh 2 z — sinh 2 z = 1. 


(27) 


(28) 



The resemblance between this equation and 
the equation 

•v 2 - f = 1 (29) 

of an equilateral hyperbola, Figure 9.3, ac- 
counts for the ntuuc "hyperbolic fuuc- XT, 

tions. the added resemblance to rectangular hyperbola x* -y = 1 , 

A -2 -{- y~ = 1 and COS 2 ip -j- sin 2 ip = 1 is then coordinates of A' arc 

responsible for the following more specific * ~ cosfl ‘ an d y ~ smh/. 
names given to the functions defined by (26): hyperbolic cosine, sine, 
tangent, cotangent, secant and cosecant. 

If / is real, then 


= cosh /, y — sinh t 


(30) 
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are parametric equations of the hyperbola ( 29 ). These equations 
are similar to the parametric equations of the circle of unit radius 

Figure 9 . 4 , 

* = cos?, y = sin 9; x 2 + jy 2 = 1. ( 31 ) 

Normally, the parameter ? is thought of as 
the length of the arc AAV; however, in the 
case of the hyperbola the corresponding arc 
MN is not equal to t. The analog}- holds 
only if we interpret <p as 2 A , where A is the 
area of the circular sector OMiY; then t is also 
2 A, where A is the area of a similar hyperbolic 
sector. 

shaded area AfOjV where .Vf.Vis Tius geometric interpretation of hyperbolic 

an arc of the circled + j J = l, functions is interesting, but it holds only for 
then the coordinates of /V rea / va/ues of the independent variable, while 
arex-costacd; -smp. j n practical applications the variable is fre- 
quently complex. The definitions ( 26 ) are really the best source of infor- 
mation about the hyperbolic functions. 



Problems 

1. Show that cosh 2 z = cosh 1 a -f- sinh 5 2 and sinh 22 — 2 sinh 2 cosh 2. Hint: 
Square and add the equations in the first line of ( 26 ); then take their product. 

, d cosh 2 . , ,d sinh 2 , 

2. Show that : = sinh 2 and ; = cosh : 


3 . Show that 


dz 
d tanh 2 

1 T~ 


dz 

= sech 2 2. Show this in two ways, first using the results 


of the preceding problem, and then without using them. 

4. Express cosh 3 : and sinh 3 z as polynomials in cosh 2 and sinh 2. 

5. Express cosh 2 2 and sinh 2 2 in terms of the hyperbolic cosines and sines of mul- 
tiples of 2. Hint: Use ( 27 ). 

6. Show that 


cosh 2=1 + 


01 


-4 -6 

+ Z- + — + . 
4 ! 6! 


_s 


sinh2 = = +^ + -+- + -*' 


cosh (24 + 2;) = cosh 21 cosh 22 + sinh 22 sinh 22, 
sinh (21 + 22) = sinh 2j cosh 22 + cosh 21 sinh 22. 


7 . Show that 
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8. Show that 2 « is the smallest period of cosh z and sinh z; and that i~ is the 
smallest period of tanh z and coth z. What are the other periods? 

9. Show that cosh (z + «r) = —cosh ;, sinh (z + i~) = —sinh z, 


(=+!)- 




10. Find the values of cosh (1 + i), 

11. Show that if is small, then 


sinh (1 + /), tanh (0.5 + 2i). 


cosh ( x + />■)— cosh x + iy sinh x, 
sinh ( x + iy) zx sinh x + iy cosh x. 

6. Circular Junctions 

The usual geometric definitions of the circular functions apply only to 
real values of the independent variable. A clue to the extension of these 
definitions to the entire complex plane may be found in equation (19). 
If we take the conjugate of this equation and then express cosy and siny 
in terms of exponential functions, we obtain equations which can serve as 
definitions of circular functions for unrestricted values of y. Thus, using 
a in place of y, we have 


cos a = - (c iz -f e-*’). 


sin 2 = - (e' : 


There are many functions which are defined for all 2 and which coincide 
with cos 2 and sin 2 for real 2 ; but only one set is analytic. The derivative 
of an analytic function f{z) is independent of the direction of approach to 2 ; 
hence, in obtaining the derivatives of cos z at 2 = 0, we can approach the 
origin along the real axis where the cosine function is defined from geometric 
considerations; there 

„ . d . 

cos 0 = 1, — cos 2 = —sin 2 = 0, 


« , 
-Tn cos 2 = —COS 2 = —1, • 
dz~ 

By Maclaurin’s theorem we have 


cosr = I-~ + --- + . .*+(-)" — + .... (34) 


Similarly, 


~3 „5 _7 


sin 2 = 2 -4 j- ••• ( — ) n f- 

3! ^5! V. K J (2 11 + 1)1 ' 
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Comparing these series with those of Problem 6 in the preceding section, 
we have 

cos z = cosh iz, i sin z = sinh iz. (36) 

Then from (26) we again find (32). 


Problems 

1. Show that 

cos (* -r iy) = cos x cosh y — i sin x sinh y, 
sin (x -f- iy) = sin x cosh y -J- i cos x sinh y. 

2. Show that, if y is small, 

cos {x iy) — cos x — iy sin x, 
sin (x + iy) ~ sin x + iy cos X. 


7. Logarithmic and inverse hyperbolic Junctions 

In Section 4 we have defined the logarithmic function z = log w as the 
inverse of to = exp z and derived the addition theorem for it. This 
theorem can also be obtained from (13) by introducing tvi = expzj and 
tt> 2 = exp za; thus 

exp fa + Zz) = W!W 2 , Zi + Zz~ log (tCiIC 2 ) 3 

(37) 

log IDi -f log W 2 = log (tCit 0 2 ). 

From Problem 4 of Section 2 we have 


log 1 = 2 n-i, n = 0, ±1, ±2, • * * ; (38) 

this shows that the logarithmic function possesses infinitely many branches. 
Since 2-i is a period of ta = exp z, it is always possible to locate z = log tv 

in the complex z-plane in the strip of width 
2? r, parallel to the real axis. Figure 9.5; this 
value of z is the principal value (log w) P of 
log w. All other values of the logarithm may 
be expressed in terms of the principal value 
log w = (log w) p + 2 n-i. (39) 

Fic. 9.5. If 2 = log tv, then -phe principal value of log 1 is' zero and the 
“n P M " principal value, log,, of any positive number p 
single point r in the shaded is real; hence for any complex number 
strip of the z-plane. Iog ( pf -) = log p + io + 2nzi. (40) 

The phase of the principal value is equal to or greater than zero but less 
than 2z-. Sometimes, however, it may be convenient to place the principal 
values in the strip — rr < 
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Since a — e losa , a natural definition of cf is 

= f ,l0K “. (41) 

Inverse hyperbolic functions cosh -1 tv, sinh -1 w, . . . and inverse circular 
functions cos -1 tv, sin -1 tv, .. . are also many-valued functions and can be 
expressed in terms of logarithmic functions. For example, 

z — cosh -1 vo, w = cosh z ~ \ {c z + e -3 ), 

e 2 ' — 2wc' +1=0, tr — tv ± \/ ur — 1, (42) 

2 = cosh -1 tv = log {to ± Vtv 2 — 1 ). 

Similarly, 

cos -1 w — i log {tv ± V ttr — 1 ) = i log {w ± i Vl — «r). (43) 

All inverse hyperbolic and circular functions can be expressed in logarithmic 
form. 


Problems 


1. Find log (1 + ») 

ITT 


Ans. 0.346 ■ 


+ ~ + 2mh 
4 


2. Find log (—1 + 2/). 

Ans. 0 . 80 5 — / 1.107 + 2 mri. 

3. Find the derivatives of cosh -1 z, sinh -1 z, tanh -1 z. 

Ans. i /\/?rr ~i, i /vT+7 3 , 1 /{i - ==). 

4. Show that sinh -1 z = log (s ± Vz : + 1 ), tanh -1 z = - log » 

2 1 — z 

5. Obtain die following Fourier scries 

cos (p s ; n = 23 ^7 cos rnp 

n~0 «! 

” p» 

e pco,v sin (p sin (j)= E ^ sin ncs. 

n-0 »! 

6. Show that D, (log :) = 1 jz. 

V. Derive the following scries 

log (1 + :) r- 2 - l z i + fc 3 — \z* + • • • , 

log (1 + z) = log = + -lz'* + }z~ 3 - +r« + . . . . 

Note that the first scries represents only that branch of log (1 + z) for which 
log 1 «- 0. 

Show that the first scries converges absolutely if p *= J z | < ) and relatively if p ■= 1 
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but (p 5^ { 2 n + 1)tt. Similarly show that the second series converges absolutely 
if p > 1. 

//»?/: Note that the first series may be obtained from the geometric series by 
integration and that the remainder term may be expressed as an integral. 

8. Derive the following Fourier series 

“ 1 

log (1 — 2 p cos ip + p 2 ) = —2 Z - p n cos np, 

n=l» 


tan 1 


p sin 49 
1 — p cos ^9 


“ 1 

= Z - P n sin 
»=in 


In particular show that 

J2. cos tup 1 1 

> ■ = - log 

n=i « 2 2(1 — cos y>) 

sin it — tp 


-log [2 sin (y>/2)], 


0 < <p < 2a-; 
0 < < 2ir. 


„ c , , ~ COS flip It 2 

9 . Show that Z ; — = — 

n=i n 2 6 

result. 


9 CO 1 » 

7T(p tp II, J 7T“ . 

— -i — - • Assume that Z = — is a known 
2 4 „ = ! 6 


10. Prove that 

cosh -1 at + cosh -1 y = cosh -1 [xy + y/ (* 2 — l)(y 2 — 1)]. 

Hint: Let cosh -1 x = u, cosh -1 y = v, cosh -1 x + cosh -1 y = w, then cosh w = 
cosh (« + v), etc. 

11. Prove that 

tanh -1 x + tanh -1 y = tanh -1 — — — • 

1+xy 


8. Exponential functions of time and distance 

We are now in a position to generalize the method explained in Section 
1.10. There the analysis of steady state harmonic oscillations, which 
normally requires the solution of certain differential equations, is reduced 
to the solution of simple algebraic equations. The success of the method 
depends, aside from the linearity of the equations, on the fact that the 
derivatives of the time factor 7 — exp (iat) are proportional to 7 and that, 
consequently, 7 cancels out. This is still true if 7 is of more general form 

7 = e pt , d7/dt = p7. (44) 

The complex number 

p = £ + iu 

is called the oscillation constant ; the real part £ is the growth constant. 


( 45 ) 
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In the case of the oscillations of mass M attached to a spring, (1-77) 
now becomes 


y = 


(S + p-M) + pR 


(46) 


Similarly for an electric network consisting of a resistance R, inductance L 
and capacitance C, Figure 9.6, the complex current 
I is given in terms of the complex voltage V by 

/ = L 

R + pL + (1/pC) 

More generally, for any linear network, 

V 



I = 


Zip) 


= Y(p)V, 


(48) Fio. 9.6. A onc-mcsh 
electric circuit. 


where the impedance function Zip) and admittance function Yip) are 
analytic functions of the complex variable p. The properties of these 
functions determine the behavior of the network. 

The transient or natural oscillations of the system are included in this 
analysis. If the force applied to the mass M is zero, and if y = 
re [)' exp (/>/)], (1-73) becomes 

(Afp 2 + Rp + S)y = 0. (49) 


There is one trivial solution,,)' = 0, which corresponds to a system remain- 
ing at rest. For the other solution we have 


Mp 2 + Rp + S = 0, 


P “ 


R 

2M 


[r 2 J 

\4 M 2 M' 


(50) 


withy remaining arbitrary. This does not mean that there can be motion 
without any force applied to the mass; what it does mean is that motion 
can exist without a continuously applied force. 

Natural oscillations are truly oscillatory only if R < 2 y/ SM; then 


. IS R 2 

2A/ ±f \Atf 4M 2 ’ 


05 





(51) 


The quantity R/2M is the damping constant; u is the natural frequency in 
radians per second. In order to obtain the instantaneous values of the 
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displacement we proceed as follows: 

y = re (ye pt ) = re (y x * Hn “ e + y 2 ^~ iat ) 

— re cos co/ + iy x e* sin co / + cos co/ — zy 2 e* sin «/) (52) 

= Ae* cos c o/ + Be* sin co/. 

In passing to the last form we should remember that yi andy 2 are arbitrary; 
hence they can be chosen to make = yj -f- y 2 and 5 = i(yi ~ y 2 ) real , 
by letting y x = §(^ - 75) and y 2 = -ff z'5). 

Exponential functions occur also in the theory of waves. Consider the 
following function of distance and time 

'P — A exp (co/ — yx), A — a exp (/i5) a (53) 

where the complex number 

y = a + (54) 

is called the propagation constant for reasons that will presently become 
obvious. Such functions are called wave junctions. The phase $ of \p is 

4* = co/ - fix + 0. (55) 

It is a linear function of time at any given place and a linear function of 
distance at any given instant. At any particular place we should observe 
oscillations of p; at any instant the “ frozen ” profile of p is a sinusoid of 
gradually changing amplitude. 

The phase appears stationary if 

d$ = co dt — jS dx = 0, dx/dt = co//3; (56) 


that is, if the observer is moving with the velocity 

v = co//3. (57) 

This is the phase velocity. 

Two phases differing by 2zr are indistinguishable. The period of oscilla- 
tions, T, is the time required for the phase to increase by 2zr; similarly, the 
wavelength , X, is the change in distance which corresponds to an increase 
in phase of 2zr. The analogy between the angular frequency co and the 
period T on one side, and the phase constant f3 and the wavelength X on the 
other, is reflected in the following equations 


coT = 2tt, T = 2tt/co, co = 2tt/T; 

0 \ = 2t r, X = 2t r/ft j 8 = 2r/X. 


(58) 


The waoe number , 7 = 1/X, representing the number of full waves per unit 
length, is analogous to the frequency, /= 1/T, representing the number 
of full cycles per unit time. 
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In natural waves the real part a. of the propagation constant is negative 
and for this reason its absolute value is called the attenuation constant. It 
is analogous to the damping constant. In equation (53) the wave func- 
tion represents sustained oscillations. The more general form is 

f - Aexp (pt — yx), (59) 

where p and y .ire both complex. 


Problems 

1. Find the “steady state” solutions of the following equations:’ 
a) y + 7y = 4c 3 ', b) 2 y" - 3y' + y = 5e-‘, 

c) y‘ + y — t' cos 5/, d) y'" — 2 y => 2e‘ sin t, 
e) y" + y — 3e -< + 2e* + e"‘ cos t. 

Note: In case (c) the right side may be regarded as re [exp (1 + 5i)t] and in (d) 
as re [—2/ exp (1 + /)/) or as im [2 exp (I 4- /)/]; in case (c) solutions may be found 
for each righthand side term and then added. 

2. Find the “ transient ” solutions of the above equations. 


9. A collection oj formulas 

The following collection of formulas is presented for reference. With 
profit, the student may regard them as review problems. 

„2 „3 „n 


(1) e s = 1 +~ + ^j + + •' 


(2) cosh z ~ 1 + + 7i *f h ToTTT + 


„4 

4! 


-5 


(2;/)! 

~2n-H 


(3) sinh “““ + 31 + 51 + 


+ 


(2;;+ 1)1 + 

( 4 ) tanh e = c — -Jc 3 + f — ffe 7 + • • • , | " | < 

( 5 ) coth 2 = z~ x + lz - ^z 3 + vhz 5 , J z j < tr. 


+ (->" 


( 2«)1 

-2n-H 


(6) COSZ = 1 - ~ + ^ j- 

(7) sin = - S - ~ I + + (-)" +T)| 

(8) tan z — z + -Jz 3 -f y~ 5 ~' ’ + rh~t; z< + * * ' » I - I < a~« 

(9) cot z =~‘ - - ^r 1 - - 


1 -7 

T7 SZ- 


, S < 
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(10) = eV, e**» = a* (cos + / sin y). 

(11) cosh (a dr a) = cosh a cosh a dr sinh a sinh a. 

(12) sinh (a dr a) = sinh a cosh a dr cosh a sinh a. 

. . tanh a dr tanh a 

(13) tanh (a dr a) = — — - — 

1 dr tanh a tanh a 

(14) cos (a dr a) = cos a cos v sin a sin v. 

(15) sin (a dr a) = sin a cos a dr cos a sin a. 

.... . . tan a dr tan a 

(16) tan (a dr a) = 

1 tan a tan a 

(17) cosh (at + iy) = cosh a cos y + * sinh x sin y. 

(18) cos (at -j* iy) = cos at cosh y — i sin x sinh y. 

(19) sinh (x + iy) = sinh x cos y + i cosh x sin y. 

(20) sin (at + iy) = sin x cosh_>» -f- i cos x sinh y. 

(21) cosh iz = cos z, sinh iz = i sin z, tanh iz = i tan z. 

(22) cos iz = cosh z, sin iz = i sinh z, tan iz — i tanh z. 

(23) cosh ^z dr = dr/ sinh z, cosh (z dr hr) = —cosh z. 

(24) sinh ^z dr = dr/ cosh z, sinh (z dr hr) = — sinhz. 


(25) cos ^z dr ^ = =F sin z, cos [Z dr tt) 


cos z. 


(26) sin 


(27) tanh 


( z± i) _± 

K)- 


cos z, sin (z dr tt) = — sin z. 


coth z, tanh (z dr hr) =* tanh z. 


(28) tan ^z dr 0 = - cot z, tan (z dr it) = tan z. 

(29) log a + log a = log (aa). 

(30) log (pa*) = logp + if> + 2w-/, n = 0, drl, ±2, ■ 

(31) log(l+)z = z-§z 2 + lz 3 -|z 4 + ---. 
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( 32 ) cosh 1 z = log (z ± Vzr — 1 ), sinh 1 z = log (z ± V? + 1 ). 

,_r 1 , 1 + z . 1, 2+1 

( 33 ) tanh z = - log > coth z — - log • 

2 1 — z 2 2 — 1 

( 34 ) cos -1 z-i log (2 ± i Vi t — +), sin -1 2 = /‘log (— iz ± Vl — +). 

.. _i 1 ” * ^ t 1 * ■ z i 

( 35 ) tan 2 = - t log —— — > cot l z = -;Iog — — • 

2 1 + tz 2 2 + ; 

« 8z 1 03 

( 36 ) tanh z = £ 72 :;-f r~T 73 ’ c°th 2 = “ + Z — ; — -• 

n-1 ( 2 » - 1 )V + 4 z“ Z n.lWV + Z~ 

« 8z 1 ” 

( 37 ) tan 2 = £ — 3- 7573 — 5 > cotz = -+Z 

n» 1 ( 2 ^/ 1 } 7 T 2 n**= 1 


1 i - < o no ' 

2 n«i2 J - rr 


” (~) n ~ 1 4 ( 2 ?? — 1 )a ~ , 1 , ” (-) n 2 z 

( 38 ) secli „ (2;; _ J )2jr 2 + ’ csch “ 2 + 2 2 + ;,+= • 

n^z 2 - ( 2 » - 1 ) V ’ cscz = Z+^. 


(39) secz= f (-) n 4( 2»- ,,l) : r , — _1 , - (->"2= 

toy; secx. z, ^ _ __ 2 2 


I x— / o o o' 

2 n.l"-« V 



CHAPTER X 

Differential Equations of the First Order 

Differential equations are classified into ordinary differential equations, 
containing ordinary derivatives, and partial differential equations, con- 
taining partial derivatives. They are subclassified according to their order 
and degree: the order of a differential equation is the order of the highest 
derivative; the degree of the equation is the highest degree of the highest 
order derivative. The equation is linear if the dependent variable and its 
derivatives occur in the first degree without any cross products; otherwise 
the equation is non-linear. The independent variable in a linear equation 
may occur in any degree or as the argument of a transcendental function. 
Every linear equation is automatically of the first degree; but not every 
equation of the first degree is linear. A linear equation is homogeneous if 
every term contains either the dependent variable or one of its derivatives. 

This and the following chapters are devoted almost exclusively to linear 
equations because of their importance in applied mathematics and particu- 
larly because of the relative simplicity of their theory. Non-linear equa- 
tions would take us too far afield. In this chapter we are concerned with 
first-order equations; in the next we shall treat second-order linear equa- 
tions; and in the following chapter we shall deal briefly with equations of 
higher orders, mostly with the case in which the coefficients are constants. 

1 . Linear equations 

The most general linear equation of the first order is 

j x = PM + 

where P and Q are arbitrary functions. 

Integral calculus is concerned with solutions of the special case in which 
P(x) = 0. The theory of exponential functions may be regarded as in 
the preceding chapter — as the theory of the solutions of another special 
case, in which Q(x ) =0 and P(x) is a constant. The next case to be con- 
sidered is the homogeneous equation, in which Q(x) vanishes but P(x) is 
not necessarily constant. 
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2. Solution of the homogeneous equation 
The homogeneous equation 


dy_ 

dx 


= P(*)y 


( 2 ) 


can be immediately reduced to an equation with constant coefficients by 
changing the independent variable; thus we write 



dtp 

dx 


- m. 


(3) 


where a is a constant. Substituting in (2), 

d 2. ~?y d JL = Plx \iL, 

dx dp dx w dp 
Hence the solution is 


dy 

7p~ y ' 


y (#) = A exp p~ A exp £* P (x) dx . 


( 4 ) 

( 5 ) 


If x =s a, the integral vanishes and the exponential function reduces to 
unity; therefore A = y{a) and 


y(x) = y(a) exp £ P(x) dx. 


Problems 

1. Solve dy [dx ■= xy,y = 1 if x — 0. Am. y{x) — exp 

2. Solve the above equation by computing successive derivatives and using 
Mnclaurin’s formula. 

3. Solve the above equation by assuming at the start a power scries y — do + <Ji* + 
rt : .v* • • • . Substitute die scries in die equation and equate die coefficients of die 
various powers of x. 

3. The nouhomogcncoits equation with constant P 
The equation to be considered is 

~ = ky + Q(x). <6) 

The fundamental idea underlying the following method of solution is worth 
special attention, for it is invaluable in the solution of many physical 
problems. It can best be explained by first considering a concrete example, 
and then generalizing. 
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Fig. 10.1. An arbitrary 
voltage V(t) applied 
to an electric circuit 
consisting of an in- 
ductance L in series 
with a resistance R. 

in the interval (t,t 


Take an electric circuit consisting of a resistance 
R and inductance L in series, Figure 10.1; and let 
V(t) be the impressed voltage. If I(t) is the cur- 
rent, then 


Lj + Ri = m, 




(7) 


If the impressed voltage were zero at all times, the 
response would also be zero at all times. Suppose 
now that V{t) is equal to zero at 'all times except 
+ At). Integrating (7) over this interval, we have 


7(r + At) — 7 (t) 


R Rt+At 1 Rt+At 

if, v ^ it - 


( 8 ) 


Let V (t ) increase indefinitely and At approach zero in such a way that the 
voltage impulse remains unity 



dt = 1. 


(9) 


If I{t ) remains finite, the first integral on the right of (8) approaches zero 
with At and the equation becomes 

7(t + 0) - 7( t ) = l/L. (10) 

In other words at / = t there is a sudden rise in current. Prior to this 
instant, and subsequently, V{t) is zero, equation (7) is homogeneous, and 
its solution is of the form 

7(/) = A exp (—Ri/L). (11) 

For t < t, I (0 vanishes and therefore A must vanish prior to this instant; 
at / = t there should be an increment equal to l/L; hence, 

7(0 = y exp — — —> t > t. (12) 

JLs L-i 

This solution is shown graphically in Figure 10.2. 

The equation is linear and the response is proportional to the voltage 
impulse; if the latter is F(t) At, instead of unity, (12) is multiplied by this 
factor. Considering the continuous action of V (0 as the limit of a succes- 
sion of impulses, we have 

7(0 =2 la eXP ^ 

for the case in which F(t) vanishes for t < a. Otherwise, a = — 


( 13 ) 
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Thus the electric circuit in Figure 10.1 “ solves ” the general equation (6): 

j(*) = f* d£ = e** r Q($)e- l( d£. (14) 

t/fl l/fl 



Fio. 10.2. The response of the circuit shown in Figure 10.1 when the applied voltage 

is an impulse at t = t. 


To verify, differentiate this equation and substitute in (6): 

j x = y- z £ q(z)c- u 4 + «** j x £o{k)c- n dt 

= hc hl £ Q(t;)e- Ll dl- + e yi Q{x)r h ~- = ky + Q(x). (15) 

Some readers may find it easier to think in terms of a mass M moving 
through a resisting medium with a velocity v under the influence of a force 
F(t) rather than in terms of an electrical circuit. An impulsive force is a 
familiar conception in dynamics; that the impulse of force is equal to the 
increase in momentum is a familiar law; with suitable changes in wording 
the above discussion may be recast around the example from dynamics. 
In mathematics, the impulse function is frequently called the 5-Junction. 

4. The general nonhomogeneous equation 

The general case in which P and Q are both variable may also be solved 
with the aid of the impulse or delta function. We shall use this opportu- 
nity, however, to explain another method, the method of variation of param- 
eter. The solution (5) of the homogeneous equation contains a " constant 
of integration ” A\ the question is, can we obtain the solution of the 
nonhomogeneous case by assuming A to be some function of .v? Let us 
try. Differentiating y (at) subject to this assumption, 

~ exp f P(x)dx -f- AP exp P(x)dx, 
fix fix Ja 


( 16 ) 
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and substituting in (1), we hare 

% x * - *?(*>» -£ = 0(x) [~r , a?) 

= X ~ ^ cc p [-/ 

Thus the answer to our question is affirmative and the solution is 




•1 Jx-u 


J 


constant 


?(#) = r Q(xy J ? PMi ‘ dx -f Ce f:p '~-\ 


(IS) 


The first term represents a particular solution which vanishes at x = u; 
the second term is the complementary solution which assumes the value C 
at x = £ . 

This method of solution is net ready very different from the one we used 
earlier; both methods are essentially perturbation methods. The solution 
of the homogeneous equation is perturbed to fit the nonhomoseneous case. 
In fact we can transform (18) to make it correspond to the form we would 
have obtained by the first method. To this end, we move the exponential 
factor under the sign of integration. In so doing we must distinguish be- 
tween the " x ” which occurs as one of the limits of integration and the “ x ” 
which is used as a Gummy variable of integration. Denoting the latter by 
| or 57 , we rewrite (18) as follows: 

y(x) = rZK-af* 0(h)e- f ‘ H ^ dh + Ce^ PWA \ (19) 


Now we are free to move the exponential factor under the sign of integra- 
tion; thus 

y(x) = Ce f ‘ p M -f jT (20) 

If P(x) — k, this equation reduces to (14), except for the first term 
which is not essential if a is taken as a parameter. In fact, 

r Q^)r K dt = r t QG)e-**di+ r QMe-Xdi; (21) 

and if aj is kept fixed while a is varied, the first term in (21) becomes the 
variable parameter “ C” and (14) assumes the form ot (20). 

The exponential factor in the integrand of (20) is that particular solution 
of the homogeneous equation which reduces to unity at x = £; thus equa- 
tion (20) may be interpreted as the solution of the homogeneous equation 
which varies in magnitude by infinitesimal jumps equal to 0(h) d£. 
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Problems 

1. Solve dy /dx = xy + x,y = 1 if a- = 0. Ans. y — 2 exp (lx-) — I. 

2. Show that more generally the solution of tire above equation is 

y(x) ~ b'(0) + H exp (Jx 2 ) - 1. 

3. Solve the above equation by the power series method. 

4. Show that if/(.v) is any particular solution of (1), then the general solution is 
y(x) = _>'o(.v) +/(*) where ^'o(-v) is the general solution of (2). Hint: Substitute the 
suggested form in (1) and take into consideration the assumed property of /( at). 

This theorem may occasionally reduce the effort of solving a given equation. 
Thus it is evident by inspection that v = —1 is a particular solution of the equation 
in Problem 1 ; from there on we need consider only the homogeneous equation. 

5. Nonlinear equations — Picard's method 
A general nonlinear equation of the first order is of the form 

<22) 

Let us assume that we can solve this equation for the first derivative 

J x =/(*0'). (23) 

Picard’s method consists of integrating (23) term by term in the interval 
(a,x) 

y(«) - yfc) = £f(t>y) yW = y(fl) + £ 7(f jO (24) 

Using y(n) as the first approximation, we substitute it in the integral and 
obtain the second approximation. In the same way we obtain the third 
approximation from the second, etc. 

If we wish to make a table of approximate values ofy(v), the procedure 
is not very different from that used for numerical integration in Chapter 6. 
Choosing a small interval we rewrite (24) as follows: 

J O a 4* A f*a -f-2A 

/&>-)4+/ /(£ ,?)<$ 

a mj a-vh 

J Oa+3h /\r 

^ dt + • * • / x k /(£*>') Jt. (25) 

Ja+nh 

To the extent to which /(£,y) is constant in each interval, we have 
r(,v) - y(a) + hJ\aj(a ) ) + hj[a + hj{a -p /:)] + hj\a -f- 2hj (a -f 2 h)} 

+ f (.v — a — nh)f[a -f nhj(a >;/:)]; (26) 
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that is, each increment of y is obtained from the value of y at the end of the 
preceding interval. This method was first proposed by Cauchy; but it is 
seen to be closely related to Picard’s method. 

For instance, let 

dy 

~ — sin (x + y), y = 0.5 if x = 0. (27) 


Choosing h — 0.1, we have ' ' 

y(0) = 0.5, ^-(0.1) = 0.5 + 0.1 sin 0.5 = 0.5479, 

y( 0.2) = 0.5479 + 0.1 sin 0.6479 = 0.6083. 


The results are summarized in the following table: 


X 

0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

y(x) 

0.5 

0.5479 

0.6083 

0.6806 J 

0.7637 

0.8555 

0.9532 

1.053 

1.151 

1.244 

1.328 


(28) 


(29) 


Equation (27) can be solved exactly in terms of known functions, and it 
is found thaty(l) = 1.344. Considering that the interval of integration 
is rather large, our table is quite good. For greater accuracy the interval 
should be diminished. With the aid of a computing machine the task is 
not onerous; and there exist modern machines which perform the required 
operations automatically. 

In some cases it is possible to obtain a solution of (24) as an infinite 
sequence by successive substitutions. Take, for instance, 


d f x =y\ jr-lif*-0j 

y(x) - 1 +f o [y($)l 2 d$. 


(30) 


The sequence of successive approximations is 


yo (*) 

= h 

" 1 +1 

Z d£= 1+x, 

ya(x) 

= l + 

* 

r (i + £i s & - 

Jo 

l+|[(l+^) 3 -l], 

ya(x) 

- 2_ i 

3 T 

i(i + *) 3 = i + 

x + x 2 4-ix 3 , 

yz(*) 

= 1 + 

+ 4(i + ?) 3 + 0 + m# 


= 1 + 

t*+i(i + #) 4 ■ 



= 1 + 

X + AT 2 + + §X 

■*+&+y+jsx T - 


( 31 ) 
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Again we can compare these approximations with the exact solution. 
Regarding .v as the dependent variable, we obtain from (30) 


dx = 


dy 

—5 ’ 



1 

y 


y 


1 — X 


(32) 


Thus the first four terms of (.v) coincide with the corresponding terms of 
the exact power series. 

It should be noted, however, that unless the interval is small, Picard’s 
sequence of approximations converges slowly. 


6. Variable relative rate method of solution 

The slow convergence of Picard’s sequence is understandable since no 
matter what y happens to be, the first approximation is assumed to be 
constant. There is no attempt at fitting this approximation to the form of 
/(.v,j) in (23). Expressing it differently, Picard’s first approximation is 
obtained by taking 

I - 0 < 33 > 

as the first approximation to (23). We can certainly do better than that. 

Let us expand f(x,y) in a power series in the vicinity ofy = b by Taylor’s 
formula. 

f(x,y) — f(x,b) + (y - b)~ + R(x,y), (34) 

where R{xy) is the remainder term or the difference between J(x,y) and 
the first two terms on the right. Substituting in (23), we have 

+ + on 

If R is neglected, the equation becomes linear. 

In order to build a sequence of successive approximations, (35) is treated 
as an equation of type (1) and the solution is written in the form (20). 
Since " Q(£) ” now depends on the unknown function y(£) the result does 
not really represent the solution of tire problem. We have merely replaced 
a differential equation by an integral equation. However, from the new 
form of the equation we can obtain a rapidly converging scries. 

Let us see how the process works for equation (30). Since f{xy) — y~ 
and b = 1, df/dy — 2 y and df/db = 2; also, /(.v,l) == 1; hence we write 
(30) as 


= 2y - 1 + (y - l) 2 . 


(36) 
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where the third term on the right is obtained simply by subtracting the 
first two from y 2 . Using (20) with C equal to unity, we have 


y(x) = - jT e 2 (*-V d£ [jy,(£) _ 1]V ( ^ di 

= 1(1 + «**) + £h’(Z) ~ l] 2 e~* di 


(37) 


The first approximation is obtained by neglecting the last integral 

Vo(x) = i(l + <? x ) = 1 + * + x* + f* 3 -1 . (38) 

The power series permits us to compare the new method with Picard’s. 
By referring to (31) we find that the present approximation is comparable 
to (and a little better than) the third of Picard’s sequence, y 2 (*)- Sub- 
stituting #o(£) in the integrand of (37), we obtain 

h (*) = f + 1(1 - x)<?* + (39) 

The following table presents a comparison between these approximations 
and the exact solution y (x) = 1/(1 — x). 



0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

Vo(x) 

1.111 

1.246 1 

1.411 

1.613 

1.859 

2.160 

2.528 

2.977 

3.525 

4.194 

Vi(x) 

1.111 

1.250 

1.428 

1.662 

1.978 

2.417 

3.039 

3.937 

5.279 

7.199 

y(x) 

1-111 

1.250 

1.429 

1.667 

2.000 

2.500 

3.333 

5.000 

10.00 

CO 


__ Normally it is more practical to use only the first approximation over a 
smaller interval and take the end value of this solution as the initial value 
for the next interval. 


Problems 

1. Obtain the linear approximation to (27) and solve it. 

Arts, dy jdx = y cos (x + 0.5) + [sin (* + 0.5) — 0.5 cos (x + 0.5)], 

y( x ) = 0.5 + {s+0 ' 5) f 0 rin (f + 0.5) (£+a5> 4. 


The integral has to be evaluated numerically. 
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2. Obtain the solution of 
dy 


— = A + Bx + ky, x = 0, y = 0, 
dx 


where A, B, k are constants. 

3. Show that the solution of 
dy 


dx 


A '"- 

= A + B{x — a) + k{y — b), x - a, y = b 

4. Show that in the vicinity of x = a, y — b the solution of 

dy 


dx 


=f(x,y) 


is given by the formula in Problem 3, where 

3 / 


A =/(*/), B 


dx 


i x “<i 
1 / 


k = 




|X*s& 


This " exponential extrapolation formula ” may be used for numerical integration of 
differential equations of the first order. 


7. Linear and nonlinear equations 

There is an important difference between linear and nonlinear equations. 
The singular points of a linear equation are fixed, that is, they are inde- 
pendent of the initial conditions; furthermore, they arc exhibited by the 
coefficients. If either P or Q is infinite at some point x = a , dy/dx is also 
infinite and j(.v) is singular; on the other hand, if P and Q are analytic at 
x — a , we can obtain all derivatives of _>■ by successive differentiation of 
the equation; the resulting equations indicate clearly that these derivatives 
exist and that the function is defined in the vicinity of .v = a. Similarly 
if either P or Q is many-valued, y is many-valued. Conversely if y is 
many-valued, either P or Q must be singular. 

The singularities of nonlinear equations may be movable and they arc not 
necessarily exhibited by the equation itself. Equation (32) represents a 
particular solution of (30); y becomes infinite at .v = 1 and there is nothing 
in (30) to suggest this. The particular solution for which y = b at .v = a is 
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This solution becomes infinite at a point 

* = * + ( 42 ) 

which depends on the initial conditions. This makes the analysis of 
nonlinear equations vastly more difficult, except in the comparatively few 
cases in which the solution happens to be composed of a finite number of 
terms representing known functions. “ Comparatively few ” refers to 
equations encountered in applied mathematics and not to manufactured 
equations set as exercises in texts on differential equations. 

Problem. If the initial value of the solution of a first order differential equation is 
left unspecified, the solution contains an " arbitrary constant.” Show that the con- 
verse is also true; that is, the family of functions y — J(x,C) depending on an arbi- 
trary parameter C can be described by a first-order differential equation independent 
of C. First try a special example such as y = \/(C — x); then present a general 
argument. 


8. Special methods 

The solution of the most general linear equation of the first order has 
been reduced to straightforward integration which, however, has to be 
performed numerically except in certain special cases. Even more often, 
we have to resort to numerical solution in the case of nonlinear equations. 
Of course, whether the equation is linear or not, its solution may some- 
times be reduced to straightforward integration. 

The most obvious cases are equations 


dy 

dx 


=/(*)> 



( 43 ) 


which, aside from the derivative, contain only one variable. Their solu- 
tions are 



depending on whether the initial condition, y — h when x - a, is specified 
or not. 

Step by step, less obvious cases may be similarly treated; thus 

— = — - > x dx -r y'dy = 0, at 2 -| - _y 2 = C; 

dx y 


( 46 ) 
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or, more generally, 
dy F(y) 
dx /(.v) 


dx _ dy r dx _ r dy 

A*)~ F{y) J/(x) F\y) 


If y — b when x — a, 



(47) 


(48) 


this form indicates clearly that both variables occur as the limits of inte- 
gration. 

In all the above instances the variables have been separated. It may also 
happen that if the differential equation is expressed in the form 

M dx + N dy — 0, (49) 

where M and N are functions of .v nnd_y, the left side is an exact differential 
of some function u =/(x,y); the solution is then 

« = a (50) 

For example, 

y dx + x dy = 0, xy = C. (51) 

In this case the variables can also be separated. If we divide the equation 
by xy we find: log .v -f- log y — C\ or 

log (xy) — Ci or xy = exp C x = C. 

In Chapter 5 we saw that a differential expression (49) is an exact 
differential if dN/dx — BM/dy. When this condition is satisfied, the 
solution of (49) can be found as follows. We note that 

da = ~ dx + y dy, (52) 

dx dy 


and that the partial differential M dx could be derived only from terms 
containing .v; hence, 

« = J Mdx + F(y), (53) 


where, in the partial integration, y is assumed to be constant. The terms 
not obtainable by partial integration arc those containing y alone. Sim- 
ilarly, 

U = f N dy + G(.y). (54) 

Now F(y) must be included in the partial integral in (541 and G(x) must 
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be included in the partial integral in (53); hence we obtain « by taking all 
terms of one partial integral and adding those of the other integral which 
do not duplicate the terms already taken. For example, 

(2 4- y) dx 4- (2 y + x) dy = 0; u = J (2 -f- y) dx = 2x 4- j* 4- F(y), 

a = J* (2j + at) dy = j 2 + + G(*); a = xy -f- lx + f - C. (55) 


The terms not common to both partial integrals must be functions of a 
single variable; if we find a term depending on both variables in one partial 
integral but not in the other, the condition for a being an exact differential 
is not satisfied. For instance 

ydx — xdy = 0, (56) 

where 

a = J'y dx = xy ^ F(y) s a = — Jx dy = — xy G(x). (57) 


It is impossible for a to be equal simultaneously to xy and to —xy, when 
the remaining terms depend on only one variable. Since dN/dx dM/dy, 
we should not have attempted to treat (56) as an exact differential; still 
no harm has been done because at a certain stage in the process it becomes 
clear that the method will not work. 

Barring some exceptional points, the differential equation and its de- 
rivatives yield all the derivatives of the unknown function and, by Taylor’s 
formula, the solution y = f(x,C), where C is an arbitrary constant. This 
solution can be extended analytically to all real and complex values of x, 
again with the exception of certain singular points. Theoretically at 
least, the equation can be solved for the arbitrary constant C = £(*,y) 
so that the differential equation of this family of functions would be an 
exact differential equation 


fdx + fdy = 0 . 

dx dy 


(58) 


This equation can differ from (49) only by some factor depending on x and 
y; thus, there must exist an integrating factor which would convert a non- 
exact into an exact differential equation. For instance, dividing (56) by 
*2 _}. y 2 } W e find that the equation becomes exact: 

= d tan -1 (x/y) = 0, tan -1 (x/y) = C, 

x +y 


x/y = tan C = C x . 


(59) 
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Similarly, we couid divide it by y 2 in which case the left side would become 
d(x/y); or, we could divide by xy in which case the left side would become 
//(log ,v - log y) = d log (x/y). 

There arc infinitely many integrating factors. To show this we observe 
that if ir(- v O’) — a constant, any function / 7 [^(.v,_)')] = F(C) — C x is 
also a constant; hence 


dg Ld.v dy 


(60) 


is an exact differential equation for any F. However, the problem of finding 
even one integrating factor is not simple, unless it is obvious by inspection. 

It is, however, possible to start with some particular form of the inte- 
grating factor and find all equations which can be solved by it. To illus- 
trate, let us find the class of equations for which the integrating factor is a 
function of x only, U — £7(.v). Equation (49) is converted into 

UMdx + UNdy = 0. (61) 


If this is to be an exact differential equation, we must have 

T (UN) = f (UM). 
ax ay 

Remembering that Uls a function of x only, we have 

J _dU^i [0M _ dN 


dU T dN rr 3T/ 
— N+U — = U — i 
dx dx dy 


U dx A r L dy dx 


N~ _ 
.v. 


(62) 

(63) 


If the right side is a function of .v alone, we have a linear differential equation 
for U and the solution is 



In this way numerous rules can be obtained for solving equations of certain 
forms; these rules can be tabulated and referred to in any special case; 
but we can hardly expect to make a complete collection of such rules. 

Transformations of variables offer unlimited possibilities for the solution 
of differential equations and exercising one’s ingenuity; but there arc no 
straightforward rules which insure success except in cases which have 
previously been tried out. 


Problems 


1. Solve the following equations and verify the solutions: 

(2xy -p 7v) dx -f (.v s + ~.x + 2y) dy ■--- 0, Tx'y dx + dy «= 0, 
(x- — y') dx + Ivy dy = 0. Am. x 5 + jr T Civ — 0. 
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2. Under what condition is the integrating factor of (49) a function of (x +_>■): 
What is the integrating factor if the condition is satisfied? 

Ans. {D.jM — D : N) j(N — M) = F(x -f- y), some function of (x -f y) only; the 
integrating factor i s «p Jf(«+^(«+ j). 

3. Solve (27) by introducing a new variable u = x -f- y. 

Ans. x -f- 2/[l -f tan | (x -{- _>•)] = C, ory = — at -f- 2 tan -1 [(2 — C-f x) /(C - *)]. 

4. Start with some function of x, y, C; differentiate and eliminate C; then try to 
" solve ” the differential equation. 

5. Consider a pendulum of length f and assume that the mass of the rod is neslisi- 
ble compared with the mass M of the bob. If 6(t) is the angle between the downward 
vertical and the direction of the rod at the instant / = /, and if the energy dissipation 
is neglected, the equation of motion is 


Mgf (1 - cos 0) -f - MV- 



-E, 


where E is the total energy of the pendulum and g is the gravitational constant. 

Find the maximum angle of deflection; find an approximate solution of the equa- 
tion and the period of oscillation when 0 is small; find the exact solution. 



CHAPTER XI 

Differential Equations of the Second Order 


It would be difficult to overemphasize the practical importance of 
differential equations of the second order, when we consider the frequency 
with which they appear in various problems. To treat the subject fully 
would require a book of substantial size, and in this chapter we restrict 
ourselves to linear equations; even so, space considerations preclude any- 
thing approaching a complete account. We can give only an introduction 
to the theory and some of its more immediately useful applications. 


1. Homogeneous equations with constant coefficients 
The simplest equation of the second order is 


^4 + pf + ?j = o, 


(i) 


where p and q are constants. There is no loss of generality in the assump- 
tion that the coefficient of the second-order derivative is unity. If the 
equation is to be of the second order this coefficient must differ from zero, 
and the equation may be divided by it. 

Knowing that the derivatives of exponential functions arc proportional 
to the functions themselves, we assume a solution of the form 

y = ***> ( 2 ) 

and substitute it in (1): 

A-fc' 11 + Apye 11 + Aqc< z = 0. 

The common factor A exp (yx) can be canceled and the following character- 
istic equation obtained 

Y 2 + py + <1 = 0- (3) 

Thus A may be completely arbitrary; but y must satisfy the characteristic 
equation and assume one of the “ characteristic ” or “ proper ” values. 
These values arc 

Yl = -Ip + V{-p 2 - q, Y 2 = —If - vlF - <7- (4) 

The sum y t 4- y 2 of two solutions is also a solution; this may be verified 
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by substitution. In fact, any linear function ayi + by 2 is a solution. 
Hence 


y = A x e y ' x -f Ate 1 ** (5) 

is a solution of (1). 

The most general solution of (1) should contain two arbitrary constants. 
The equation gives merely a relationship between the function and its first 
two derivatives. At a given point any two of them can be assigned almost 
arbitrary values; exceptions arise only when either^ or q is equal to zero. 
Since the coefficient of the second-order derivative is different from zero, 
y and y' may be assigned arbitrarily at the point in question without any 
exceptions; y" is then determined uniquely. By successive differentiation 
of ( 1 ) we may express all higher derivatives in terms of y and y' at a given 
point. Applying Taylor’s theorem we shall get the most general analytic 
solution of the differential equation. 

We shall be able to claim that (5) is the most general analytic solution 
if we can show that at some point, x = 0 for instance, we can express A\ 
and A 2 in terms of arbitrarily assigned values of _y(0) and y' { 0). We 
leave the proof to the reader. The only exception is an obvious one: if 
7i ~ 72 } we have in effect only one arbitrary constant, Ai + A 2 - jy(0). 
If y(0) is assigned arbitrarily, only one constant in the set {A h A 2 ) is 
arbitrary. 

To find out what happens in the exceptional case yi — y 2 , let us examine 
the case in which yi and y 2 are nearly equal. After all, we have two inde- 
pendent solutions so long as the characteristic values are different, even 
though the difference may be very small. Now the difference exp yiX — 
exp 72 # is a solution; so is the ratio 

_ exp (n*) - exp (y 2 x) . ^ 

^ 71 — 72 

As 7 i and 72 approach the single characteristic value 7 , we expect the limit 


y = 


— exp ( 7 #) = xe yx 
by 


(7) 


to be a solution. Let us make sure of it. 

The case 71 = 72 = ~p / 2 arises when q - \p 2 and (1) is' 

y" + py' + ip 2 y = 0. (8) 

Substituting from (7), we find that we really have found another solution 
in addition to exp (yx). The general solution becomes 

y = A x e yx + A 2 xe yx , 7 = -p/ 2 - 


(9) 
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For some applications of (1 ) and for a more detailed discussion of its 
solutions the reader is referred to texts on mechanical and electrical oscil- 
lations. 


Problems 


1. Solve the following equations 

a) y" — Sy' + 6)’ => 0, 
c) y" T y‘ - (>y •= 0, 
c) y" + y « 0, 


b) y" + Sy' + (>y « 0, 
d) /' -I- <5/ -1- 9y - 0, 
0 /' + 2/ + Sy - 0. 


2. In the ease (c) of the preceding problem the exponential solution is complex; 

reduce it to the real form y <= A cos .v + U sin x ~ M cos (.v v>) by an appropriate 

change in the constants of integration, noting that these constants do not have to be 
real. 

3. Show that in the ease (f) of Problem 1, the solution can be expressed as 
y rr e~’ ( A cos 2.v + li sin 2.v) n Me~ x cos (2v + v>). 

4. Show that if q > \p~, the solutions of (1) arc oscillatory. The amplitude of 
oscillation either decreases or increases with x according as p is positive or negative. 
Show that if p is small and q is positive, the frequency of oscillations is determined 
largely by q. Show also that if? <0, the solutions arc nonoscillatory (assuming that 
P is real). 

5. Find solutions of the equations in Problem 1 subject to the following " initial ” 
or " boundary " conditions: 


A) MO) - 1, /( 0) - 2; 

/ 0 )" 2 } "5 & 

C) M0)-1, M i) -2; 

D) j-(0)“1, /(D»i. 


<5. Prove directly from (5) and (9) that>(n) an t\y'(yi) can be assigned arbitrarily. 
Hint: Recall the conditions under which a system of two linear algebraic equations 
can or cannot be solved. 

7. Prove that y{n) and y(b) can be assigned almost arbitrarily. Show that if 
7i / 7i and (y\ — 7 s) (a — l>) ■=> 2 mri, where n is mi integer, then y(/i) and y(h) 
cannot be assigned arbitrarily. Hint: Proceed boldly with the determination of the 
arbitrary constants and note that the results become meaningless if the denominators 
vanish, unless the numerators also vanish. 

8. Show that if the conditions of the preceding problem arc satisfied, there arc 
some pairs y{p),y{b) for which infinitely many solutions exist (because otic constant 
of integration could he assigned an arbitrary value). Find these pairs y(fl) t y(b). 
Am. y(/>) « y(n) exp [ 7 t (i - n)) «-* y(n) exp [y-(l> - «)!• 

9. Solve (1) subject to y(0) «■ a, _>• ' (0 ) «- b hj Maclaurin's formula. 

10. Assume a solution of (1) in the form of a power series and obtain equations for 
the coefficients. Note that two coefficients arc not determined by the equation. 
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2. Basic sets of solutions 

Since a linear combination of two particular solutions, y x (x) and y-(x) 
of (1 ) is also a solution, the general solution may be conveniently expressed 
in the following form 

y(x) = y(a) yi (x) + y'(a)y 2 (x), (10) 

where 

yd«) = 1 , /i(*)=0; 

y 2 {a) = 0, y' 2 (a) = 1. (U) 

Such a pair of solutions is said to constitute a basic set. 

Problems 

1. Show that if the roots of the characteristic equation are distinct, a basic set with 
Ji(0) = 1 , y*(0) = 1 , is 

yi(*) = ir* 71 ' - yi (7 - z ) Kn - n), yz(x) = (to* - e 7 -- z ) /(y, - y,). (12) 

2. If the roots of the characteristic equation are equal, the corresponding basic 
set is 

yi(x) = e 7T , y 2 (x) - xe 7 *. (13) 

3. What are the fundamental sets with reference to x — a?. 

3. Nonhomogeneous equations with constant coefficients 
The next equation to be considered is 

y" + Py + qy =/(■*■), (14) 

where f(x) is a given function. If we can find some function f/(x) which is a 
particular solution of this equation and add to it the general solution y (x ! 
of the corresponding homogeneous equation, in which f(x) = 0, we obtain 
the general solution of the nonhomogeneous equation, 

y(x) = y(x) + y(x). ( I5 ) 

To prove this we substitute in (14) and use the assumed properties of y 
and y. In this connection y(x) is called the complementary function. 

At times the form of f(x) suggests a possible particular solution. If 
f(x) = A exp (hx), our knowledge of exponential functions suggests that 
i/(x) might be of the form B exp (hx); substituting in the equation, wc find 

+ Bpkf* + BqB’ = At**, 

B = A!(l? + pk + q). 


(16) 
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The assumption has been verified and the unknown constant B determined, 
provided k does not equal either of the two characteristic values. When 
k is equal to one of these values, the denominator becomes infinite and the 
assumed form does not yield a solution. In this case, we try #(.v) = 
Bx exp (Av); substituting in the equation we find that #(.v) is a solution if 

B = A/ {2k + p). 

When we are unable to obtain a particular solution by inspection, we can 
turn to a general method which is analogous to the one developed in the 
preceding chapter for equations of the first order. Let /(.v) equal zero 
except in a vanishingly small neighborhood of a* = £. We shall denote this 
interval by (£ — 0, $ + 0) with the understanding that the interval is 
(£ — $,£+ 5) where 6 approaches zero. Integrating (14) in this interval 
we have 

[/ (£ + 0) - / (* - 0)) + p\y(l: + 0) - y{k - 0)) 

J ot+o /’c+o 

f y(x)Ax = / f{x) Ax. (17) 

We assume that f(x) increases as 5 approaches zero in such a way that the 
integral on the right remains unity 



Next we assume that y(x) is finite and continuous at x = £, in which case 
(17) becomes 

/tt + 0)-/(i-0) = 1. (19) 

Under the stated conditions y(x) is such that its derivative is discontinuous 
at x = ( and the increment is unity. Thus we have 

yM ~ y(« )yi(x) + /(«b'2(*)> # < f, 

y(x) — y(a)yi(x) + y'fah'zix) + <7(.v,{), x > 

as the general solution of (14) for the function/(.v) which vanishes outside 
a vanishingly small neighborhood of .v = f, while within the neighborhood 
it is infinite in such a way that the integral (18), the moment of J(x) in the 
interval (£ — 0, £ + 0), is unity. In equation (20) y\ and y 2 constitute a 
basic set (11) of solutions of the associated homogeneous equation; while 
Great’s function (?(.v,£) is that solution of the homogeneous equation which 
vanishes at x = $ and whose derivative there is unity; that is 

G(f,{) = 0, G'((,k) — 1, 

where the prime indicates the derivative of G with respect to x. 


( 21 ) 
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To construct the solution of (14) for any /(*), we apply the super- 
position principle, that is, we regard f(x) as a sum of functions of the 
impulse type with moments equal to/(£) d£; thus 


y( x ) — yo(x) ~^~ £ G( x £)f(£) > 

J'o(x) = y (*) J iW +y'(a)y z (x). 


( 22 ) 


To verify that this is really the general solution of (14), we differentiate 
twice with respect to a- (remembering that at occurs in the integrand and in 
the upper limit) and use (21): 

/(*) = y'oM +£ G' (*,?)/(?) 4 + G(x, x )f(x) 


~ yb( x ) +£g'(x,M0#, 

/'(*) = y'o'ix) +£'g"{x, 0A0 dk + G r (x r x)f(x) 
= y”(x) +£g"(x,o/( 0 # +/(x). 


(23) 


Thus the left side of (14) becomes 

y" + py + qy = y'o + py'o + qyo +/(*) 

+£ + pG’( X £) + qG(x£)\m d$. (24) 


The first three terms on the right reduce to zero because yo(x) is a solution 
of the homogeneous equation; for the same reason the bracketed factor 
in the integrand vanishes; only f(x) remains and the proof has been 
completed. 

The particular solution represented by the integral in (22) vanishes at 
x = a; as seen from (23), its derivative also vanishes at x — a; thus the 
initial conditions at x = a enter entirely through the complementary func- 
tion JqW- 

For example, let us solve 

y" + f?y -/(*)■ («> 

The associated homogeneous equation is 

y" + (Pyo — 0. 


(26) 
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I { y(a) and y f (a) are the initial values, then 

J’oW = jfa) cos /3(.v - a) -f- (r?) sin fi(x - a). (27) 

That cos fi(x — a) and sin fi(x — a) are solutions of (26) may he found 
either from the general results of Section 1 or directly by inspection. 
Green’s function is 

G(a,£) = ^ sin fi(x - £); ( 28 ) 

p 

it satisfies (26), it vanishes at x = { and its derivative there is unity. 
The complete solution is 

j(a) = jo (a 1 ) + sin fi (.v - £)/(£) 

p t/a 

[= J'o(a) + \ sin fix f fit) cos (29) 

P Vfl 

— i cos j3x f /(£) sin /3$ ,/£. 

p v* 

In this form of the solution /(.v) is not required to be analytic; for example, 
/(.v) may equal sin x in the interval (0,~) and be zero everywhere else. 
Likewise, /(a) might represent experimental data in which case the integrals 
would have to be evaluated numerically. 

Problems 

1. Find by inspection particular solutions of 

y" + 4y « 12, y" + y = 2a, y" + / + y = a. 

Ans. 3, 2.v, a — 1. 

2. Solve y" + y - /(a), where /(a) is unity in the interval (0 ,a 0 ) and zero else- 
where; y (0) = 1 andy’(O) = 0. 

Ans. y( a) = cos a, a < 0; 

— 1 , 0 < a < .Vo; 

= COS (a — Ao), A > A 0 . 

3. Solve the preceding problem when /(.v) = 2 in the interval (0,xo) and zero else- 
where. 

Ans. y(x) — cos.v, a < 0; 

- 2 — cos x, 0 < a < -vo; 

” 2 cos (a — An) — COS A, 


A > .Vo- 



200 


APPLIED MATHEMATICS 


Chap. 11 


4. Solve Problem 2 when /(*) = cos * In the interval (0,* 0 ) and zero elsewhere. 
Ans. y(x) = cos x, x < 0; 

= cos * + \x sin x, 0 <x < x 0 ? 

- f cos * + %X 0 sin a; + \ cos (x - 2x 0 ), x > x 0 - 

5. What are the expressions for yo(x) and G(x£) in the general case (14)? 

Am. jo(x) « y(q) HBPTjb - a) - 71 exp 7g (x - q) 

72 — 71 

+ y'(a) expyi ( x -a)~ exp 7 2 (x ~ a) . 

71 — 72 

- ex P7i(-v - H ~ exp 7 2 (x - $) 

72—75 

Note that G(x,£) is obtained from _>’o(x) if we let.y(«) = 0, y r (a) = 1 , and replace 
a by £. 

4. physical interpretation 

The “ shock method ” of solution of nonhomogeneous equations of the 
second order may be illustrated by a physical example (c f. Section 3 of the 
last chapter). Consider the displacement y of a mass M attached to a 
spring with stiffness S under the influence of a force F(t), Figure 1.16. 
Assuming that motion takes place in a viscous medium offering a resistance 
proportional to the velocity, and that displacements are small enough for 
elastic forces to be proportional to them, we obtain the following equation 
of motion 

My + Ry + Sy - F{t). (30) 

Each dot superscript irythis equation represents differentiation with respect 
to time t. 

In this case the integral (18) represents the impulse of force. A con- 
tinuously acting force may 'be regarded as the limit of a succession of small 
impulses F(t)At ; thus the Response t0 this force may be obtained by 
integrating the response to a typical shock if we assume that the responses 
to the several shocks are mutually independent. The assumption is 
justified if the equation, and henc.t the mechanical system, is linear. Thus 
from three given displacements, y.\{t), ye (/) and y\(t) + y 2 (/)> we obtain 
from (30) the required forces F t (t ; \ F 2 {t ) and Fi(t) + F 2 (t). Thus we 
automatically obtain a response ji + y 2 to the force F\ + F 2 . Experience 
shows that the response to any force is unique and thus we can be sure of 
obtaining y i + y 2 from F t + F 2 as well as Fi + F 2 from ji + y 2 ■ To 
restate the argument: i f y{t) is another response to Fi + F 2 , then by sub- 
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tracting the corresponding equation, we find that y — (yq + _y 2 ) is a re- 
sponse to a force equal to zero at all times. It is safe to assume that this 
response is also zero. 

The response to a unit impulse of force at / = £ will depend only on the 
interval / — £ which has elapsed after the impulse has been applied, and 
we may denote it by K(t — |); this function vanishes if / :£ £. In view 
of the preceding argument we have 

y(t)=f Q l K(t-Om^ (31) 

Green’s function G(/,£) of the preceding section now appears as K(t — £). 

To find Green’s function we note that the impulse of force equals the 
increase in the momentum My. Hence the unit impulse acting on a body 
at rest communicates to it a velocity l/M. After the shock we have F(t) — 0 
in (30), and K(J — £) is that solution of the homogeneous equation which 
vanishes at / = £ and whose derivative at that moment is 1 /M. 

In an electric circuit consisting of an inductance “M” resistance “R" and 
capacitance " 1 / S,” all in series, y is the charge passing through the circuit, 
y is the electric current, and F is the impressed voltage. A voltage impulse 
is equal to a sudden increase in the magnetic flux through the inductor. 
In an electric circuit consisting of a capacitance “ M,” conductance “ R ” 
and inductance “ 1 / S," all in parallel, y is the voltage across the circuit 
and hence across the capacitor; A 1 is the current entering the circuit. In 
this case the impulse of F equals the charge suddenly transferred from one 
plate of the capacitor to the other. 

Problem. What is the response of the mechanical system considered in this 
section to a unit impulse of force administered at / = 0? 

Am KtA — ^ (~A//2flf) sin t V{S/M) — ( R-j-iM -) 
mV { sfM) - (R-jur-) 

provided 2 VsM > R and the square root is real; otherwise 

5. Linear equations with variable coejjieienls 

I he most general linear equation with variable coefficients is 

7 ^ + />(*) -r + ?(-v)y =/(*). (32) 

a . v ax 

The equation is homogeneous if J(x) ~ 0. Some equations of this type 
play such important roles in applied mathematics that they have acquired 


K(t) = 


c ni _ 

R 

j R 2 

S 

M{pi -Pi) 

n '- 2M 

J 4M- 

M 
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distinguishing names; for instance, 

"T -r C* 2 — 'sr)y — 0 (Bessel’s equation); 
ePy d" 

Sm ^~dP COS ^ Jr n ^- n ^ ^ sin = 0 (Legendre’s equation). 


(33) 


Just as in the case of equations with constant coefficients, the solution 
of the general equation can be expressed in the form (22) where y 2 (x) and 
yo{x) form a basic set (11) of solutions of the associated homogeneous 
equation. Green’s function G(x£) is also a solution of the homogeneous 
equation, subject to conditions (21). The arguments leading to this 
solution depend solely on the linearity of the equation with respect to y 
and its derivatives: hence the solution of the homogeneous case constitutes 
the main problem. 

There is only one limitation on the generality of the preceding statement: 
p(x) and a(x) must obviously exist at x = a or we should be unable to 
assign arbitrary values to the function and its derivative without causing 
the second derivative to become infinite. Such exceptional points are 
called the singular points of the differential equation; all points at which 
p and q are analytic are ordinary points. 

Even if x = a is a singular point the solution of the nonhomogeneous 
equation may often be expressed in the form (22), with y 0 (x) equal to any 
solution of the associated homogeneous equation. The condition is that 
all the operations needed in the verification of (22) should be permissible. 
It is easier to establish whether or not this condition is fulfilled in each 
special case rather than to try to obtain general rules and remember them. 


6. Expansions in potter series 

It would be easy to construct hundreds of linear equations whose so- 
lutions could be expressed as combinations of a finite number of “ ele- 
mentary ” functions, that is, algebraic, circular, exponential and hyperbolic 
functions. For instance, starting with y — A\f 2 (x) Aofeix) where j\ 
and fo are known, such equations would be obtained by eliminating the 
arbitrary constants from the equations for y and its first two derivatives. 
The solutions of some very complicated looking equations are expressible 
in terms of known functions; but as a general rule these equations will be 
found only in sets of exercises for students and do not occur in practical 
applications. Even such simple equations as (33) cannot be solved in 
terms of elementary functions, and these equations should be regarded as 
definitions of the functions which satisfy them. 

It is usually possible, however, to express any solution in terms of an 
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infinite number of elementary functions, powers of.v for instance. Consider 
the Bessel equation and assume 

y = A,' m (a 0 + + tfjs* 2 + •••)• (34) 

Differentiating, we have 

y = a 0 mx m ~ l + n x {m + 1 )x m + a 2 (m + 2).v m+1 + • • • , 

y" = a 0 m{m - l).v m “ 2 + rt, {in + l)w\ m 1 

+ a 2 {m -f 2){m + l)\ m -f- • • • , 

A' ?y" — a 0 in(m — l)* m + {m + \)mx m+l ( 35 ) 

+ + 2 )(?;; + 1 )v m+2 H , 

xy r = n 0 vix m + ci\ {in -f 1 )* m+1 + a 2 (m -f 2)x™ +2 + * • • , 

x 2 y = a 0 x m+2 + «i*’ n+3 + ■ • • , 

— n 2 y = —atfrx™ — airrx m+1 — ap2 2 x m+2 — a 3 n 2 x m+3 — • • • . 


Substituting in the Bessel equation and equating to zero the coefficients of 
successive powers of x, we obtain 

a 0 {m 2 - » 2 ) - 0, «,[(;« + l) 2 - » 2 J - 0, (36) 

and 

a 2 K?n + 2) 2 - 1 1 2 } + a 0 = 0 , 

nsli’n + 3)" — >r] + =0, 

«t[(w + k) 2 — n 2 ] -f- tii — o = 0- 


The first coefficient n 0 must be different from zero if an expansion of the 
form (34) is to be possible; for n a is the first nonvanishing coefficient 
whatever it may be. Hence, from (36), 

in 2 — m 2 = 0, in = ±?/. (38) 

For either of these values of in, ci\ = 0 since (±7/ + l) 2 — 1 1 2 s* 5 0; hence 
all ni vanish for odd values of k. For the even values of k we obtain 
successively 


« 2 = - 




[(±77 + 2) 2 - 77 2 ] 


n.i = - 


[(±7/ + 4)" — 77"] 


<7 ?p — 2 


<? 2p = - 77 • (39) 

[(±77 + 2py — 77" j 

Taking the upper sign, we find that a 2v — <t:p_;/4/>( n + p) and the 
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solution is 


yifr) = «o 



x n+2 ^n+4 

4 (n + 1) + 4 2 l-2(« + l)(n + 2) 


co £ yn^n+2m 

^ So m\ (« + m ) ! 2 2m * 



(40) 


The second solution is obtained from (40) by changing the sign of n. There 
is no difficulty about it in the expanded form of the series; in the con- 
densed form, it is necessary to define the meaning of factorials of negative 
numbers (see the Chapter on the gamma function). 

Since the general solution of a homogeneous equation is a linear com- 
bination of two independent particular solutions, we are free to choose the 
coefficient a 0 to suit our purposes. The standard set of Bessel junctions of 
order n is 


eo £ ^m^n+2m 

Jn ^ = So m\ (» + «)! 2 n+2 "» ’ 


03 ^ — n+2m 

/_„(*) = ot j(_ w + ot )I2-«+8» * 


(41) 


On a closer inspection of the expanded form in (40) we find that we have 
two solutions only ijn is not an integer. If n is a negative integer, sooner or 
later we reach a term with a zero denominator and have to rule out the 
series. Thus if n is an integer, only one solution of Bessel’s equation can 
be expressed as a power series of the form (34). In this case the two 
Bessel functions defined by (41) become identical, except for the factor 
(— ) n , because the factorials of the negative integers are infinite. The 
series in powers of (x ~ a) automatically restricts the behavior of the 
function it represents, and rules out some functions such as log (x — a). 

The second solution for integral values of n can be found by the method 
explained in Section 1 in connection with equal roots of the characteristic 
equation. The two functions J n +s(x) and (— )“/— n-*(*) approach 
equality as 5 approaches zero; if their difference divided by 2 S approaches 
a limit, the limit is likely to be a second solution. We could calculate the 
limit and verify our anticipation by substitution in the equation. 

A similar method consists in introducing the following solution of Bessel s 
equation for nonintegral values of the parameter 

N {x) _ /«(*) cos ~ . (42) 

n ’ sin Wa- 

lt is just a linear combination of two already established solutions so 
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constructed that it continues to exist and approaches a limit as n approaches 
an integral value. 

Both methods depend essentially on obtaining the derivative 3 f n /dn 
of a Bessel function with respect to the parameter n. The custom of 
writing n as a subscript should not blind us to the fact that n is really 
another variable; the symbol J{x,n) would have exhibited this feature in 
a conventional way. In obtaining the derivative we have to differentiate 
x n with respect to »; since .v n = exp (« log .v), the derivative is (log x) X 
exp (;? log .v) = x n log x; the logarithmic factor explains the failure of (34) 
to represent this particular solution. For further details the reader is 
referred to the Chapter on Bessel functions. 

The principal weakness of power series is their slow convergence except 
in a limited range of the variable, even when the series converge every- 
where. It is usually necessary to supplement power series with other 
representations. 


Problems 

1. Show that x 2 y" + pxy' + gy = 0 where/) and q are constants, usually possesses 
solutions of the form y — Ax n and find the proper values of n. What is the second 
solution when the proper values are equal? 

Am. n = §(1 — p) ± [j(l — p) 2 — q) il2 \ if q- — p) 2 , then the solutions 
arc A i.v” + A«x n log x, where n = £(1 — />). 

2. What happens if « is a pure imaginary or complex? 

Am. The general solution may be expressed as *"■[// cos(w: log.v) + B sinfu; log v)J 
where tt = m -f j« 2 is given as before. 

3. Obtain power series solutions of y" ~ —xy. 

4. Introduce a new independent variable, defined by x — cos 0, into Legendre’s 
equation (33). 

Am. (1 — x 2 )y" — 2. xy' + ?i(n -f- l)y = 0. 

5. Obtain power series for the solutions of Legendre’s equation and show that if n 
is an integer one of the series is a polynomial. 

7. Elimination of the term containing the first derivative 
The following substitution 

y(x) = u(x)o(x), (43) 

where 

k(.v) = exp [ — -I J p(x)dx], (44) 

reduces (32) to an equation free from the first derivative 

v " + (<? “ {p~ ~ ip')o = fix) exp (I J p dx). (45) 
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To prove this theorem we substitute (43) in (32) and collect terms as 
follows 

uv" -f (2 u! + pu)v' + ( u " 4 pit + qu)v = /(*). (46) 

We are free to choose one of the factors in (43); we choose u to make the 
coefficient of v' zero; 

2«' -f pu = 0, ii = —\pu. (47) 

This is a linear homogeneous equation of the first order and its solution is 
(44). The lower limit can be assigned arbitrarily but the same limit must 
be used in (44) and (45). To complete the reduction, (44) is differentiated 
twice; then it is found that the exponential factor disappears from the 
ratio (u" 4 pu 4 ?«)/«. 


Problems 


1. Show that solutions of Bessel’s equation arey = x~ 1,2 a, where d is a solution of 




0.25N 
I ) v - 


For sufficiently large v A cos x 4 B sin *. 


2. Show that solutions of Legendre’s equation (33) are y = v[V sin d, where 
v" = — [(» 4 \Y -f i csc 2 0]v. For sufficiendy large n, v ex A cos {n 4 f)0 + 
B sin (k 4 I)® provided sin 6 is not too small. 

8. Normalization of the coefficient of the dependent variable 

Introducing a new independent variable 

ip = J' V q(x ) dx, dip/dx — \/ q{x), (48) 

into (32), we obtain an equation in which the coefficient of y is unity 

£ + (■£ + 1 trn. («) 

dip Xvq zq dip/ dip q 

In the new equation p, q,f are expressed as functions of <p. 

Since 


dy 

dx 


dy^dp _ dy_*r~ 
dpdx dip q ’ 


d 2 y ^ #y 
ck? dip 

- y 
dtp 


«■ j “ j ,dyd r- _ - j 1 

~ J - 2 q + dtp dx^ q d<p 2q + dtp \dtp 


#y 

dip 2 


dy 


(|^)| 


(50) 


= 9 


i dqdy, 

,2 2 dip dip 


equation (32) becomes (49). 
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If p — — {dq/dy>)/2 \Tq + constant, the coefficients in (49) are con- 
stants and the general solution may be expressed in terms of integrals. 

This transformation is suggested by the following considerations. If (3 
is constant, solutions of y" + fi 2 y = 0 are exp (± /#*•); in a small interval 
the solutions will be approximately exponential even if /S is variable; 
proceeding by infinitesimal steps, we expect approximate solutions in the 

form exp (±; J' fH dx); to find out what really happens we introduce a new 

variable as in (48). If the reader is familiar with the physical behavior 
of electrical (or mechanical) transmission lines, he will find, as explained 
in Section 12, that this transformation and the one in the preceding section 
possess simple interpretations. 


Problems 

1. Reduce the coefficient of y in y" + xy = 0 to unity. 

Am. <p - %xVx, y"(fp) + ( l<p)y'(fp ) + yOp) = 0. 

2. In the answer to the preceding problem reduce the coefficient of the first deriva- 
tive to zero. 

Am. y(<p) = <p~ uc v(<p), where «"(y>) + ^1 + ~ °‘ 

3. Combining the results of the preceding problems, show that for large x the 

approximate solution ofy" + xy — Oisy(.v) cos (p'V^) -f- 2? sin (*x\/x)]. 

How large should ,v be for this approximation to be reasonably accurate? 

4. Reduce the coefficients of y in y" -J- x n y = 0 and y" — x n y = 0 to unity in the 
first equation and negative unity in the second. 

Am. p=[2/(» + 2 )].v'"+=>' 2 , /'(¥>) + , +■>•(?) = 

(n + 2 )y> 

n = (2/(„ + 2)].v< n +=>' 2 , /'(«) + - •/(») -y{u) = 0. 

(;; + 2 )u 

5. Reduce the coefficients of the first derivatives in the equations of the preceding 
problem to zero. 

Am. y(<p) = o "(g>) + [l+ K*) = 0, 

L 4(n + 2)v J 

S(") « rr-/«»+»g(«), o"(«) + I - -! + r(,/) = °* 

L 4(« + 2)-«-J 

C. From the results of Problems 4 and 5 show that for large x the approximate 
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solutions of the equations y" + x n y = 0 and /' - x n y = 0 are respectively 


y(x) A cos 

y(x) a x-”! 4 T A exp 


2^( n +2)/2 

n + 2 
2 x (.n+ 2 )l 2 
n + 2 


B sin 


2«(n+2)/2-{ 


n + 2 J 

- / 2 x ( ’>+ 2 >/ 2 \1 

£ “ p (- 


9. The nature of the solutions of linear homogeneous equations 

The function f{x) in the nonhomogeneous equation affects its solutions 
to such an extent that nothing can be said about their behavior without 
specifying/^). In the homogeneous case the situation is different; by 
inspecting p and q, it is possible to state whether or not the solution tends 
to be oscillatory or nonoscillatory. If the range of x is subdivided into 
small intervals, then in most intervals p and q will be approximately con- 
stant. Those intervals in which p and q vary appreciably are excluded 
from consideration. In solving Problem 4 of Section 1 the following results 
were obtained for equations with constant coefficients: 

1. If q is positive and greater than \p 2 , the solutions are oscillatory with 
decreasing or increasing amplitude according as p is positive or 
negative; otherwise the solution is nonoscillatory. 

2. The frequency and period of the oscillations are 

Vq — yp z /2w and 2-tr/V q — jp 2 . 

Qualitatively the same conclusions apply to equations with variable co- 
efficients. Of course, if the period of oscillations is large compared with 
the interval under consideration, the oscillatory and nonoscillatory solutions 
will look alike. 

The transformation of Section 7 reduces p to zero and, for positive q, 
brings into evidence the major factor affecting the amplitude of the oscil- 
lations whether or not p is constant. The new “q” is generally variable. 
In Section 8 the new independent variable is the phase of an oscillation 
with “variable frequency” V q. Equation (49) shows, however, that 
oscillations of varialjle frequency are accompanied by an amplitude 
variation depending on the relative change in frequency per unit change 
in phase. 

For more detail on this subject the reader is referred to E. L, Ince, 
Ordinary Differential Equations, Longmans, Green and Company, London, 
1927, Chapter X (on the Sturm-Liouville theory of linear differential 
equations). 


10. Linear systems of equations 

Linear equations of the second order occur in the theory of electrical 
and mechanical oscillations of simple systems, with time as the independent 
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variable. Usually the parameters of the system are constant and the 
equations have constant coefficients; but in electrical systems, at least, it 
is easy to make the inductance, capacitance and resistance variable with 
time, in which case we have a general linear equation. 

Another important application is found in the theory of the propagation 
of waves, electrical, mechanical, sound, etc. There, the equations appear 
first as systems of linear equations of the first order with two independent 
variables. In an electrical transmission line the voltage V across the line 
and the current / in it obey the following equations*: 

d -£ = Z(x)I, ~ = Y(x)F, (51) 


where .v represents the distance along the line, Z(x) the series impedance 
per unit length, and T(.v) the shunt susceptance per unit length. Similar 
equations connect the force and velocity in a string under tension or in a 
spring; the coefficient Z depends on the mass per unit length and Ton the 
tension of the string or stiffness of the spring. 

Eliminating either I or V, two second-order equations are obtained 



or in an expanded form 


tfV 

dx~ 


Z ' dV 
Z dx 


YZV = 0, 


<PI 

dx- 


YZI = °* 

y dx 


(53) 


Conversely any second-order equation can be reduced to a linear system 
of the form (51). Thus 


Z'/Z = ~p(x), Z(x) = exp f p(x) 

YZ = -q(x), Y = -q(x) exp [ J p(x) </*]. 


(54) 


The linear system (51) and the contracted forms (52) of the second-order 
equations play an extremely important role both in applications and in 
mathematical theory. 

Let us introduce the following two functions 

K(x) = VZ(x)/Y(x), r(.v) = \ / Z(x)Y(x) (55) 

* In die usual form these equations appear with negative signs in front of 7, and I . 
A reversal in the sign of x makes these signs positive. 
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dV T 

dl 


- - KVI, 

~ = K _1 TF. 
dx 

(56) 


A symmetrical form is obtained if these equations are divided by T and a 
new independent variable is defined as 



~r 

r(*) dx. 

(57) 

The system becomes 

11 

K 

k 

ii 

(58) 

Eliminating either I or V, we have 



d 2 V K' 
du 2 K 

0 

II 

hx 

1 

I'SJ 

d 2 ! K' dl T n 
-j~2 + -y — I — 0. 
du K du 

(59) 


If K is constant, the solutions are 

V — A exp [ db J' r(#) dx], I — B exp [ dfc J* r(x) dx\. (60) 


11. Liouville s approximation 


If K(u) of the preceding section is not constant, we remove the first 
derivative by the method of Section 7. Since K'/K — D u (log K), the 
transformation is 


F=VKV, 

and the equation for V becomes 

du 2 " L + 4 K 2 2K] • 


( 61 ) 

(62) 


If K' and K" are small relative to K, then the approximate solution of 
(51) and (52) is 

V{x) cx A Vz/Yex p (± J^VzFdx). (63) 


This approximation was obtained by Liouville in 1837 in a somewhat 
less general form. Liouville started with 


/' = -my. 


(64) 
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and arrived at the approximate solution 


y — T7== exp [±f J Vf(x) dx]. 


( 65 ) 


Since his time this approximation has been forgotten and rediscovered by 
several applied mathematicians. 

For example, the Bessel equation may be expressed as 


d_ 

dx 



(66) 


The variable y may be compared to V in (52) where Z — \/x and Y = 
(n 2 /x) — at; hence approximate solutions of Bessel’s equation are 


A 


y-o exp ± 

v n — x 2 L 




(67) 


As x increases, 

y ~ A' (68) 

Considering the simplicity and generality of Liouville’s approximation 
it would be difficult to overestimate its importance in applied mathematics. 


Problems 

1. Show that if we set I = K~ 112 ? in (59), then 


dir 



(K') 2 K"~ 

4 K- + 2 K_ 




2. Show that, if u — iip, the preceding equation becomes 


(Fl 

dtp"' 



(K'y- 


4K 2 

r 2K J 


where the primes now denote differentiation with respect to <p. 

3. Show that, if u = i<p t (62) becomes 


dp- L iK'-XdpJ 2 K dpr] 

4. Obtain Ltouvillc’s approximations to the solutions of the equations in the prob- 
lems in Section 8. 


S. Show that the substitutions <p 



dx and 
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y C*0 — [/(*)] 1/4 cfo>) in equation (64) lead to 

_ fi _ J_/l dfV_ l±(l 4/\"l 

dp* '[_ I6\f d<p) 4:dtp\Jd(p)_ 



Liouville’s approximation (65) will be good if the bracketed term differs but little 
from unity. 

12. Physical interpretation oj Liouville’s approximation 

If the parameters Z, Y of an electrical transmission line are constant, 
the waves may be expressed in terms of two progressive waves moving in 
opposite directions. The propagation constant is the square root of the 
product of these parameters. In a semi-infinite transmission line or in a 
line terminated into its characteristic impedance K = V Z/Y , only one 
progressive wave is present — the one moving away from the generator. 
The other wave appears as a reflection caused by an impedance mismatch. 
We should expect, therefore, that even if Z, Y are varying, but in such a 
way that the characteristic impedance K remains constant, there will be 
no reflected wave and that strictly progressive waves are possible. Indeed, 
we have seen that in this case exact solutions (60) of this form are possible. 

If K is slowly varying, we might in the first approximation neglect re- 
flections and consider the line as continuously matched. Since the exact 
match presupposes transformers distributed along the line, the voltage 
should increase as the square root of the characteristic impedance; this is 
precisely what we have in (63). The current should decrease as the square 
root of K and the corresponding Liouville’s approximation contains the 
factor (y/Z) 1/4 . 

Liouville’s approximation is good only when K' and K" are small 
compared with K. When this condition is not satisfied we rely on the 
“ wave perturbation method ” described in the next section. 

13. The wave perturbation method 

Solutions of a linear equation with variable coefficients may be regarded 
as distorted solutions of an equation with constant coefficients. The 
problem is to find some method of calculating this distortion or perturbation. 

One method is suggested by the idea itself. Suppose that the equation 
to be solved is (64) and suppose for the present that J{x) is positive in the 
interval under consideration. Let 0 2 be some mean value of/(*) in the 
interval. Let us rewrite (64) an follows 

y" - -0 2 y + IP 2 ~/(x)]y. 


(69) 
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assume that we know the last term, regard the equation as a nonhomo- 
geneous equation with constant coefficients, and use (29). Thus we obtain 

J’(-v) = yo(x) + - r i/5 2 - AQ]y(0 sin fi(x - f) d £, (70) 

p 

where joOv) is any solution of 

y 0 "(x) = -fi 2 y 0 (x). (71) 

In particular, we can choose (27) where _>'o(- v ) and its derivative assume 
given values at x — a; these values are also the initial values of j(.v) and 
its derivative. If the difference fi 2 — /(.v) approaches zero ns x increases 
to infinity, then _y 0 (.v) may conveniently be chosen as A cos fix ff- B sin fix 
or as A exp ifix + B exp ( — ifix), where A and B arc left arbitrary. 

As the first approximation to j’(.v) we take yo(x); substituting yo(x) in 
the integral and evaluating, we obtain the first perturbation yi(.v); in the 
same way we obtain the second perturbation _y 2 (*)j etc. To summarize: 

jy(-v) = y 0 (-v) + ji(.v) + y 2 (.v) 4 F y n {*) 4 , (72) 

where 

J«(*) = ~ f X W' -/(f)b'»-i(f) sin fi(x - £) ft. (73) 

If /(f) is bounded in tnc given interval, the scries is convergent. 

Consider for example the Bessel equation of order zero (« = 0) 

,V>." + / + XJf = o, y" + 1 / + J = 0. (74) 

Remove the term containing the first derivative 

y = *~ U \ v" = - (j + ~j V. (75) 

If x is not too small (greater than unity, let us say), a convenient choice is 
fi ~ 1 and a = « when (70) becomes 

p(x) *» c 0 (x) - 1 j[ x (y: 12 ^ (76) 

Choosing 

Ca(-v) = (77) 
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we obtain 


, . 1 C x sin (x — f 


Sl- « 







e -£x+ 2 i f) | 


(78) 


Integrating by parts, 
(at) = 


£ ix _ e -ix+2i{ 


8i£ 


+ \ e ~ 


f 


ft* 


dt. 


(79) 


The first term vanishes at both limits; the integral cannot be expressed in 
a closed form containing elementary functions but is of such importance in 
various applications that it has been given a name: the exponential integral. 
Numerical tables are usually given for the real and imaginary parts, the 
cosine integral and sine integral. In the conventional symbolism* (79) 
becomes 

»t(*) = J j^Ci 2* + * ( s i 2* - e - **. (80) 

Stopping with this perturbation, we have 


yi*) 


- 1/2 


e lz + 


k Ci2* + /(si2*-0jr^J- (81) 


Since the coefficients in (74) are real, the real and imaginary parts of (81) 
are also solutions. Similarly the conjugate of (81) is a solution. In 
physical applications the coefficient of exp (—ix) would be called the re- 
flection coefficient for waves originating at x = co and coming toward 
x — 0. 

The second perturbation, j 2 (*0, would have to be computed by numerical 
integration. However, even if x is comparable to unity, (81) is a fair 
approximation to the solution. 

If x is much smaller than unity, the above approximation is bound to be 
bad; for then n/4* 2 in (75) is larger than v, the perturbation from the sinus- 
oidal solution would have to be large and many terms of the series (72) 
would be needed. In this region it is better to begin with a different first 
approximation. If x is small, the transformation (75) introduces higher 
powers of the large quantity, l/x, and it is be;st to deal directly with the 
original equation (74). Let us write (74) in the form 



* See the Chapter on Sine and Cosine Integrals. 



DIFFERENTIAL EQUATIONS OF SECOND ORDER 215 


As x approaches zero, the right side will approach zero provided y does not 
become infinite too rapidly. Then, for small values of x, (82) may be 
regarded as a perturbation of a simpler equation 


d_ 

dx 



= 0 , 


dx 


= A, 


dy 0 _ A 
dx x 


yo = A log x + B. (83) 

Again let us assume that the right side in (82) is known, and regard this 
equation as a nonhomogeneous equation whose associated homogeneous 
equation is (83). In equation (22) Green’s function G(.v,£) is that partic- 
ular solution of the homogeneous equation — equation (83) in the present 
case — which vanishes at x = £ and whose derivative there is unity; 
hence 

G (.¥,$) = { log (*/$). (84) 

Remembering that (22) refers to the standard form of (74), we have 

y(x) = A log .v + B -£ iy(() log (x/() <%. (85) 


The stage has now been set forobtainingy(.v) by successive perturbations 
of // log x + B. If a is chosen to be different from zero, then A and B may 
be expressed in terms ofy(a) and y'(a); thus 

J'o(-v) = ay' (a) log (x/a) + y(a). (86) 

\Vc can also choose a — 0; then A in (85) is the limit of xy r (x) as x ap- 
proaches zero. A class of solutions finite at x = 0 is obtained by setting 
A — 0; then B — v(0). 

Let us return to equation (64), or its equivalent (69), and assume that 
we arc interested in a finite interval a £ x £ b. IF f(x) is finite, we can 
define /5 as the square root of die average value of /(.v): 

“ “ whS™*- < S7 > 

Another choice would be the average of the square root of f(x): 

(3 - - £ \ / J(x) dx. (88) 

The first will usually be easier to apply than the second; but in any case 
wc should remember that § is at our disposal. The rapidity of convergence 
of the scries of perturbations depends on the deviations of J(x) from fir. 
P:car.T s method is a special case of the wave perturbation method. 
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Choosing § = 0, we have 

yo(x) = /!-{- Ex = j(rt) -f j / (a)(AT — a); 
and consequently 

y»(*) = -jf - £)/(£) 4- 


(89) 

(90) 


Picard’s method has obvious limitations unless f(x) is small in the chosen 
interval. 

N J( x ) is negative, ft is a pure imaginary; then we write /? = /y and 
change the form of (70) into 

7W = JoW ~~£ h 2 +f(S)]y($) sinh y(* - £) (91) 


In this case equation (27) becomes 


1 


7oW = J’(fl) cosh ?(# — a) -f- ~y r (a) sinh y(x — a). 

y 


We can also choose 


y 0 (x) = A** -f Be***. 


(92) 

(93) 


To summarize: 

1. If the equation contains the first derivative, this derivative is removed 
by the method of Section 7 and the equation reduced to the form (64). 

2. If f{x) in the reduced equation is finite over a given finite or infinite 
interval, we choose /5 2 as some mean value of f(x) and apply (72) and (73), 
starting with any convenient solution of an equation with constant co- 
efficients (71). 

In the example (75) /3 2 was made equal to /(»). If the interval were 
finite, it would be better (from the point of view of the rapidity of con- 
vergence) to choose /3 in accordance with (87) or (88). 

3. If f{x) is small in the given interval, we might set (3 = 0. This value 
may actually be giv by (87) when f(x) changes sign in the interval (a,b). 

4. If fix) becomes infinite in (af>), it is desirable and may even be 
necessary to perturb solutions of some equation other than equation (71). 
The example of the Bessel equation of order zero is an illustration. 

Instead of evaluating perturbation terms of various orders we may restrict 
ourselves to smaller intervals in each of which we could use the purely 
hyperbolic or sinusoidal approximation (92). This equation may, in fact, 
be used successfully for interpolation and extrapolation of functions 
satisfying second-order homogeneous differential equations. The method 
is explained more fully in the Chapter on Bessel functions. 
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Problems 

1. Show that a more accurate solution of Problem 3 in Section 8 is 
y(x) = A>r ut jexp (i 1 x Vx) + ^ j^Ci Q .v N 7 *) 

+ t (si 0 .v VS) - exp (-/ | .v V^)| + Bit 1 '* jexp (-i | 

+ s [° G * ' v '*H ( Si G ” - D] “ p 0 j * 

- er'«jco.(?«^) + s°G* V *)“'G* v5 ) 

+ 5[ si G* V ')"l] si "(f“ v/ *)J 

+ ar«‘ {* (J « Vi) + |[si (5 * Vi) - 1] cos (? .v Vi) 

-s Ci (r' /i ) si "(5'' /I ))- 

2. Obtain .an approximate solution ofv" — —xy, 0 < x < 2, y{0) = 1 ,y (0) = 0 
Use (70) with @ taken from (87). 

Am. v(.v) = cos a* — {x cos x -f J (1 + 2* — a 5 ) sin .v. 

Note; The exact solution is _>’(*) = r(§)3~ 1,3 .v 1/: /_i/3(^x 3,i ), where T denotes the 
gamma function. 

3. Obtain an approximate solution of y" = F{x)y in the vicinity of x — a where 
F(u) = 0. Use (89) and (90). 

Am. y(x) « _>•(«)[! + +/(«){ (* - **)(! + <7 S ( a-)| - 2CA(.v)} , 

where Gi(x) = f* F(£) i!s, G&) - f* Gffl Gj(.v) = f'c,® <$. 

i/a i/a 

4. Obtain an approximate solution of 

y>> » - X y t _ 2 < X < 0, v(0) » 1, /( 0) = 0. Use (91). 

Am. cosh x 4- \x cosh x — J(1 + Tv -f- x-) sinh .v. 

5. Transform the following system of differential equations 

~ => -/F(a-)J, ~ = - :G(x)r , (A) 

C-V rfY 
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into integral equations, 

v &) = ?o(x) ~i£ F(ft 7(6) cos0o(x - ft d£ -K 0 £ <S(ftF(ft sin /? 0 (* - ft 

( B ) 

I(x) = J 0 (#) -Ko 1 rp&)I(Z) sin p 0 (x - ft -f f* GfflFffi cos/3 0 (# - ft 4, 

t/a i/a 

where 

E(v) = Po + -^X#), G(«) = G 0 + G(*), 

, / (C) 

/Jo — vjPoGo, ATo = Vfo /Go, 

and Fo(x), Io(x) is any pair of solutions of 

^ o -r- t dlo 

= —tFolo, — = —tG(,F 0 . (D) 

The quantities F 0 , Go are mean values of F(x) and G(*) in an interval a < * < b. 

In terms of the initial values 

Fo(x) = V(a) cos (3 o(x — a) — iKaI(a) sin /3 0 (at — a), 

(E) 

h(x) = — /Tvq P(«) sin fio(x — a) + I {a) cos/3 0 (x — a). 

Another convenient choice is 

Ia(x) = + Qe'fo*, F 0 (x) = KoPr** - K 0 Qe { *>*. (F) 

The solutions of the integral equations may then be expressed as follows: 

F(x) = F 0 (x) + F 1 (x) + F 2 (x) + • • • , 

(G) 

I(x) = I 0 (x) + h(x) + h(x) + • • • , 

where F n , I n are obtained by substituting F n - 1, I n -i in the integrals in the equations 
(B) : 

F n (x) = -i£ />(£)/*_, (ft cosPo(x - ft d£ 

- Ko f X G(£)F n . .!«) sin/3 0 (* - ft 4, 

Ja (H) 

/„(*) - -^o" 1 £ Aft/„-i(ft sin ftC* - ft ^ 

- f ijf* G(ft^n-!(ft cos/3o(x - ft dl 

6. Show that corresponding to « = 0 in equation (E) of the preceding problem we 
have 

Fi(x) = P(0)[— P(x) cosfiox + A{x) sin (3oX ~ C(x) sinjSo*] 

—tKoI{0)[A(x) cos fiox + B(x) sin/3o-v + C(x) cos/?o-vj> 
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Ii(x) — //vT’C(0)[/J(.v) sin/5ov + A (.v) cos/Lv — C(x) cospox] 

— 7(0)[J(.v) sin Pax — B(x) cospox + C(.v) sin pax], 


where 


AM = i r - AV?) cos 2/3 o$ 4, C(.v) = i r (A7’P + AV?) 4 

Jo Jo 

/?(*) - l r (A'o~’£ - A' 0 (?) sin 2/?o£ 4. 

Jo 

7. Show that if / / o(-v) = — /vV^° r > /o(*) = ^° r , then 

z / i(.v) = -$»AV** riA 0 -‘P(0 + A'«fl«)14 

Jo 

£'\Ko l H) - kAZ)V- < m <%, ) 
hM «* ?.«><** f x [Ko l rm + k ^( e )]4 

t/o 

-5«v-'^ f r [k" l P(o - 

Jo 

8. Introducing 

/3(.v) - \//.’(*)G(x), A(.v) = VFMIOM, 


in equation (A) of Problem 5 we hove 
dV 


PM dx 


->KMI, 


dl iV 


PM dx km 


lienee, introducing a new independent variable 


* J Z PM d*> 


do 

dx 


in (B), we obtain 


PM, 


iV 


dV dl 

do w ’ do K(0) 


(A) 


(B) 


(C) 


(D) 


where K(0) is the former KM after the substitution from (C). Show that the follow- 
ing change of dependent variables, 

/•(<?) - lAT(*7)I ,/= / > («?), 1(0) . I K(0)]-’»1(0), (E) 

transforms (D) into 

dP ;7 K' f , dt _ _.a , K' - 
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Show that approximate solutions of these equations are 


Jo 2 a (< p ) 

£ hM e 2,v 


?(<?) = *-•■> + *« + 

Jo 2 A (<p) 

14. Useful identities 

Any second-order linear equation may be expressed in the following 
form (see Section 10) : 




If jyi andj 2 are two solutions of this equation, then 




dyi dy 2 C 
y2 dx Jl dx P(x)' 


where C is a constant. 
Another identity is 


X ew/<& = -X* p w(S) 


If y_y / vanishes at the ends of the interval, then 


X ew->' 2 '* - ~X (I) dx - <98> 

To prove (95) we start with 


multiply the first equation by y 2 and the second by yi. In the difference 
of the two resulting equations the left side is the derivative of the left side 
of (95) and the right side is zero; hence follows the identity. 

For example, y \ = sin * and jy 2 = cos x are two solutions ofy = ~ y 
in which P = —Q = 1; (95) becomes 

cos 2 v -f- sin 2 .v = C. 
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The value of the constant is determined by the values of the solutions and 
their derivatives for some particular value of .v. For the Bessel equation 
of order zero (82), P — x and (96) becomes 

ys/i - yoi = c/x. (ioo) 


Equation (97) is obtained if (94) is multiplied by y and the left side 
integrated by parts. If the integration by parts is applied to the first 
equation in (99) after it has been multiplied by y*, then 



= Py 


'■ dx 


£ 


,±L 

dx 



( 101 ) 


Problems 

1. Transform r.(x)y” -j- b{x)y’ + f(x'~ = 0 into (94). 

where A is a constant. 

2. Suppose that one particular solution of (95) has been found. Find the other 
from (96). 

/ * rf x 

. .. ' . , where A is some constant. 

T(*)lyi(*)l* 

3. Show that if yi(0) andyj(6) arc two solutions of Legendres equation (33), then 
ytyi — joT = C/sin 0. 

4. If n — 0 in Legendre’s equation, one solution is obviously a constant. Let this 
constant be unity. Using the result of Problem 2, find a second solution. 

Arts, log tan ( 0 /2). 

1 S. Boundary value problems 

The general solution of a given second-order differential equation contains 
two arbitrary parameters. In any given problem these must be determined 
from supplementary conditions, generally known as boundary conditions. 
These conditions cannot be included in the differential equation itself. 

Titus the differential equation of a string vibrating with the frequency 
w radians per second is 

~ [t(.v) 4- u~M(x)y = 0, (102) 

where Tis the tension, M is the mass per unit length andjy is the displace- 
ment from the neutral position. The equation is the same regardless of 
the conditions at the ends of the string. Similarly the equations for the 
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voltage V and current / in an electric transmission line are 

•where L and C are respectively the series inductance and shunt capacitance 
per unit length. These equations are the same regardless of the conditions 
at the ends of the line. The line may be “ open ” at both ends so that the 
current has to vanish there; or, the line may be “ shorted ” at both ends so 
that the voltage has to vanish; or, the line may be open at one end and 
shorted at the other. More generally the line may be “ terminated ” 
with prescribed impedances; then the voltage-current ratios are given at 
the terminals. 

The ends of the string and of the transmission line are the " boundaries.” 
In two- and three-dimensional problems the boundaries are lines and 
surfaces. In many-dimensional problems it may be easy to find the most 
general solutions of the equations and very difficult to obtain the particular 
solutions which satisfy the required conditions at the boundaries. Thus 
“ boundary value problems ” is a good name for such problems. 

In the one-dimensional case there is a great difference between the 
solutions obtained when the boundary conditions are imposed at one 
point and when they arc imposed at two points. If T and M are analytic, 
a unique solution is obtained for any prescribed pair of values ofy and d-- jdx 
at a given point; but if we prescribe the values ofy at two different points, 
there may be no solution or infinitely many solutions (see problems of 
Section 1). This is as it should be. If a string is fixed at both ends, y 
vanishes at both ends. Such a string vibrates freely only with certain 
natural frequencies; unless w is one of these frequencies, (102) can have no 
solution. And if w is a natural frequency, there are infinitely many 
solutions, the amplitude of the oscillations being arbitrary as far as the 
equation is concerned. If rhe boundary conditions are given in this case, 
the problem is to obtain the natural f~«quenc:es of the system. If the 
frequency is given, the problem is to obtain consistent boundary conditions. 

Equations (102) and (103) apply to regions free from impressed forces. 
They occur in two classes of problems: (1) free or natural oscillations, (2) 
forced oscillations when the forces are applied at the ends of the string or 
transmission line. If the impressed forces are distributed throughout an 
interval, the equations become nonhomogeneous. The nonhomogeneous 
equation has a unique solution for every value of w for which the associated 
homogeneous equation has no solution; but when the homogeneous 
equation has a solution, the nonhomogeneous equation has none. 
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1 6. Characteristic functions 

If T and M are independent of a - , the general solution of (102) is 

y = A cos (cj V M/T)x + B sin (&> V M/T)x. (104) 

Suppose that the string is fixed at x — Of; then 

A = 0, A cos (w \'M/T)t + B sin (o> VM/T)! = 0. (105) 


Since A vanishes, the second equation requires either B = 0 or 

sin (uVM/T)( = 0, (co VM/T )t = Kr, w = 0, ±1, ±2, • • • 

(106) 

u n = >;-/f VM/T. 


If B = 0, = 0 for all a- and we have a trivial case of a string at rest. If 

n — 0, the solution is also trivial. The nontrivial solutions are 

j„(.v) - B n sin u n x, (107) 


corresponding to the oi„’s given by (106). These solutions are called the 
characteristic or proper functions (also eigenfunctions) of the boundary 
value problem. The values of the parameter for which these solutions 
exist are called the characteristic or proper values (also eigenvalues). The 
equation satisfied by the characteristic values is called the characteristic 
equation. 

For each of the following sets 


1) MO) = MO = 0, 3) M0) = /(O = 0, 

2) /( 0) = /(f) = 0, 4) /(0) = y(f) = 0, 


(108) 


of boundary conditions there exists a set of characteristic values and 
functions. More generally, the boundary conditions take the following 
form 


pi y(0) + ?i/(0) = 0, 
pvy(i) + <7e/(0 — 0, 


(109) 


corresponding to specified " loads ” at the ends of the string. 

This example is representative of the general case in which T and M are 
functions of x. Solutions exist only for a certain set of characteristic 
values of the parameter te. For any of the boundary conditions in the set 
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(108), equation (97) yields 

rt 



(HO) 


One half of the numerator of this equation is equal to the potential energy 
of the string when its deflection is maximum; one half of the denominator 
multiplied by w“ is the maximum kinetic energy; the equation itself 
expresses the principle of conservation of energy. Equation (110) is 
important primarily because it permits an approximate calculation of the 
characteristic values. Subsequently it will be shown that if we make a 
first-order error in the characteristic functions, the errors in the char- 
acteristic values obtained from (110) will be of the second order. 

Since T and M are positive, the characteristic values are real. 


Problems 


1. Determine the characteristic values and characteristic functions for the second, 
third and fourth sets of the boundary conditions (108). 

Ans. A n cos w„a - , ii), = #r/fVM/T; 

B„ sin w n r, u n = (2 n + l)-/2f Vm/T ; 

An COSCd„X, 03 „ = (2 71 + 1 )~ /2 f V M /T. 

2. A uniform transmission line of length f is shorted at x = 0. Across the termi- 
nals at At = f there is an inductance Z.o; the corresponding boundary' condition is 
LV{ f) + LaF'(l) = 0. Obtain the characteristic equation and characteristic 
functions. 


tan fc>P LC) _ Is> 

' cof \ f LC Af’ 


V n — An sin (o) n x VAC). 


17. Orthogonality 

If y,„ (.v) andy„(.v) are characteristic functions corresponding to distinct 
characteristic values for any one set of boundary conditions (108), then 

£ M(x)y m y n Ax = 0. (I 11 ) 

Functions satisfying a relationship of this type are said to be orthogonal. 
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To prove the orthogonaht> we start with 

*[«■>*] = 


( 112 ) 


multiply the first equation by y n , the second by v„, and subtract 

Vn £ [j(.v) - y„ £ [t(-v) £] = (4 - ol)M(x)y n y n . (113) 

The left side is an exact derivative 


£\t(x) [>•„ % - y n &=]} = (4 - 4)3/(.v)vnJV 


dx 


L dx 


(114) 


Integrating from .v = 0 to .v = f, we obtain (111). 
The well-known relations 


J ' sin r;;x sin nxdx ~ 0, if m p£ n; 

i) 

£ cos mx cos nx dx = 0, if m n; 


(115) 


show that the sets of sines and cosines are orthogonal sets in the interval 
(0,r). In the interval (0,2r) the combined set of sines and cosines is an 
orthogonal set. 

18. Expansions in series of orthogonal functions 

The possibility of expanding given functions into series of orthogonal 
functions is suggested by physical considerations, by the fact that at a 
particular instant we arc at liberty to assign a reasonably arbitrary shape 
to the string. Once we admit the possibility of the following expansion 

XC 

fix) ~ Z X'n(.v), ( 116 ) 

*1 '-'l 

it is easy to obtain the coefficients. We simply multiply the above equa- 
tion by M,x)y n (\^ and integrate from .v — 0 to .v — f. Since then’s are 



226 


APPLIED MATHEMATICS 


Chap. 11 


orthogonal, all terms on the right except one vanish and 

4m £ ^(^)ljm(-v)] 2 dx = £ f(x)M(x)y m (x) dx 3 (117) 

jf f(x)M(x)y m (x) dx 
4m = —f 

jf M( x )[y m (x)f dx 


Since a characteristic function _>>„(*•) may be multiplied by an arbitrary 

constant, we can always construct a set for £L ' 

roximate ca. 

r^(*)b.wr&/* h T that - (ns) 

*/o ms, the errors 

Such a set is said to be normalized. For a i°{ t ^ ie seconc ^ or jj e coefficients 
of (116) are /sue values are n 


4„ = /(x)M(xf .. 


Let /(a - ) and ,g(.v) be the displacement and velocity of the string at 

/ = 0. 

j(.v,0) =/(.v), y(x,0) = g(*). (120) 

At any subsequent time we shall have 

y(x,t) = E (« n COS sin u n t)y n (x), (121) 

where the summation is extended over all the natural modes of oscillation. 
That is, the motion of the string is assumed to consist of all possible 
oscillations consistent with the boundary conditions. The time factors 
are assumed to be general, to take care of variations in the amplitude and 
phase. Differentiating (121) with respect to t, we obtain the velocity 

2/(*,0 = E«n(— a n sin u n t + K cos u n t)y n {x). (122) 

n 

if / = o, 

fix) - T,a„y„(x), g(x) = J2“>nhyn(x); ( 123 ) 

n 

therefore 

a n = f f{x)M{x)y n {x) dx, b n = uf 1 f g{x)M{x)y n {x) dx. (124) 

«/0 * A ) 

The coefficients of the expansion (116) are obtained independently of 
each other. If one or more terms of the series have inadvertently been 
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omitted, there is nothing in the rule (117) for obtaining the other coeffi- 
cients to indicate the omission. This points to the necessity of proving 
that tiie series (116) does in fact represent the given function f(x). If 
one is careful in obtaining the characteristic functions, there is no practical 
danger; complete sets of orthogonal functions will be determined and 
correct expansions obtained. Still a legitimate doubt will remain until a 
proof of completeness has been carried out. 

19. Lioucillcs solution of nonhomogeneous equations 
The solution of the nonhomogeneous equation 

~ [t ( .v) g] + o?M{x)y = F(x) (125) 

was expressed by Liouville in the following form: 

y n (x) f'F(x)y n (x)Jx 

y(.v)=Z ~~2 5 (126) 

n 03 — C3 n 

To derive this solution let 

= X>nJ>'n(-v), y(x) = T.l' n y n (x), (127) 


and substitute in (125). If y n (.v) is a characteristic function of the asso- 
ciated homogeneous equation, then the result can be simplified 


IA(co 2 - u -)M{x)y n (x) = Za n M(x)y»(x). 

n n 

(128) 

The equation becomes an identity if 


, fin 

Vn ‘ o u 

(129) 

0) — 63 n 


Expanding /(.v) = F(x)/M(x) in an appropriate series 
orthogonal functions, we have 

of normalized 

- f F(x)y n (x) dx. 

t/o 

(130) 


The solution is valid if u is not equal to any of the characteristic values. 
In tin's case, the homogeneous equation possesses no solution different from 
zero and (126) is the only solution. 

If F(x) vanishes everywhere except in the interval ($ — 0, £ + 0), 
where it is infinite in such a way that 



dx «= 1, 


(131) 
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Comparing (138) to (102), we have 


dip 

Jy 


= u 2 M(x)y, = ~ T(x)y'; 

oy 


(139) 


from this we find that <p is equal to 
one half of the integrand in (134). 

This constant factor has been dropped 
since it does not affect the stationary 
property of the integral. Inciden- 
tally 1/2 is the difference between the 
kinetic and potential energy of the 
string, oscillating with frequency u. 

I (y is one of the characteristic 
functions, then I is not only stationary 
but also vanishes (sec 110). These 
properties can be used for the approxi- 
mate evaluation of characteristic values and characteristic functions. 
We start with some function y(x,/f,B,C . . .), depending on several param- 
eters, which satisfies the boundary conditions. We substitute this func- 
tion in (135) and determine the parameters as well as u from 



Fio. 11.1. 


A variation in a curve connect- 
ing two given points. 


y „ di „ 

7 ~ °’ d/i~ 0. 


dl di n 

dB ’ ec 0> 


(HO) 


The vanishing of the partial derivatives is required by the stationary 
property of 7. 

While considerable latitude is permitted in the choice of the approxi- 
mating function, better results arc obtained if this function happens to 
conform somewhat to the true solution. In many instances the varia- 
tional method leads rapidly to simple and satisfactory approximations,' 
but, in general, considerable numerical work is required, and the wave 
perturbation method of Section 13 is likely to be more powerful. In appli- 
cations of that method to boundary value problems one of the initial 
values v (a), y’ (a) is left arbitrary and the solution is obtained to any 
desired degree of accuracy; then the second boundary condition is used to 
determine the characteristic values of u. 

An elementary discussion of the calculus of variations is presented by 
William Elwood Bycrlv in his Introduction to the Calculus of Variations , 
Harvard University Press, Cambridge, Mass. 


21 . A perturbation method jor calculating the characteristic values and char- 
acteristic Junctions 

The wave perturbation method of Section 13 is usually well adapted to 
evaluating the characteristic values and characteristic functions, especially 
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in the case of higher modes. This method allows a subdivision of the 
interval (0,0 into subintervals and the determination of the solutions of 
the differential equation in terms of two arbitrary constants and the 
parameter /S. The boundary condition at one end determines one arbitrary 
constant. The boundary condition at the other end imposes a restriction 
on the parameter thus confining it to a series of characteristic values. 

When the deviations of the coefficients of the differential equation from 
constant values are small, then the entire interval (0,f) may be treated as 
a whole by the following variant of the wave perturbation method.* 
Let the boundary value problem be: 

^ + x 2 !! +/(*)b’ = y( 0) = y(0 = o (141) 

where |/(x) | <§C 1. Let us represent y(x) by the following Fourier series 

CO 

y (*) = H a n sin (n-x/0‘ (142) 

n= 1 

The terms of this series are such that the boundary conditions are satisfied 
automatically. If we were to neglect /( x), the various terms in (143) 
would be the characteristic functions corresponding to the characteristic 
values Xn = («"/f) 2 of the parameter x 2 ; but as it is, we assume 

*2 = M) 2 P + 50, (143) 

and expand each characteristic function in a Fourier series, 

CO 

Y n (x) = £ a nm sin (mrrx/O, = 1* (144) 

771 =1 

The coefficients a nm in which n are small compared with unity. 
Substituting from (143) and (144) in (141), we obtain the following 
equation for the coefficients a nm of Y n (x ) : 

£ (- (mx/0 2 + (n~/0 2 0 + 5„)[1 +f(x)]a nm sin (mrx/t) = 0. (145) 

771 =1 l 

This equation must be satisfied for all values of at. Since 5„ and f(x) are 
small we shall neglect their product; (tt/I) 2 may be canceled. 

To obtain o„ and a nm , we make use of the orthogonality of the sine func- 
tions in the interval (0,1). Thus multiplying by sin (n-irx/0 and inte- 
grating from 0 to !, we obtain 

ifS n + £ « nm C f(x) sin (m-x/0 sin fax/t) dx = 0. (146) 

m- 1 ^0 

* This variant, however, was developed before the method of Section 13. 
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Since a nm « I when // ^ m and a nn — 1, we have 

2 /'t 

£=; — 7 / /(*) sin 2 (»-.v/ f) 
i Jo 


(147) 


Multiplying (145) by sin (k-xx/t), where k ^ integrating, and again 
neglecting the products of small quantities, wc find 


l (?r — k z )ia n h + n~ f f(x) sin (n-x/t) sin (kxx/l) dx = 0, (148) 

t/rt 

'hi 1 r ! 

a n h — 770 txt. / /(•*') sin (jnrx/f) sin (kirx/f) < 7 .v. 

(a:* — >r)( Jo 


Equation (147) for the first-order correction to the characteristic values 
is particularly simple. Equations (148), however, do not lead to such 
convenient expressions for the characteristic functions as the wave per- 
turbation method in Section 13. The present method fails when the 
coefficient of the second term in (141) is a fairly large negative quantity 
within the interval (0,f); but the wave perturbation method remains 
applicable. 



CHAPTER XII 

Differential Equations of Higher Order 

This brief chapter is devoted largely to differential equations with 
constant coefficients. The treatment is simply an extension of the method 
explained early in the preceding chapter. A much more powerful method 
is given in the Chapter on Linear Analysis. 

1. Linear homogeneous equations with constant coefficients — the charac- 
teristic equation 

The solution of the »th-order equation with constant coefficients, 

+ « n _ iy (n_1) + ' * • + o 2 y" -f a x y' + a 0 y = 0, (1) 

is similar to the solution of the second-order equation. Since all deriva- 
tives of an exponential function are proportional to the function itself, it is 
clear that with a proper choice of y the exponential function 

y = Ae** ( 2 ) 

should satisfy (1). The factor A is arbitrary. Substituting in (1), we 
obtain the characteristic equation for y , 

a n y n + ei n — x y n 1 + • * - + a 2 y 2 + a x y + a 0 = 0. (3) 

An algebraic equation of the nth degree has n roots if we count multiple 
roots the proper number of times. If all the roots are distinct we have the 
general solution containing » arbitrary constants 

y = A x e^ x + A#** + • • • + A n e^ s . (4) 

Equation (1 ) defines the nth-order derivative and all higher derivatives in 
terms of the function and its (n — 1) derivatives of lower order. A pos- 
sible exception would be the case in which a n = 0; but then the equation 
would not be of the nth order. Hence, so far as (1 ) is concerned, the values 
of y and its first (n — 1) derivatives are arbitrary, and the solution in any 
form should contain at least n arbitrary constants. In the case of a sup- 
posed solution containing more than n arbitrary constants, two cases may 
present themselves. Usually the extra constants would make the nth- 
order derivative arbitrary and (1) would not be satisfied. Occasionally 
it may happen that in spite of the extra constants, the derivatives of orders 
higher than the (n — l)th are not arbitrary and are consistent with the 
values of the derivatives of lower order. In this case some constants 

232 
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could be combined with others and the number of effective constants 
reduced. For example, if two arbitrary constants, A\ and A%, occur only 
in tlie sum A\ + A 2 , we have really only one effective constant. 

If yi is a multiple root, (3) becomes 

«n{y - Tt ) m (y - y m +t){y - Tm+e) • • • (y — y n ) = 0 (5) 


and there are only ;; — m -f- 1 distinct roots. In this case there are only 
n — m + 1 effective constants in (4) and the solution is not general. The 
multiple root may be regarded as the limit of in distinct roots and we may 
expect that the following derivatives will be solutions 




d n ~ 1 

v y r‘ 




( 6 ) 


These derivatives are powers of x multiplied by the exponential function. 
Linear combinations of these solutions would serve just as well, but as a 
rule we use the simple set, 

xc™, *V' r , • ■ • , .v m ~V ,r . (7) 

That these functions satisfy (I) may be verified by substitution and 
making use of the following identities, obtained by differentiating the 
left-hand side of (3) in — 1 times and setting y = y u 

fttl n y1~ l + (« — 1 )«n— lTi~~ + * * * + noy 1 + <7j = 0, 

n(n - 1 KtT 8 + (" ~ 1)(» “ 2K_,r?" 3 + • • • + « 3 - 0, (8) 


'l’hat the first rn — 1 derivatives vanish when y — y\ may be seen from (5). 
2. Initial conditions 

If all the roots of the characteristic equation are simple so that (4) is the 
general solution, the coefficients arc obtained from the initial values of y 
and its derivatives by solving the following set of linear equations: 

/Iff' 0 + /Iff' 0 + f Aff' a = y(a), 

7i Affi° -f ynAff' a + f y n Aff'° ~ y'(a), 

yUff' a + y}Aff'-° + • • • + yUff' a = /», (9) 

yff'Aff' 0 + yr'ffff-' a + ’ * * + 7n ~ y Aff' a = /”-»(«). 

A lasic set* of solutions is obtained if, successively, one of the terms on 

*Anv set of linearly independent solutions of a differential equation is called a 
JuneLtm fatal set or system; hence, n basic set is always a fundamental set but not every 
fundamental set is a basic set. The term " basic ” for the special duty, as defined 
in the text, was suecestcd by Dr. Hamming. 
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and find 


y(*) = 


Axe^ 

Z\y)' 


provided Z'(y) sA 0. 

Another simple case is 

/(.v) = A cos /3 a- = lA(e i3x + c^ 3 *). 


(16) 


(17) 


If /( x) — /,(*) + /o(.v), then a solution corresponding to /(a:) is the sum 
of solutions corresponding to/i and / 2 separately. Therefore 


f e' 3z c~' 3z ~ 

y(x) = * a \M T) + z(-tf). " 


re 


zm 


(18) 


Similarly for /(a - ) = A sin fix, we have 

AT e i3x c~ <e * I 

J{X) “ 2/Lz(// 3) Z(-f/3)J 

More generally, if/(.v) = cos (fix + 9 ), then 

//exp / (fix + 9 ) 

= re- — 


(19) 


( 20 ) 


4. Systems oj linear equations 

An example of a system of linear equations is 



(£) h + Z n , (|) / 2 d h Z n „ (£) /„ = F n (t), , 


where 

Znl (^j J = I-n\ ~ *F RnUl 4" '£T~ J I At. (22) 

This is the set of equations for a linear electric network with n meshes; 
the J's arc the mesh currents and the F’s arc the voltages impressed on the 
corresponding meshes. In the case of the network the system is restricted 
bv the reciprocity theorem, requiring T^i. - Z:-,; but the method of 
solution is not affected by thi« property. 
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Vi e could try to eliminate all dependent variables except one and reduce 
this system to another system in which one equation contains I u the next 
1\ and I 2 , the next I- x and I 2 and I 2 , etc.: then we could proceed with a 
step-by-step solution. However the method which has been employed in 
the case of a single equation applies equally well to a system. At first let 
ns suppose that the system is homogeneous and assume a possible solution 
in the form 

It = I 2 = A 2 A\ = A r f l . (23) 

Substituting in the left-hand side of (21 ), we obtain a homogeneous system 
of linear algebraic equations in the A s, 

Zn(p)A t d- Z l 2 [p)A 2 -b - • • -h Zt n (p)A r . = 0 , 

Z-2.1 ip) A 1 Z 22 {p)A 2 -r r Z 2rc (p')A n = 0, 

Z r .i (p)At —■ Z ri2 (p)A 2 ~r • • ■ ~r Z nr .(p)A n = 0, 

where 

Z~t(p) = L~ip -T Rs-Jt -f ~ — 

There are only n — 1 effective unknowns in this system since the equa- 
tions can be divided by some A„; hence a nontrivial solution (not all the 
A s are equal to zero) is possible only if p is a root of the following char- 
acteristic equation. 


Zu(p) 

Z-teip) 

‘ ' • Zlr. X?) 



Zoiip) 

Z^22 (p) 

• • • Z2r.{p) 

= 0. 

(26) 

z,iO) 

Z r . 2 (p) 

••• Z nK (p ) 




The degree of this equation is 2n. If the coefficients are real, any complex 
roots occur in conjugate pairs. 

For each characteristic value of p the A s may be determined from (24) 
except for a common factor; thus the relative currents (23) in the various 
meshes may be determined but not the general level. Exceptions arise 
only when some of the roots of the characteristic equation are multiple. 
One way of dealing with such cases is to hesitvwith the case of disanct 
roots and let some of them coalesce. Certain solurions would tend to 
become equal. Forming their differences and removing factors which 
approach zero, we obtain the solutions for the degenerate case. 

If the Vs in the nonhomogeneous case are exponential or circular func- 
tions, particular solutions may be obtained by assuming exponential forms 


(24) 


(25) 
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for the /’ s and converting the differential equations into linear algebraic 
equations, as explained in Chapter I. In the general case the most 
practical method depends on Laplace transforms. 

5. Linear equations with variable coefficients 

The wave perturbation method explained in the preceding chapter 
applies to equations of any order. Suppose that the equation is homoge- 
neous; choose suitable mean values of the coefficients and replace the 
given equation by 

y M + (in-D’ (n-1> + «n-2 y (n ~ Z) d h ~'oy = F(xj-y, ■ • •), 

. , „ (27) 

F(xjy f , • • •) = («„_ i - « n _ib ,(n J d F («o - u 0 )y, 

where the ii’s are mean values of the a’s in a given interval; treat Fas if it 
were a known function and write the general solution in the form 

. y(x) = Jo(-v) + jT F (ij, “,•••)(?(*-£) 4, (28) 

where yo(x) is the general solution of the equation for which F = 0, and 
G(x — £) is that particular solution which, together with its first n ~ 2 
derivatives, vanishes at x = £. The (w — l)th derivative of G should be 
unity at x — {. 

If J'i(- V ) is the value of the integral when y(0 = _y 0 (f) and y n (.v) is the 

value when y($) = jv.-i(f), then y(x) = j 0 (.v) + j,(.v) d . " 

For example, let the equation be 

y'" + ixy = 0. (29) 


Consider the interval 1 :£ .v ^ 3; choose u 0 equal to the average value of 
« c(= a*)> 


5° = y J' V dx - 1 ; 

* 

(30) 

and rewrite (29) as 



y'"+y=0~lx)y- 


(31) 

The characteristic equation of 



y'o" d*3'o = 0 


(32) 

is 



y 5 + l — 0, 7i — ~lj T 2.3 — 

1 ,V5 

zb ? * 

2 2 

(33) 
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The general solution of (32) is 

jo = + e xl2 [B cos (xV3/ 2) + Csin (aV3/2)]. (34) 

To obtain G(x — f) it is best to start with the symmetrical form of the 
general solution of (32), 

G(x - f) = p e yitx ~ () + Qp- Jz -° + Rc^-v. (35) 

The boundary conditions for G{x — f) are: G(0) = G'( 0) = 0,G"(0) ~ 1; 
therefore 


P+Q + R = 0, 

7l P + 72 Q + 73 R = 0, 

7i-P + 72 Q + 73# — L 

Solving, 

P = & Q = -id + *V 3), R = -Jr( — 1 + fV3); 

hence 

G(x~ £) = - £<? (I ~* )/2 cos — — ~ — 



(*- 0/2 


sin 


(■v ~ g)V3 

— ■ ■ — ■■ ■> • 

2 


Solutions of (29) are then obtained from 

y(x) = Jo(-v) +jT (1 - *&>•(«)<?(* - 0 ft 


(36) 


(37) 


(38) 


(39) 


by successive integration. 



CHAPTER XIII 
Partial Differential Equations 


I. Partial differential equations 

A partial differential equation is an equation containing partial deriva- 
tives. The order of the equation is the order of its highest derivative; the 
degree is the degree of this derivative. The equation is linear if the depend- 
ent variable and its derivatives occur only in the first degree and if there 
arc no cross-products. Many important equations of mathematical 
physics arc linear equations and some have constant coefficients. In the 
case of electromagnetic equations the linearity holds for a very wide range 
of values of the dependent variables; but the linearity of other equations 
is the result of approximations based on the assumption that the dependent 
variables arc small. The following is a list of some of the more important 
equations: 


One-dimensional wave equation 

dy 

Av 2 


1 

i r dr' 


( 1 ) 


One-dimensional diffusion equation (heat flow) 


ti = 

Av 2 ' dt 


( 2 ) 


Two-dimensional Laplace's equation 

d‘V d-V n 

~rj + tit — 0 . 

Av dy 

Two-dimensional Poisson's equation 


d-V d-V 


Av 


Telegraphist's equations 


dP dl 

— = -RT - L— > 
Av dl 


31 


3 V 


= -GV- C , 

dx dt 


(3) 

(4) 

(5) 


39 
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Two-dimensional wave equation 

— i tfL _ i. 3 2 « 

dx 2 dy 2 v 2 dt 2 
Three-dimensional Poisson’s equation 
d 2 V d 2 V d 2 V 

i? + W + a?" /(w)> ( 7 > 

including Laplace’s equation for which f(x,y, z) = 0. 

Three-dimensional wave equation in dissipative media 
b 2 V d 2 V d 2 F 1 b 2 V 2k OF 

+ ^ + = + ( 8 > 

For nondissipative media k = 0. For source-free media / = 0. This 
equation includes (7) as a special case when V and / are independent of 
time. 


Maxwell’s equations (generalized) 

curl E = -u~ - M(x,y,z;t), 

curl H = gE + + J(x,y,z;t). 


(9) 


In the original Maxwell’s equations for source-jree regions , M = J = 0. 
Equation of transverse motion of a plate 



The coefficients in all these equations are constant. Frequently, how- 
ever, it is necessary to express these equations in other coordinates than 
cartesian; then the coefficients become variable. 

It has been explained in Section 1.10 that if the source function and 
dependent variable are harmonic functions of time, it is convenient to 
regard them as the real parts of functions containing the exponential time 
factor exp(r’w/). Ordinary differential equations are thus reduced to 
algebraic equations; in the case of partial differential equations the number 
of the independent variables is decreased by one. The transformation 
follows the pattern given in Section 1.10. Let us take equation (8), for 
example, and write it as 


d 2 /~ d 2 F b 2 V 

dx 2 dy 2 dz 2 


1 d 2 V 

v 2 dt 2 


+ — + ](.x,y,"\ l ), 

v at 


(1 la) 
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to remind us that we shall be concerned with the harmonic case. We now 
let F = re f' = re [ 9 exp (iict)],/ = re/ = re [/ exp (/&>/)], where F and / 
are independent of/. If we can find a solution of 


i!£ + 2!f + ££,i2!£ + "2f + / 

dx dy dz £T dt V dt 


(Hb) 


then, since the real parts of two equal complex numbers are equal, we shall 
have the solution of (11a). Performing the indicated differentiations 
with respect to / and canceling the time factor, we have the reduced equa- 
tion 


J? + tf + W- a?+f(x ’ y ’ z) > 


where e r 2 = (—w~/ir) + (Ikioi/v). 


(11 c) 


2. The problem oj partial differential equations 


Partial differential equations are broad descriptions of the functions that 
satisfy them; most of the details are lost. All electromagnetic waves arc 
described by Maxwell’s equations; but there is a vast difference in their 
behavior in free space, in the presence of conducting wires, inside and out- 
side hollow metal tubes, etc. All these differences arise from the associated 
boundary conditions. It is rarely that the most general solution of a partial 
differential equation is of much use; for it is likely to be unsuited to the 
particular solution in which we arc interested — that is, to the solution 
which vanishes on a given surface, or which reduces to a given function at 
some particular instant, or which behaves in some other prescribed manner 
besides satisfying the equation. 

A simple example will illustrate the degree of vagueness inherent in a 
partial differential equation. Take 


dz 

dx 


= 0 , 


( 12 ) 


where z is supposed to be a function of tivo variables, .v and y; then 

= =/0'), (13) 

where / is an arbitrary function. Equation (12) says merely that c does 
not in fact depend on ax 
T he general solution of the less trivial equation 
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is 


2 =/(x + y). 


Taking the partial derivatives, 

9Z {’( _i_ \ dz 

Ty 


=f(*+y), 


05 ) 


( 16 ) 


we find that (15) is a solution of (14) regardless of the form of / (the primes 
indicate differentiation with respect to # + y). 

Conversely, starting with an arbitrary function of a given function of 
x and y, we can obtain a relationship between the partial derivatives which 
holds independently of the arbitrary function. For example. 


z =f(xy+y 2 ), =/(xy+y^)~ : ( x y+y t ) =yf(*y+y 2 ), 

Y =f(xy +y 2 )j- (xy -f y 2 ) = (x + 2 y)f'(xy + y 2 ), 
dy dy 


( 17 ) 


where the prime indicates the ordinary derivative with respect to xy + y 2 , 
regarded as a single variable. Eliminating/', we have 


, , - , dz dz 

(x + 2y) — = y — • 
^ dx J dy 

If we start with two arbitrary functions 

z =/(* +y) +g(x -y), 

we obtain 
dz 


08 ) 


( 19 ) 


=f(*+y)+/(x-y), 

= fix +y) +g"(x-y), 


dz 

dy 

dh 

dy 2 


= f'(x+y)-g'(x-y), 

= f (x +y)+g"(x - y), (20) 


=/ (x + y) - g (x-y). 


dx 

fz 

dx 2 

d\ 
dxdy 

The arbitrary functions can be eliminated from the equations in the middle 
line 

d 2 z d 2 z 
dx 2 ~ dy 2 ' 

Let us now see if we can find a particular solution of (21) which reduces 


( 21 ) 
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to given functions when x — 0; thus the boundary conditions are 

z = F(j) t ? = G (y), at x = 0. (22) 

dx 

Substituting x = 0 in the general solution (19) and in its derivative, we 
have 

/O’) + g(~y) = F(y), 

, (23) 

= /(>■)+ g'(~y) = G(y). 

|x *0 

Noting that g'(-y) = dg(—y)/d(—y) = -dg(-y)/dy, and integrating 
the second equation in (23) with respect to y, we obtain 

/O’) — g(-y) -£ G («) du + G * (24) 

Therefore, 

/O') = \F{y) + £ £ G (“) d “ + he, 

g{-y) = *F(y) - \ jH G(«) </« - \c, (25) 

£(y) = m-y) -i£~ V G (") - 2 C - 

Thus we have determined the form of the arbitrary functions f, g‘, (19) now 
becomes 

2 = {[F{x + y) + F(y - x) +££ G(u) du]. (26) 

More specifically, if F(y) = y 2 and G(y) = y 3 , 

• s = .v 2 + / + */>+.,w 3 . (27) 

We must not be misled by our success in solving this particular boundary 
value problem. If we had assigned values of a on the circumference of 
the unit circle, we would have found ourselves in difficulties. Successful 
methods of solution arc determined by the nature of the boundary condi- 
tions; general solutions should be sought in a form which will make it 
easier to satisfy the requirements at the boundaries. 

The remainder of this chapter is devoted to some of the special equations 
mentioned in Section 1. 


dz 

dx 
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1. Find the general solution of 

,dh , d-x 
dx 2 dy 2 

Ans. Z=/(x + ipy ) + g(x - ipy). 

2. Find the general solution of 


+ r = .0 (p is a constant). 


dh. d 2 z 

a __ q. & 

dx- dxdy 


c~=0. 
dy 5 


Ans. z =/(.v + Aiv) + g(x + where £i.» = 


—b±\^b 2 — Aac 
_ 


3. Find a partial differential equation satisfied by it = J(x +y : ). 

. . 3 # du 

Ans. 2y — 

dx dy 

4. Eliminate the arbitrary function from u = f(x +_y 2 + xz). 


Ans. x ~ = (l + z) ~ , 
dx dz 


du du 


Chap. 13 


3. One-dimensional wave equation — progressive and stationary waves 

In some circumstances one-dimensional wave motion in nondissipative 
media is mathematically described by equation (1). The term “one- 
dimensional ” does not imply that the actual space occupied by the waves 
is one-dimensional; it merely indicates that two of the three spatial 
coordinates are irrelevant. Waves in strings and springs, uniform plane 
waves of sound, uniform electromagnetic waves, are all described by 
equation (1). To give our ideas concrete form, let us interpret y as the 
transverse displacement of a string. 

The general solution involving two arbitrary functions is similar to (19) 
since the wave equation is similar to (21); thus^ 

y(x,t) =/(* + vt ) + g(x - vt). (28) 

The first term depends only on the values of x -f- vt. To an observer 
moving with the velocity dx/dt = — v, these values would appear constant; 
thus the first term represents a movement of a transverse displacement in 
the negative x direction. The second term represents another “ wavelet 
moving in the positive x direction. In each case there is no change in the 
shape and magnitude of the displacement. 

Initially we are at liberty to displace various points of the string arbi- 
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trarily and communicate to them arbitrary velocities; thus 

y(x, 0) = F{x), y(xfl) = G(x), (29) 

where the dot represents differentiation with respect to /. In the preceding 
section we have solved a problem with similar supplementary conditions; 
following the same method we obtain the displacement at any instant 

y(xj) = $F(x + vl) + \F(x - vt) + i <%• (30) 

ZV <Jx — r£ 

If G = 0, the last term vanishes; thus the initial displacement splits in 
half and the two halves travel in opposite directions. 

In the preceding problem no restriction is imposed on the magnitude of 
the transverse displacement y, beyond the general assumption that it is 
small as required by the approximations involved in (1). If the string is 
held fixed at x — 0 and x = f, y must vanish there at all times. These 
added conditions are not satisfied by (30); but they can be satisfied if we 
add appropriate functions of x — ct and .v + £•/. 

To illustrate, let us consider a simpler situation in which a disturbance 

y(x,l) = g(x - vl) (31) 

traveling to the left reaches a fixed end at x = l. To make y(?,t) = 0 at 
all times we can add —g(x — vl); however, this makes y(x,t) equal to 
zero everywhere — a trivial case. No other function of .v — vl will satisfy 
the boundary condition; but if we try a function of x + vt and write 

_>'(*,/) = g(x - vt) + K* + *), (32) 

the condition can be satisfied. Thus 

g(i - vt) + h(t + vt) = 0, h(! + vt) 

Letting f + vt = £, we have 

m = -gw - o. 

Substituting in (32), we find 

y(x,0 = £(.v - Vl) - g(2f - x — ct). (35) 

At x = f, y vanishes as required; elsewhere it is unrestricted. The 
added term represents a wave moving in the opposite direction; except for 
a change in sign, it is a replica of the original wave. The formation of the 
second wave at x— f is called reflection ; the newly formed wave is called 
the reflected wave to distinguish it from the original or incident wave. 

If the string is fixed at two points, reflections go on indefinitely. For 
example, a transverse displacement at a given point will result in the 
formation of two similar waves which will move in opposite directions 


= ~g(t ~ vt). (33) 
(34) 
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until they reach the ends; there they will be reflected and will move to 
meet each other, pass, reach the ends, etc. 

A more extended disturbance can be subdivided into small displacements, 
and we could try to form an idea of the subsequent behavior of the string 
on this basis; but when there is too much overlapping between direct, 
reflected and re-reflected waves the picture and expressions become too 
complicated to be of much use. 

Among special solutions of the wave equation we find 


y(x,t) ~ A cos fl(x — vt) and y(x,t) = A cos w 



These solutions are essentially the same. The profile of the first solution 
at / = 0 is A cos /Sw, which is a sine wave of wavelength X = 2t/^; on the 
other hand, at each point y oscillates with a frequency « = j3p. The 
second solution stresses the frequency of the wave. Either form of the 
solution represents a progressive sine wave moving in the positive a 1 direc- 
tion. Similarly, A cos /?(* + vt) represents a sine wave moving in the 
negative x direction. The sum of the two solutions, 2A cos /Jx cos ut, 
represents a stationary wave. The amplitude of the oscillations, 2 A cos fix, 
varies from point to point and at some points, the nodes, there is no motion. 


4. One-dimensional wave equation — natural oscillations 

In the preceding section we found a solution satisfying the initial condi- 
tions first; then we modified it to satisfy the boundary conditions. Now 
we shall try to satisfy the boundary conditions first and then pass to the 
initial conditions. 


The First Stage of the Solution 

Let us see if the wave equation possesses solutions in the form of the 
product of two functions, 

y{x,t) = X{x)T{t), (36) 


in which each factor depends on only one variable. To find the answer, 
we substitute in (1) 


Dividing by XT, we have 


11 

E*i 

(37) 

1 cfiX 1 d 2 T 

X dx 2 #T dt 2 ’ 

(38) 
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The left side is independent of t and the right side is independent of 
the equation can be true only if each side is independent of both variables. 
Denoting by y z the common value of the two sides, we have 



Thus the answer to our question is " yes there are infinitely many 
solutions of tile form (36). Each factor satisfies an ordinary differential 
equation containing an arbitrary parameter 7. We have achieved what 
is known as separation of variables. The arbitrary constants, such as 7, 
introduced in the course of separation of variables, are called separation 
constants. Tile number of independent separation constants is one less 
than the number of independent variables. 

This separation of variables is not always possible. For a given equa- 
tion the easiest way to find out if the variables can be separated is by trial. 


The Second Stage of the Solution 

The next step is to introduce the boundary conditions; the separation 
constants will thus be restricted to a certain set of values. Suppose that 
at all times 


y(0,t) = y((,t) = 0. (40) 

Then we must have 

X(0) = X(0 = 0. (41) 

If we impose these conditions on every solution of the form (36), they will 
be automatically imposed on any linear combination of such solutions. 
The general solution of the first equation in (39) is 

X = Ac 1 * + Bc~<\ (42) 

Conditions (41) will be satisfied if 

A + B = 0, Ac-" + Bc~" = 0. (43) 

One possible solution is the trivial one: A = B --- 0. If A and B arc not 
equal to zero, then 





(44) 


The roots of the last equation arc 

27„F = 2 n ~ 0, dbl, A 2, 


7 n = inr/t. 


( 45 ) 
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These are the characteristic values of the parameter y. Since B = ~J 
the characteristic j unctions are 


X n (x) = //[exp {in-rx/f) — exp (~ir,~x/l)\ 


— 2 iA sin (mr*//) = A' sin /). 


(46) 


If the common value of the two sides in (38) had been denoted by ~5~ 
instead of y~, it would have been natural to write the general expression 
for X in the form 


X(x) = A cos °x + B sin /?*, (47) 

which would have led to (46) more directly. Similarly, the hyperbolic 
form of (42) would have been more direct. These short cuts will occur to 
the student as his experience increases and he begins to anticipate some of 
the properties of the final solution. 

Substituting from (45) in the second equation in (39), we have 

T n (t ) = C„ cos ( mrct/t ) -f D n sin (?;rr//f). (48) 

Combining (46) with (48), we can write the most general solution of the 
wave equation, subject to the given boundary conditions, in the following 
form 


y(x,0 = Z a n Xn(x)T n (t) 

n = 1 

cc 

= Z \Pn cos (wrr//f) + Q n sin (rnrct/t)] sin {n-rx/i). 

71 “1 


(49) 


The characteristic value « = 0 has been omitted since it leads to the trivial 
solution y — 0 The negative values of n lead to the same set of char- 
acteristic functions as the positive values, and their inclusion would not 
make (49) more general. 


The Third Stage of the Solution 

The third and last stage of the solution consists of calculating die 
unknown constants in (49) from the remaining conditions imposed on y. 
At this stage the problem is the one considered in Section (11.18) from a 
more general point of view. In that section the coefficients are determined 
in such a w r ay that y(x,t) and its time derivative y(x,t) reduce to given 
functions at tJie instant / = 0; to apply the results to the present case wc 
should let _y n (w) = (V2/1) sin (nxx/i) and M(x) = 1 . The numerical 
factor (V 2/f) enters through the normalization of the characteristic 
functions. 
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Various characteristic functions represent different modes of oscillation , 
corresponding to different natural frequencies. 


Problems 


1. Equation (2) governs one-dimensional heat flow; y is the temperature. It 
may be applied to a rod of uniform cross section provided the physical conditions 
arc such that die temperature is the same at all points of any normal cross section, 
and provided there is no loss of heat except through the ends of the rod. Find the 
general solution for the case in which the ends x — 0 and x = f of the rod are kept 
at 2 cro temperature. 

co 

Ans. y(xj) = 52 Jn exp (— nnr-t/ki 2 ) sin (n-x/t). 

n r » 1 

2. Let the initial temperature of the rod in the preceding problem be y(x, 0) = 
/(*). What is the temperature at a subsequent instant? 

2 ” r r 

Jets. y(xy) — - 52 exp sin (mrx/f) f /(.%•) sin (n.rx/t) dx\ 

'n-i Jo 

3. Find the general solution of Problem 1 when the ends arc kept at fixed tempera- 
tures y i and _)•«. Hint: Find the steady state solution in which d fit ~ 0, and show 
that the difference between it and the required solution satisfies die boundary condi- 
tions of Problem 1. 


Ans. y(.v,t) = yi +• v + y(x,t), where j(x,t) is given by die expansion in 

Problem 1. 

4. Complete the solution of Problem 3 when die initial temperature distribution 
is/(.v). 


Ans. 


y(x,‘) = yi + 


, 2 £ (-ryc-yi 


(“ if )” 

+ II, “ p (~ if) ““ 'f jO> * ¥ 


1 n»l 

o »* 


7J~X 

T 


5. Consider a diin insulated rod bent into a ring. Let the initial temperature 
be/(.v); what is the subsequent distribution? Hint: If f is die length of the ring, 
then at all times and places y(x,t) = j(-v + f, /). 




2 nxx . 2nrx 

cos —j~ + B n sm — — 




where 


0 pt o,. rx o pr 

A ~ ~ f /(-V) COS -f- dx, Pn = - . / f(x) sill ~~ Jx. 

1 Jo f 1 Jo t 
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6. Under what conditions do the telegraphist’s equations become identical with 
the equations of one-dimensional heat flow? 

Ans. 1) L = G = 0; 2) R = C = 0. 


7 . -In the case of a noninductive cable (L = 0) V and I satisfy the same equation 


d-F 
dx 2 


RGV - 


RC—' 

dt 


This is also the equation of heat flow with radiation. 
Separate the variables. 

Anl - %—n f --(f+£)r. 


8. What is the principal difference between the solutions of the equations in Prob- 
lems 1 and 7? 

Ans. The former are multiplied by exp (— Gt/C ) to obtain the latter. 


9. Since the coefficients in the equation in Problem 7 are constants, there exist 
solutions of the form exp (yx pt). Show that exp [yx -f (-ft /RC) — ( GtjC )} is 
a solution for any value of y. 


5. Two-dimensional Laplace's equation — the general solution 

Laplace’s equation (3) is obtained if _y in (21) is replaced by iy; hence 
its general solution is 

X(x,y) = fix + iy) + g(x - iy). (50) 


In particular 

V(x,y) = \{j{x + iy) +/(* “ h )J = re/(Ar + iy), 
V{xyy) = ^ L fix + iy) ~/(x - iy)] = i m/(x - iy), 


(51) 


are among the solutions. Thus all analytic functions of complex variables 
x iy, x — iy as well as their real and imaginary parts are solutions of the 
two-dimensional Laplace’s equation. 

Applications of this result to boundary value problems are considered in 
the Chapter on Conformal Mapping. 


6. Laplace’s equation — the method of characteristic functions 

The variables in the two-dimensional Laplace’s equation (3) are sepa- 
rable and we can find particular solutions in the product form 

V(x,y) = X(x)Y(y). 


(52) 
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Thus substituting in (3) and dividing by XY, we obtain 


1 drX 1 <PY 
X dx~ + Y df 


(53) 


The sum of functions of different variables cannot vanish unless these 
functions degenerate into constants; therefore 


d 2 X 2v cf~Y 

= 7 “ A, t-o = — r Y. 


dx 2 ' dy 

General solutions of these equations are 


(54) 


A'(.v) = Ac** + TO’) = C cos 77 -f- D sin 77. (55) 

Such solutions are adapted to the solution of problems involving pre- 
scribed conditions on boundaries x — constant and y = constant. Con- 



Fig. 13.1. Two parallel planes and a uniformly charged strip (indicated by the shading). 

sider for instance two perfectly conducting parallel planes y ~ 0, l/, Figure 
13.1. If V is the electric potential, then it should be constant on the 
boundaries. The product XY can be constant on y — 0, b only under one 
of the following conditions: 

1. A'(-v) is a constant; 

2. TO') vanishes on the boundaries 

T(0) = T(/,) - 0. (56) 


In the second case we must have 

C — 0, sin 7 b = 0, 

7 b — WTj n *= ±1, ±2, ±3, * • • , 


(57) 


We exclude ;/ — 0 since it yields the trivial solution F — 0 for all x and y. 
Without loss of generality we may assume that 11 is positive, for negative 
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values of n in conjunction with arbitrary constants lead to the same set of 
characteristic functions as the positive values. These functions are 

Y i ') = [X n exp (n~x/b) + B n exp (—mrx/b)} sin ( n-xy/b ). (58) 

Next, let us consider the case in which X(x) is a constant and hence 
7 = 0. A direct substitution in (55) does not yield the most general 
solutions for this case,- two of the arbitrary constants disappear altogether. 
Going back to (54), we find 


Xo(x) — A$x -)- Bq, Yo(y) — Co y + D 0 ; 
Yq(x, y) — (A 0 x -j- Bq) {C Q y -f- Do). 


(59) 


If V j is to be constant when y = 0, b, we must have either Ao = 0 or 
Y 0 (0) = Y 0 (b) — 0. In the latter case Yo and Y 0 become identically 
equal to zero; in the former case C 0 and Do are unrestricted and 


Y 0 (x,y) = C 0 y -f D 0 . 


(60) 


Hence the most general form of the potential between the planes is 

00 

V{x,y) = Aoy + B 0 + A n exp ( mrx/b ) sin (niry/b) 

n~l 

(61) 

CO 

+ D B n exp {—mrx/b) sin {mry/b). 

n—l 


The potentials of the planes determine Ao and Do; the infinite series allow 
for all kinds of variation in the potential between the planes without 
affecting the potentials of the planes. 

The electric intensity of the field is obtained by differentiation, 


£x = 


dV 

dx 



(62) 


The first term in (61) yields a uniform electric field normal to the planes 
and implies equal and opposite charges per unit area on each plane. If 
both planes are at zero potential, then Ao — Bo — 0. If the field is pro- 
duced by some charge distribution in the yz plane, it must not increase 
as we move away to infinity in either direction. In this case every A n 
should be made equal to zero on the positive side of the charge distribution 
(where x > 0) and B n should be set equal to zero on the negative side. 
For a sufficiently large x, only the first terms would be important 

V(x,y) = Bi exp (-rrx/b) sin (iry/b), x-+<°; 

(OJ) 

= A\ exp (wx/b) sin (iry/b), x— * ~ 05 ; 
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and the field would eventually decrease exponentially with increasing 
distance from the source. Thus the potential distribution between the 
planes would gradually become sinusoidal. 

If the source is a uniformly charged strip of width s, between y = h and 
j = /; + s, in the plane x = 0, and if the charge density is q, the following 
conditions must be satisfied: 


V is continuous at x = 0, 

d_F 
dx 

an*,y) 

dx 


is continuous at .v = 0 if y < h or y > h + s , 
dF(x,y)\ 


(64) 


r -+0 


dx 


_ _ 


where e is the dielectric constant of the medium between the planes. The 
latter two conditions may be combined into one: 


8 = 


dV{x,y) 

dx 


dF(x,y) 


Lr = +0 


dx 




= 0 if y < /; or s, (65) 

= — q/e if /; < y < Ji + S. 

These conditions arc sufficient to determine the coefficients in (61). 
Remembering that for x > 0 only the B's are present and for .v < 0 only 
the A' s, we have 


5 = - E ~ (X + Rn) sin (wr y/l). 

n -1 V 


( 66 ) 


The continuity of the potential requires A n — B n ; therefore 

S = - Y 72 sin (»~y/b). (67) 

V n »1 


Multiplying by sin ( in-y/b ) and integrating from y — 0 toy = b, we have 

A m - — f 8 sin (m-y/b) dy. (68) 

in- oo 

Substituting from (65), we have 

„ ph+s # 2 lq . m-s . tax f A 

A„ / sm (mxy/b) dy = — j-j* sin — sin — { h + - ) (69) 

vsztJh m — € 2b b \ 2 / 


Thus wc have determined the coefficients of (61). The potential due to 
the strip of electric charge between two infinite parallel planes at zero 



254 


APPLIED MATHEMATICS 


Chap. 13 


potential is 

co 

V{x,y) = £ A n exp (—n~x/b) sin (n-xy/b), x > 0: 

n = 1 

( 70 ) 

= £ A n exp {n-x/b) sin {n-y/b). x <0. 

n~l 

As s approaches zero, the coefficients become 

A n = ( qs/rnre ) sin (nirh/b). (71) 

With these coefficients (70) becomes the Green’s function for the present 
boundary value problem. The elementary source is in the plane x = 0; 
if we replace x by x — *o and h by y 0 , we shall have the general expression 
for the Green’s function representing the potential at a point ( x,y ) due to a 
source at (-v 0 ,jyo ) - The field of any given charge distribution (with the 
density depending only on two coordinates, x andy) may then be expressed 
either as a sum, or a line integral, or an area integral, or as a combination of 
these, depending on whether the charge is concentrated in filaments 
parallel to the z-axis, or on cylindrical surfaces with the generators parallel 
to the z-axis, or distributed in volumes enclosed by such surfaces. 

In the vicinity of a linear source the series in (70) converge very slowly; 
this feature is common to all expansions of this type. In some instances, 
such as the present one, there exist solutions which are equally good at all 
points, but in general it may be necessary to look for two or more different 
forms of the solution to cover the range of interest. 


Problems 


1. Consider a slab of conducting substance between y — 0 andy = l. The poten- 
tial of the two-dimensional flow satisfies (3); the electric current density is J - gE, 
where g is the conductivity and E = —grad V; the normal component of the current 
density, and therefore the normal derivative of V, vanishes at the boundaries of the 
slab. Find the Green’s function; that is, the potential of a line source at (xo,yo) 
emitting one ampere per unit length. 


, 1 4^ 1 mr(x 0 -x ) mvyo _mry 

Am. V(x,y,x Q yo) = ——j I Z - exp cos— —cos > 

2gb irg n =i x b b b 


x > xo ; 


X-Xo , 1 »ir(*-*o) WTO 5 

2 gb irgn^m b b b 


x < Xo. 


2. Solve the preceding problem for the case in which one boundarj , j — 0, is 2 
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perfect conductor. 
/Ins. 


At this boundary dF/dx should vanish. 


2 £ 1 (2 n+ l)-(x 0 - x) . ( 2n + l)sy 0 w 

= - 2- ~ — — : exp — Sin — X 


Ty g n =0 2)1 + 1 


2b 


2b 

. (2»+lky 


sm 


lb 


} x > xc; 


2 £ 1 (2» + l)r (*-*„) - (2»;+l )-_>•<,_ 

= — 2- — -exp — sin — X 


~gn~o 2 n + 1 


2b 2b 

. (2« + l )ry 

sin > x < xo. 

2 b 


3. Suppose that the slabs in the preceding problems are cut in two along the plane 
x = 0. Find the potentials. 

Am. In each case there is an additional series representing the potential of a unit 
source at (— X'oJ'o). 

4. Suppose that the boundary x — 0 in Problem 3 is made perfectly conducting. 
Find the potentials. 

Am. The additional scries represent die potentials of a negative unit source at 
(-*o,jo). 


7. Laplace's equation in cylindrical co- 
ordinates 

Let us now consider problems involv- 
ing two coaxial cylinders, Figure 13.2. 
Solutions in the form (55) are not suit- 
able for the new boundaries; for the 
success of the present method the 
boundaries should coincide with the co- 
ordinate surfaces and we should turn to 
cylindrical coordinates. 

In these coordinates Laplace’s equa- 
tion becomes 



,S-r OF d 2 F 

~^ + p T P + 17~ 


(72) 


Assuming solutions in the product form 

PM = R(pV K<p), (73) 


Fic. 13.2. A cross section of two coax- 
ial cylinders. Coaxial circles and 
radii (dotted lines) may be used to 
subdivide the region into subregions 
in which the boundary conditions of 
a given problem may be satisfied. 


wc substitute in (72) and divide by V 

1/ dR\ I /Pi' 

R\ p ~7f+ p T P ) + *!?-- 


0. 


(74) 
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The variables are now separated and we obtain two ordinary differential 
equations^ 


J 2 ^ _ 
4 ? = 


— » 2 <i>. 


p^o. 

P Jp 2 1 


dR 

P -j n 2 R = 0, 

dp 


(75) 


with an arbitrary parameter n. The form of the separation constant has 
been chosen to make it natural to express the ^-function in terms of 
circular functions 


®n(<p) ~ A n cos ntp -f B n sin n<p, R n (p) = C„p n + D^p -71 . (76) 

We should not lose sight, however, of the essential arbitrariness of n, until 
v/e begin to impose the boundary conditions. It is also important to keep 
in mind that to some extent we are free to choose, from a given set, those 
boundary conditions which are to determine the separation constants. 

The solutions (76) cease to be general if n — 0. In this case we find 
directly from (75) 

%(<?) — A 0 ~r B&p, Ro(p) = C 0 + D 0 logp. (77) 

We shall now solve several electrostatic problems in which the coaxial 
cylinders p — a and p — b are conductors. The simplest case is the one 
in which the electric charge is confined to the cylinders. On conductors 
the charge is free to move and our system is symmetric; hence the charge 
distribution and the field should be independent of tp. The only solution 
of this kind is 


V(p) = A + Blog p. 


(78) 


If V(a) = V l and V(b) = V 2 , 

A -f- B log a = Vi , 

r, Vi - Vi 

“log (6/a)' 
V( P ) = Vi + 


A -f Blogb = V 2 ; 


log (b/a) 


V(p)-V 1 = Blog ( P /a); (79) 


T log (p/a). 


It is not necessary to use symmetry considerations. If there is no 
charge between the cylinders, V should satisfy Laplace’s equation for all 
values of <p and for all values of p in the interval (a,b). The potential is a 
single-valued function; hence in the present case it must also be periodic, 
with the period 2 tt. This condition restricts n to a set of integers. For 
any n different from zero, R n should vanish when p = a and p = b; other- 
wise, the associated ^-factor would make the potentials of the conducting 
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cylinders variable. Thus 


C n a n + D n a~” = 0, C n b n + DjT* = 0, 

- = « 2n = * 2n , (V«) 2n = 1, 

t-'n 


(80) 


or else C n = D n = 0. For integral values of ?; the nontrivial solution (80) 
is impossible and we are led back to (78). 

Let us now suppose that a charged filament is passing through some 
point (po,<po)- This alters the situation because Laplace’s equation is no 
longer satisfied for all values of p and <p. However, theequation /Vsatisfied, 

A. For all values of <p in two regions, a £ p < p 0 and p 0 < p :2 b; 

B. For all values of p if <p ^ <pq. 

Without loss of generality we may assume that <fo = 0. The statement 
(A) applies more generally to the case in which the electric charge between 
the cylinders is confined to the cylinder p = po. Having found the solu- 
tion for this cylindrical layer of charge, we can obtain the solution for any 
charge distribution by subdividing the latter into coaxial cylindrical 
layers. The statement (B) applies more generally to the case in which the 
electric charge is confined to the radial half-plane <p = ^?o- Having found 
the solution for this case, we can obtain the solution for any charge dis- 
tribution by subdividing the latter into radial layers. The two methods 
of approach lead to different sets of characteristic functions. Any charged 
filament may be regarded either as a “ cylindrical layer ” or as a “ radial 
layer thus we shall have two different series expansions for the Green's 
function. 

We shall now study the two alternatives in greater detail. In the case 
(A) all 'I>-functions should be periodic; therefore. Bo — 0 and ;; is an 
integer. Thus we have 


V{ptf) - Co+Dolog p+ Z (C n p n +D n p~ n )(/l n cos n<p+7?r. sin up), 

n *“ 1 

— P < Po, x 

w (81) 
= C'q+D'oIoq p+ Z {C' n p n +D'„p~ n )(B' n cos sin n<p), 

n **1 

Po < p A 

We arc forced to consider the two regions separately because V docs not 
satisfy Laplace’s equation when p -- po. Tiic coefficients in these expan- 
sions arc found as follows. If p = a, f is constant; this makes it possible 
to express D„ in terms of C,, (when « t 6 0) or vice versa. Similarly D'„ 
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may be expressed in terms of C r n . Since C„ and C' can be absorbed by the 
constants associated with the ^'-functions, we can set arbitrarily C' — 
C n — 1. The potential across the charged layer p = p 0 should be con- 
tinuous; this relates An s to A n ’s and B„ s to B„’ s. The radial derivative 
of V should be discontinuous and the magnitude of the discontinuity 
should be related to the charge density. For a narrow charged strip wc 
obtain equations similar to (65). The orthogonality of the circular func- 
tions then enables us to determine the remaining coefficients. Thus, if 
the coaxial cylinders are kept at zero potential, for a filament at (p 0 ,y 0 ) 
having an electric charge q per unit length we find 


y(p,<p;po,<Po) = 


g log QVpq) log (p/a) 
2ire log ( bja ) 


f E 

€ n = 1 


[(po/^) n - (Wpo) n ][(p/a) n - (g/p)"] 
2 n[{b!aY - {a / bY) 


(82) 


cos n{ip - Vo), 


Tr , \ q log (poAO log (6/p) 

nwiww) ” 2«iogliA) 


(83) 


q “ t(po/«) n - («/Po) n ][(p/^) n - Wp) n ] 

2. n 7l\ni C0S ~ Vo)> 

-«n=i 2 n[{b/ a y - (a/by) 

according as p < po or p > p 0 . It is suggested that the reader should fill 
in the details and actually derive the above equations before passing on to 
the second case. 

In the case (B) we want a single analytic expression valid for any p, 
including a and b. If V is to vanish for these extreme values we must 
satisfy (80). The roots of the last equation in this set are* 

2n log (b/a) = 2mA, n = imir/ log (bja), m — 1, 2, 3, • * • . (84) 

The negative values of m are omitted because they yield essentially the 
same characteristic functions as the positive values. Since the coefficients 
of R n are related as in (80), we have 

Rn( P ) = A' n [( P /ay - (a/ P y) (85) 

= //' {ex p \n log (p/a)\ - exp [— n log (p/a))}. 
Substituting from (84) and combining the exponential functions, wc obtain 
Rm(p) = sin \mk log (p/a)), k = -/log (b/a), 

(<p) = C m e mk * + D m e^, <f 0 <<p<2~ + 

* Since at” = exp (« log x) and exp (2 m~i) = 1 when m is an integer, wc have 
n log x = 2 mxi. 


m 
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If the potentials of the coaxial conductors are to be different from zero, 
we should include an additional solution of the form (78). 

The “h-functions are no longer periodic and the range of <p should be 
restricted to an interval (<po>Vo + 2 tr). A charge distribution in the radial 
half-plane <p = <p Q causes a discontinuity in dF/d<p but leaves V continuous. 
Expressing the continuity condition, we have 

C m d nlVo + T> m e~ m ' k ^ = C m e mhw » +2T) + D m c^ n ’ :W ° + "\ 

C m (<?* km - = D m (l - 

n _ J ) 1 xfcm— Impb n ])' jslzm+kmtf 0 

Therefore 

$> m (<p) = ^^(V-vV-r) + 

= 7? m cosh ink — tp 0 — ?r). 

Thus the general continuous form of V is 


(87) 


( 88 ) 


V(p&) = 72 d m sin [mk log {p/a) ] cosh mk(<p - <? 0 ~ a-). (89) 


m “1 


If q{p) is the surface density of electric charge in the half-plane <p — <p Q , 
then in accordance with electrostatic laws 


IdV 
p S<p 

Substituting from (89) 

• 1 


v’-CT+S* 


1 

p 


= ?(p)/«* 


72 2 mkA m sinh ink- sin [mk log (p/a)] — q(p)/e. 
Pm~ i 

This equation should be satisfied for all values of p. 

The /^-functions are solutions of 


d_/ dRA = >£ 

dp\ dp) p 


R. 


(90) 


(91) 


(92) 


By (11-111) the 7?-functions are orthogonal and the “weight-factor” 
i\T(p) - 1/p. Hence, multiplying (91) by sin [pk log (p/a)], where p is 
an integer, and integrating from p — a to p = b, we obtain 

q(p) sin [pk log ( P /a)] dp 




X 


2pke sinh pk- J' p 1 sin 2 [pk log (p/a)] dp (93) 

— csch pk- f q(p) sin [pk log (p/a)] dp. 
r/>c Oa 
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If the charge is concentrated on a strip of width s, extending from 
P — Po ~ 2 s to P ~ Po + 2 j j an d if we let y(p) increase as j decreases in 
such a way that its integral over this interval is a constant y 0 , 


A v — 


qo_ 

■Kpe 


csch pkrc sin \pk log (po/a)]. 


(94) 


Thus the coefficients in (89) have been determined, and we have another 
form of the solution of our problem, essentially distinct from that given by 
(82) and (83). The new expansion is particularly good when b/a is near 
unity and <p is not too close to or <p Q + 2x. 


Problems 

1. Show that, as a increases indefinitely while b — a remains finite, equations (89) 
and (94) approach (70) and (71). 

2. What happens to (82) and (83) under the conditions of the preceding problem? 
Am. Letting — <p 0 = x[a, where ,v is the distance from the source along an arc 
of a circle, it will be found that the various terms are proportional to cos x x > where x 
varies in increasingly smaller steps. The expressions will tend to become integrals 
of certain functions with respect to x- These integrals can be obtained directly, 
using the ideas expounded in Chapter 16. 

3. Calculate the characteristic values and functions corresponding to the following 
boundary conditions: /'vanishes at p = a, dF /dp vanishes at p — b. 

Am. n - (2m -f l):V/2 log (b/a), m = 0, 1,2,-*- 
sinh [» log (p/a)] or cosh [» log (p //>)]. 

4. Assume a perfectly conducting radial partition at <p = tr. Show that the char- 
acteristic functions corresponding to the boundary condition V(p, t) = 0 are sin mtp 
and cos (m + -))<p where rn is an integer. 

5. Show that if the radial partition of Problem 4 is at tp = 0, the characteristic 
functions are sin (vnp/2), where m is an integer. 

8. On the method of characteristic functions 

The solution of boundary value problems given in the preceding section 
is typical of the method of characteristic functions. The characteristic 
functions are solutions of a homogeneous equation; but they enable us to 
solve the non homogeneous equation as well. This is accomplished by 
subdividing the source function into infinitely thin layers coinciding with 
coordinate surfaces. For each layer we have a homogeneous equation 
everywhere except inside the layer itself. Solutions are written for the 
regions on the opposite sides of the layer and then joined at the layer. 
The final solution is obtained by integration. There are several options 
for subdividing the source function into layers. In the problem considered 
in the preceding section, the source function may be subdivided either in 
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cylindrical layers coaxial with the cylinders or in radial plane layers emerg- 
ing from the common axis of the cylinders, Figure 13.2. Different sets of 
characteristic functions correspond to these two optional subdivisions. In 
the three dimensional case we should get a third sec of characteristic func- 
tions corresponding to the third family of coordinate surfaces. In wave 
problems there is a fourth set of characteristic functions corresponding to 
the time variable; physically this set of characteristic functions represents 
the natural or free oscillations. 

In some problems, the sets of characteristic values and functions are 
discrete; and the corresponding solutions are given by infinite series. In 
other problems, these sets are continuous 
and the series are replaced by integrals. 

Such problems are considered in the Chapter 
on Linear Analysis. 

In many problems, discrete sets of charac- 
teristic functions are orthogonal; but this is 
not always the case. 

Characteristic functions are determined by 
the equation and by selected boundary condi- 
tions. In the case of Laplace’s equation in 
the region bounded by perfectly conducting 
coaxial cylinders and radial planes as in Fig- 
ure 13.3, we may seek either those solu- 
tions which vanish on the radial half-planes 
or 'those which vanish on the cylinders. 

There are no solutions, analytic in the entire 
region, which vanish simultaneously on all 
four surfaces (barring the trivial solution 
y — 0). The solutions which vanish on all 
four boundaries must somewhere fail to be analytic; they may be discontin- 
uous or have some discontinuous derivatives; or they may be infinite at 
some points. These mathematical singularities correspond to physical 
“ sources ” of the dependent variable. 

In the case of the wave equation it is possible to find solutions which 
vanish on all four boundaries of Figure 13.3, for the third independent 
variable l will bring in another parameter, the frequency. Such solutions 
will exist for certain characteristic values of this parameter, the so-called 
natural frequencies. The elementary “ source ” for expansion in this set 
of characteristic functions is a pulse. This source is analogous to the elec- 
trically charged elementary strip of the preceding section; the strip is a 
kind of “ spatial pulse.” 

The method of characteristic functions owes much to the separation of 



Fic. 13.3. A cross section of .1 
cylinder whose boundaries arc 
portions of two coaxial circular 
cylinders and of two half- 
planes emerging from the com- 
mon axis. Dotted lines indi- 
cate subdivisions into sub- 
regions in which the boundary 
conditions of the given problem 
may be satisfied. 
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variables, which makes it easy to satisfy appropriate types of boundary 
conditions. This separation is not always possible. There are very few 
coordinate systems in which the variables of the wave equation may be 
separated; there are more such coordinate systems in the case of Laplace’s 
equation; but there are many systems in which the separation of variables 
is impossible, and the method of characteristic functions ceases to be 
serviceable. 


Problems 

1. Show that if V is to vanish fore? = 0,^ the parameter n in (75) should assume 
one of the values given by m~ ft, where m is an integer. Show that the correspond- 
ing characteristic functions are sin (m-is {•*!/). 

2. Suppose that a charged filament passes through (po,¥>o) inside a conducting 
cylinder whose cross section is shown in Figure 13.3. Obtain the potential in the 
forms analogous to (82) and (89). 

3. Suppose that a conducting rod has the boundaries shown in Figure 13.3 and 
the boundary <p — 0 is a perfect conductor. Let the source of current be a filament 
at (pc,yo). Obtain the potential. 

Note: At a perfectly conducting surface the tangential derivative of the potential 
vanishes; at other boundaries the normal derivative of the potential, which is pro- 
portional to the normal current density, vanishes. If the source of current is a 
surface, the potential and its tangential derivative are continuous but the sum of 
the normal derivatives in directions pointing toward the source is the outgoing current 
per unit area divided by the conductivity. 

9. Two-dimensional wave equation 

The simplest example of a two-dimensional wave equation is the equa- 
tion satisfied by the displacement of an oscillating membrane. In car- 
tesian coordinates the equation is (6); in this form it is particularly 
suited to rectangular membranes. If the boundaries of the membrane are 
radii and concentric circles, as in Figure 13.3, polar coordinates are more 
suitable. In these coordinates the wave equation becomes 

d 2 u ( 1 du ( 1 d 2 u 1 d 2 u 
dp 2 1 p dp p 2 dip 2 V 2 dt 2 

Assuming characteristic functions in the product form 
«(pa/) = 

substituting in (95) and dividing by u, we have 

R dp 2 ' pR dp ' p z ^> dc 2 v 2 T dt 2 

The left side is independent of t and the right side is a function of / only; 


( 95 ) 

( 96 ) 

(97) 
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therefore 


drT 

d? 


ki?T, 


(98) 


where k is some constant, 
tiplying by p 2 , we have 

R d P 2 


Substituting this constant in (97) and inul- 


P dR 1 d 2 * _ 

R dp <I> d<p~ 


(99) 


Hence, 


</ 2( I> 
~d ? 

. d~R , dR 

"7? + p T P 


2 T 

— » * I>, 


(« 2 + * p 2 )^ = 0, 


(100) 

( 101 ) 


where n is another separation constant. We might have written simply 
“ p ” instead of “ — 7/ 2 we are just anticipating that eventually we 
shall find that p should be a negative real number and that we shall want 
to use square roots of the parameter. 

If the edges of the membrane are fixed, ti must vanish at <p — 0,^; 
therefore 


4 ’m(<p) = Am sin (m-<p/t), n = mv/4>. (102) 

Solutions of (101 ) are Bessel functions (Chapter 20), and 

/Up) = B m J»(i\ r kp) + C m N n (iVkp). (103) 

If u is to vanish at p = a and p = b, the separation constant k must be a 
root of 


On = Jn(^) = MiVlb) m 
Bm N n (i\/ka) A T n (iVkk) 


(104) 


The properties of Bessel functions arc such that if k is to satisfy this equa- 
tion, it must be negative. In setting the right side in (97) equal to k, we 
pretended ignorance; wc might have anticipated that T(t) would be a 
sinusoidal function of frequency to radians per second, with co essentially 
real; and this would have led to the value k — — u 2 /tr; in which case 
(104) would have assumed the following form 

J n (ccr. /v) Meek /v) 

< I0S > 


This illustrates an assertion made in the preceding section: for certain 
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frequencies (the roots of the above equation) it is possible to find char- 
acteristic functions which vanish along the entire boundary. 

Suppose now that the membrane is driven with a frequency which does 
not satisfy (105). The driving force introduces an extra term in the wave 
equation (95) and makes it non homogeneous. Just as in the case of forced 
vibrations of a string, we can express the motion of the membrane in terms 
of the free vibrations; but instead of repeating the routine, we might just 
as well consider the more general case, independently of a particular 
coordinate system (see Section 11). 

Two other types of expression for forced oscillations are analogous to 
the expansions in Section 7. The only difference is that R is now a linear 
combination of Bessel functions A r „ instead of power functions p”, p -n . 
As the frequency of forced oscillations approaches zero, J„ approaches p" 
(except for a constant factor) and N n approaches p - 

10. Three-dimensional wave equation 

If there are four independent variables, three coordinates of a point, and 
time, there will be three separation constants and three sets of characteristic 
constants. Consider the wave equation in spherical coordinates 


X' 

Assuming 


1 d ( 2 dV\ 


+ 


1 


r 2 sin 0 


-(sme a dPl 

dd\ 30/ 


+ 


_i cPr 

r 2 sin 2 0 dip 2 


1 d 2 F 

-7 IT m 


V(r,e m i) - S(r)8(«)t( ? )T(() 
and separating the variables, we have 


<PT 

dt 2 


= ~co 2 T, 


d 2 ® 


= ~H Z $, 


sin 0 


Jeif' 


sin 0 \ + [v(v +1) sin 2 0 — p 2 j0 

dO/ 




(107) 

(108) 
0, (109) 

( 110 ) 


d r y j r j ~ w- i & ~ a l 0m 

Equation (109) is the associated Legendre equation; (110) can be 
reduced to the Bessel equation by setting R equal to w/^/r, where w is the 
new dependent variable, (72Vr is a Bessel function). An even more suit- 
able transformation is R = R/r; this transformation removes the first 
derivative in (110) and leads to 

*§ = -f6 + ’±+»R. (Ill) 

dr 2 ir 

As r approaches infinity, R becomes n early sinusoidal. 
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The reason for writing one of the characteristic constants as v(v + 1) 
is largely historical. If u and v are both integers, one solution of the 
associated Legendre equation can be expressed in closed form in terms of 
circular functions. In particular, when n = 0 the solution is a poly- 
nomial in cos 0; this solution is denoted by P n (cos 0), (i< = ;/). In 
general, however, u and v need not be integers, or even real. Modern 
applications require general solutions of the above equations. Habitually 
Bessel and Legendre functions are considered as functions of one inde- 
pendent variable, the variable appearing as the independent variable in 
the differential equations; it is best, however, to regard Bessel and Legendre 
functions as functions of two variables, including the characteristic “ con- 
stants.” 

Functions of the form (107) are particularly suitable for regions bounded 
by pairs of coordinate surfaces, 

' r = ri and r = ro; 0 = Oi and 0 = 0 2 ; <p — p>i and ip — <p 2 . (112) 

It becomes easy to make either V or its norma! derivative vanish at any 
particular boundary and thus satisfy some of the most frequently 
occurring boundary conditions. If V has to vanish at the half-planes 
<P — Vu <Pst V is immediately restricted and becomes equal to — <pi), 

where m is an integer. Similarly, if V is to vanish at the conical surfaces 
0 ~ 0i, 0 3 , n and v have to satisfy a certain equation involving Legendre’s 
functions. Since n has already been determined, this equation restricts 
a to a certain set of values. Finally if V is to vanish at the spherical 
boundaries r — n, r 3 , /3 and v have to satisfy a certain equation involving 
solutions of (111). Since v has already been restricted, *3 and therefore w 
becomes restricted to a certain set of values. 

If w is given and happens to be different from one of the characteristic 
values, the homogeneous equation has no solution; instead the non- 
homogeneous equation, with the “ source function,” has a solution which 
can be expressed as a series of functions of the form (107). 

There are other alternatives. We can use the fact that u has been fixed 
by the conditions of the problem and relax the boundary conditions at one 
pair of surfaces given by (112). These temporarily ignored conditions are 
later satisfied by a discontinuous solution of the form (107) from which 
the solution of the nonhomogencous equation is obtained by summation 
or integration. 

In the following sections these processes arc carried out independently 
of any particular coordinate system. The problem is then reduced 
essentially to the calculation of characteristic functions, and ultimately to 
the determination of solutions of second-order linear homogeneous ordi- 
nary differential equations, of which the Bessel and Legendre equations 
are only special cases. 
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1. Show that the wave equation is satisfied by A exp (pt — y~x — y v y — y z2 ) 
where the oscillation constant p and propagation constants y x , y v , y z in the directions 
of the coordinate axes may be complex provided they satisfy the following equation 

Yl + Yu + Yl = P 2 /v 2 . 


2. Suppose that physical requirements are such that the wave function should 
vanish at the boundaries of a parallelepiped whose dimensions are a, b, c. Find the 
natural frequencies. 

Ans. ue,m,n = Wl>,n = vsrV (f /a) 2 + (m lb) 2 + (m/c) 2 , 
where [,m,n = 1, 2, * • • . 

3. Separate the variables in the wave equation in cylindrical coordinates, in 
elliptic cylinder coordinates, and in spheroidal coordinates. 


1 L Cavity resonators — scalar oscillations 

Let us now write the wave equation in a form independent of any partic- 
ular coordinate system 


Setting 
we obtain 


A a 2 dt 2 


F(x,y,z;t) = i{x,y,z)T(t), 


(113) 


(114) 


A* = -0V, 

cPT 
dt 2 


P = c o/o t (115) 

-os 2 T, T = A cos (at + tf). (116) 

Applying Green’s formula (7—61) to U — V = we get 

-' ///*’* ' ff*s" ~ < 117 > 

Frequently either or d\p/dn is required to vanish at the boundary; then 

J J J' (grad \f/) 2 dr 


* ‘ t III .2 


fffr* 

This is a three-dimensional analogue of (11-110). 


( 118 ) 
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If v is a function of position, 1/a must be retained under the integral sign 


f f f (grad 4) z dr 

//JW* 


(119) 


To generalize still further, we replace (115) by 
div (P gradi/0 = —w 2 Q4, 
where P and Q are functions of position; then 

f f f P(grad ^) 2 dr 

SIS 


( 120 ) 


(121) 


It is just as easy to deal with the general wave equation (120) as with 
its special case (115). With this in mind we shall generalize Green’s 
formula (7-61). First we note that 

div (4 l P grad 4z) — 4 t div ( P grad 4 - 2 ) + /’(grad 4 \ ) • (grad &>)> (122) 


for any three differentiable scalar functions (P has to be differentiable only 
once but 1 /q and 4z should be twice differentiable). Integrating over die 
volume bounded by a closed surface 5“, we have 


f J' div (P grad 4z) dr + J' J J' P (grad 4\) ' (g rn d 4 2 ) dr 


- If 


Pti—dS, (123) 

afi 


where d/dit indicates differentiation along the outward normal to S. 
Interchanging 4 i and 4 2 and subtracting, we obtain 

S S f d' v (P G ra d 4s) — 4s div ( P grad 4i )] dr 


In some physical problems the properties of the oscillating medium 
undergo an abrupt change at a given surface; it can be shown that such 
discontinuities do not affect the validity of rhe above equation. 
Characteristic functions belonging to iifferent characteristic values of 
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a are orthogonal, with 0 as the weight function, 


Iff 


0 fiifi 2 dr = 0 if ojj — cco- 


(125) 


The proof follows immediately if we substitute from (120) into (124), 
There may exist several linearly independent characteristic functions 
corresponding to the same characteristic value of <c. The foregoing proof 
breaks down in this case, and indeed the characteristic functions as 
obtained in the natural course of solution may be nonorthogonal. It is 
possible, however, to replace them by an orthogonal set. Suppose that 

fife*'* dr ^ 0. (126) 

Consider a linear combination 

fi = Ah + fie- (127) 

It is possible to determine A such that fi and fix are orthogonal; thus 

fff Ofixfidr^Af f f Qfi\dr + fff Qfafadr-0, 


A = - 



( 128 ) 


Equations (121) and (128) break down if the denominators vanish. In 
physical applications this does not happen because P and Q are positive 
throughout the volume. 

Step by step, any nonorthogonal set can be converted into an orthogonal 
set; thus if fit and fis are orthogonal while fiz is not, we write fi = Affii 4* 
Aifie + fiz and determine A\ and A-i to make fi orthogonal to fii and 4:- 

The set of characteristic values is a discrete set. To prove it, let u> 
assume the opposite, that all values of o) in a given interval are charac- 
teristic values. Let fi(x,yp:;<c) be a characteristic function depending on 
the parameter w; then 


fi(x,ypz;w + oa) 


= fi(x,y,z;cc) 


d fi . , 
— 00) -j- 
dec 


( 129 ) 


The orthogonality property lea J s *:o 

I SI' ^ * + “/. '//» £ * + ■ " ■ a 


( 150 ) 
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We have assumed that See can be as smallas we wish; hence the first integral 
vanishes, and that is impossible as long as 0 is of the same sig)j throughout 
the volume. 

In the foregoing analysis there is another obvious assumption: the 
volume bounded by S is finite. This assumption makes the integrals finite 
(assuming of course that Q is finite). If the integrals are not finite, our 
proofs break down. For infinite regions characteristic values may form a 
continuous set. For example, the natural frequencies of a box become 
closer as the size of the box increases which suggests that for an infinitely 
large box every frequency is a " natural frequency this is indeed the 
case. 

Next let us consider the nonhomogeneous equation 

div ( P grad <p) = —orQ4> + P } (131) 


where F is a given function of position. Suppose 


F = X>/„S^n, * = HBnin, 


(132) 


where the ^,,’s form a set of orthogonal characteristic functions of the 
associated homogeneous equation. Multiplying the first equation by >p m 
and integrating over the volume enclosed by 8, we find 


rl rr. — 


JffF^dr 

Jff Q ^ dr 


(133) 


Substituting and F in (131 ), we obtain 

— 'EBnUnQ'l'n = —oFfD n Qf n + T.'^nQ'f'n, 

B n - ei r /(<f ~ ff). 

Thus we have the following particular solution of the nonhomogeneous 
equation 


(134) 


vt- = Z 


■///*■ 


dr 


(w 2 - u~ n )J J' J' Qfn dr 


(135) 


This " response ” is of the same frequency as the source function, and is 
called the steady state response. To this we may add a general solution of 
the homogeneous equation, that is, the sum of characteristic functions 
with arbitrary amplitudes; this is the complementary solution or the 
transient response. In physical systems it gradually dies out on account 
of dissipation. 
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Just as in the one-dimensional case, (135) represents the true answer 
only if the set of characteristic functions is complete. In problems involv- 
ing cartesian, cylindrical and spherical coordinates complete sets are 
obtained in the course of solution; but proofs of completeness are not 
simple. 

Characteristic functions are said to be normalized if 

f f = 1. (136) 


The obvious advantage is the simplification of the form of such equations 
as (133) and (135). 

If F is zero everywhere except in an infinitesimal region surrounding a 
point (xo>yo,Zo) where it is infinitely large insuchaway that J' J' J F dr~\, 

then 


'l' = G(x,ywo,yo,Zo) = Z 


'Pn (x,yyf)^ n (x, h y 0 ^o) 
— — ■ • 


(137) 


This is the Green’s function for our boundary value problem. 

So far it has been assumed that the source function is of frequency u. 
In the Chapter on Linear Analysis it is shown that any function which is 
likely to be of interest in physical applications may be represented either 
as a series or an integral of the sinusoidal source function; thus, at least in 
theory, we have a very general solution. 


12. Cavity resonators — vector oscillations 

Vector oscillations occur in electromagnetic problems in which the 
equations connect two vectors, the electric vector E and magnetic vector 11, 

curl E = —iu\iH, curl H = iutE. (138) 

These equations are obtained from Maxwell's equations by assuming that 
the instantaneous values of the electric and magnetic vectors are real parts 
of E exp (;u/) and H exp (/&>/). 

Normally /* and e are assumed to be constant; but in the following 
analysis we shall regard them as functions of position. Either E or // can 
be eliminated from (138): 

curl (ji~ 1 curl E ) = o?eE, (139) 

curl (e —1 curl H) — (}F)) 

In a region bounded by a perfectly conducting surface the tangential 
component of E vanishes at the surface. What follows could be applie 
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equally well to the hypothetical cases in which the tangential component 
of H vanishes either over the entire surface or a part of it. 

In (138) E and H may be complex, and in order to insure that the 
denominators in such equations as (121) do not vanish we shall have to 
introduce conjugate complex vectors E* and H*. As in the case of the 
scalar wave equation, we shall assume that /i and e are positive throughout 
the resonator. 

If the first equation in (138) is multiplied scalarly by H*, and the con- 
jugate of the second by E, then the difference is 

*«(«£ -E*~ H*) = H* • curl E ~ E • curl H* 

= di v(ExH*). ^ 14}) 

Integrating this over the volume bounded by S, we find that the right- 
hand side vanishes if the tangential component of either E or H vanishes 
at the boundary. Thus the volume integral of die divergence equals the 
surface integral of the normal component of E X H *; this component 
vanishes if £ X H* is tangential to S; since this vector is normal to E 
and H, it will automatically be tangential to S if either E or H is normal 
to S. Thus we obtain 


///«£■ £**-//_/>.». A. (142) 


Physically this equation means the equality of the average electric and 
magnetic energies in the field. 

With the aid of (138) either E or H can be eliminated; then 


w 


2 


Iff 

c" 1 (curl H) • (curl //*) dr 

t 

ffj 

CfiH-H* dr 


(curl E ) • (curl E*) dr 

///,£■£** 


(H3) 


Next we shall prove that the characteristic functions corresponding to 
different frequencies are orthogonal 

///.£, . (3 * - fff pH I ■ Hi H = 0. (144) 

I hysically these equations mean that there is no coupling between different 
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oscillation modes, that the mutual energies vanish. The proof is not 
difficult once we realize that it must depend on the boundary conditions 
that is, on the vanishing of the vector product of two fields. Thus by 
(7-56) and (138) we have 

div (Ei X H$) = Hi • curl E x — E x - curl Hi 

. r (145) 

— —uamHi • Hi -f- ib)2tE x - Ei. 

Interchanging the subscripts and taking the conjugate, we have 

div (E% X Hi) = iu 2 nHi • Hi - ia^Ei • E%. (146) 

Multiplying (145) by co 2 , (146) by wi, and adding 

f(a >2 ~ «i)e£i Ei = co 2 div (E x X Hi) + div (Ei X H x ). (147) 

Integrating over the volume bounded by S , we find that E\ and Ei are 
orthogonal as long as either one or the other tangential component vanishes 
over <5. 

Characteristic functions belonging to the same value of a> are not neces- 
sarily orthogonal; but they may be replaced by an equal number of 
orthogonal functions. The proof is essentially the same as in the case of 
scalar functions. Similarly it can be shown that the characteristic values 
form a discrete set. 

The physical source function of an electromagnetic field is either the 
conduction or the convection current. In the presence of a source, Max- 
well’s equations become 

curl E = —iufiH, curl H = tueE -f- /, (148) 

where J is the density of electric current. Instead of (139) we now have 
curl (/a -1 curl E ) = co 2 eE — ioi J. (149) 

Let 

J = ZH n eE n , E = ZB n E n , (150) 

where the summation is extended over the complete normalized set of 
characteristic functions of the associated homogeneous equations; then 

A n = f ffj-E*dr, B n = iw4 n [ (« 2 - cc 2 n ). (151) 


Hence, 


E='Z-2 J ^-nEnf f fj-E*Jr. (152) 

W — 01 n x) U 1 / 

For an electric current element of unit moment at (a'oJ’oj^o) (152) 
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becomes 


EiWSoJ o*>) = s T ?72 £?^o,Jo,=o)En(w)- 


The corresponding expression for the //-vector is 

- £ ^4 (154) 

A similar solution may be obtained for 

curl E = -iwH - C, curl H = imE, (155) 

where C is the density of magnetic current This is 
for a magnetic current element of umt moment, we obta.n 

www*) - z (i56) 

The determination of complete sets 

lively easy tf the boundaries are the variables in the 

cylindrical and spherical manageable for the same 

equations are separable. - variables in the wave equation are 

reason; but in most cases the S P , * , i t r u e calculation of 

no. separable. The formulas in this section hold, but the calculation 

the characteristic functions becomes verj > ICU 

Problems 

1. Starting v.ith Maxwell’s equations for the iM'amar.'ous values of A and //, 


show that 


eurl£--nf. cuti/f-.f. 


ifff <£.£* + 5 /// g//-//*- constant! 


that is the total energy- content of a resonator is constanu^ ^ ^ electric cavity 

2. Determine the complete set of ^characte^ ^ &tha is that the 

resonator n the ?Kape of a parallelepiped. * ~ 
tangential ccmponcnt of £ vsiwhc* at the bounu-*, * 
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Am. 


c j 2 • 2ttx . miry mrz .. . 

E-. = Ax 1 sin sin —A cos exp (tut), 

a b c 

„ , fax miry . mrz . 

n z = Bx cos cos —— sm exp (tut), 

a b c 

v - ( j , • m7r D \ . miry . mrz 

£>z— l A + tu\i — B ) cos — sm — — sm exp (tut). 

\ ae b J a b c 

/ mmr- . fa \ 


E v 

H x 


. fax miry . mrz 


sin cos - — — sm exp (tut). 

b r 


-(* 


. tmr fair 2 

twe — — ^ B 

b ac 


,\ . fir. 
-Ism — 
/ a 


fir* miry mrz 


cos — — cos exp (tut), 


tt ( . fa . mmr~ \ fa 

Hy = ( — tut —A — B ) cos — 

\ a be / a 


fax . miry mrz , 

sin cos exp (tut), 

b c 


where 


2 _ 2 

x 2 = Xf.m = 


fV »V 
a 2 + b- ' 


nfa 2 


= P 2 = u = uf, m , n 


and the constants A and B should also be written A?, m ,njit,m,n. 


13. Wave guides 


In the preceding analysis of cavity resonators it has been assumed that 
their dimensions are finite. If one dimension becomes infinite, we have a 
wave guide ; and, in general, the analysis has to be modified. For instance, 
we are no longer justified in assuming that the integrals in (143) are finite. 
In fact, the proof of this formula breaks down; for it is based on the 
vanishing of a certain integral extended over the boundary of the resonator. 
Of course, we can isolate a part of a wave guide from the rest and apply 
Green’s theorem; but we shall find no reason for supposing that the integral 
over the boundary vanishes. Thus we have to reconsider the entire 
analysis. 

Suppose that we are interested in the solutions of the following scalar 
wave equation 




dy 2 


, aV 2 > 

+3? 


(157) 


suitable to the interior of a cylindrical shell whose generators are parallel 
to the z-axis. We shall assume that ft and e are independent of the coordi- 
nates. This equation is satisfied by the cartesian components of the E 
and H vectors in any region free from conduction and convection currents. 
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In particular if the boundary is a perfect conductor, and if f = E-, then 
p vanishes on the boundary; if ^ = H : , then the normal derivative dp/On 
vanishes on the boundary. 

Substituting 

* = U{x,y)Z(z) (158) 

in (157) and separating the longitudinal coordinate from the transverse 
ones, we obtain 


d*U d 2 U 2 

_ + _ = _ xC7> 

(159) 

-~j§- = (x 2 — coV)Z, 

(160) 


where the separation constant x is so far arbitrary. If either xp or dp/d>: 
is to vanish at the boundary for all values of z, U or dU/du must vanish 
there. Our problem becomes essentially the same as that solved in Sec- 
tion 11, except that we now have two dimensions instead of three. The 
volume and surface integrals will thus be replaced by surface and line 
integrals. The parameter x will be restricted to certain characteristic 
values. There being no boundary conditions on Z, the frequency u is 
unrestricted. In an infinite region the set of characteristic values of u is a 
continuous set; all values are permissible. The series expansions of 
Section 11 are not applicable to xp; but similar expansions apply to U. 

The general expression for Z is 

Z{z) - C exp (zV x‘ — u-fit ) + D exp (—zVx~ — oO“0- (161) 


To the right of all sources only the second term is present; for if the 
coefficient of c is real, the first term would increase with the distance from 
the source — a physically impossible situation. If the coefficient of a is 
imaginary, the phase delay must increase with the distance from the 
source, or else a wave would exist before its cause. Similarly, only the 
first term is present in the region to the left of all sources. 

The analogue of (118) is 


f J (grad U) 2 dS 




(162) 


dS 


where the integration is extended over the cross section of the guide. 
The orthogonality property becomes 


// 


U^UndS = 0 if xj ^ Xe- 


(163) 
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Once the complete set of characteristic functions has been determined it 
is easy to express the wave function in terms of its sources. If, for instance 
the sources are in the plane z — 0, we have 

$ = HA n U n exp (-zVxt ~ u 2 jxe), z > 0; 

= T,B n U n exp (zVxn ~ 0>V) J z < 0. 

Suppose that p is continuous and dp/dz discontinuous, the discontinuity 
being given by F(x,y). Then A n = B n and 


dp 

dz 


:=+0 


dp 

dz 


*=-o 


= F(x,y) = -2ZA n V X n ~ u 2 ficU n . (165) 


Since the U’s are orthogonal, we find 


A n = 


If 


FU n dS 


2V x i - J flfidS 


(166) 


Ifthe discontinuity is restricted to an infinitelysmall area, 
and if the characteristic functions are normalized, then 


A n - 


UnjXoJg) 

2V Xn — CJ 2 lie 


(167) 


Some differences should be noted in the form of the present answer as 
compared to the forms in the previous sections. The denominators do 
not contain factors x 2 — Xn which would be analogous to u 2 — u 2 . Pre- 
vious sections deal with forced oscillations so that co is prescribed. This 
section deals with “ free ” or “ natural waves.” Of course, the wave is 
started somewhere in the guide; but the sources are localized and every- 
where else the wave motion is governed solely by the boundary constraints. 
“ Forced waves ” analogous to forced oscillations will occur if we insert in 
the wave equation a source function of the form P exp ( — ixz), in which 
the phase constant x is given (see problems at the end of this section). 

If we assume two conducting partitions at z = 0, /, we shall have a 
cavity resonator. The idea of regarding the cavity resonator as a section 
of a wave guide leads to another form of solution in which the resonator 
response is given as the sum of progressive waves emitted from the source 
and of waves reflected from the ends of the guide. The essential difference 
may be brought out by comparing the solutions for a simple one-dimen- 
sional case. 
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The voltage V and current I in a uniform transmission line obey the 
following equations 


dV 


dx 


— iuLI + E(x) , 


dl 

— = ~mCV, 
dx 


(168) 


where L, C arc constant and E(x) is the impressed series voltage per unit 
length. An important special case is the one in which E(x) is concen- 
trated at .v = £ in such a way that its integral over the interval (£ — + 0) 

is unity. This makes V discontinuous 

/'(* + 0 ) - r(& - 0 ) « 1 . ( 169 ) 

The current is continuous. 

If the line is shorted at .v = 0 and x = !, then 

F(0) = ;/(/) = 0 , ( 170 ) 


and we haven one-dimensional resonator. We shall now solve this problem 
in two ways. First we shall take advantage of the fact that in the present 
problem E{x) vanishes everywhere except at x = £; hence V{x) is a solu- 
tion of homogeneous equations everywhere except at x = £. Thus 

V(x) = A sin (w\/ZC.v), x < £; 

(17Q 

= B sin [u\fLC(l — .v)], x > £. 


One part of the solution satisfies the required boundary condition at .v = 0; 
the other at x — f. Tlie constants A , B may be found to satisfy (169) 
and make the current continuous. Thus (169) becomes 

B sin [co\/Zc(f - £)] - A sin (a A^ZCf) = 1. (172) 

The current in the two regions is 


/ = 


j_dV_ 
uL dx 


AiV C/E cos 


(w'/Z.C.v), 


= —BiVC/L cos [u\/7. C(f - *)J, 


AT < £; 

(173) 

•v>£. 


Hence, 


A cos (w \ / ZC£) = —B cos [a.%/ZC(f - £)]. 


Solving for A and B and substituting in (171), wc obtain 


( 174 ) 
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y^ cos [u\/LC(l — £)] sin (uV LCx ) ^ 

X sin fit X < 


cos (tt\/ LC£) sin [u\fLC{! - x)} 
sin /3f 


x>£; 


(175) 


m - 01 cos ( “ v ? ^ ) ■ «<{. 

sm f}( 9 

/TTTr cos (“V'iQ) COS [«\/ZC(f - *)] 

(VC/L » *>£. 

sin pj 

Next let us solve the same problem in terms of the natural oscillations of 
the line section. For this purpose we eliminate V from (168) 
d^I 

^2 = ~u 2 LCI - iuCE(x). (176) 


The characteristic functions are solutions of the associated homogeneous 
equation obtained by setting E(x) =0 everywhere. The characteristic 
values are obtained from the condition that V{x), and therefore dl/dx, 
must vanish at x = 0 and x — L Thus the characteristic values are 


w n VXCi’ = nir, co n — imj\/ LCl, n = 0, 1, 2, • • • , (177) 
and the corresponding characteristic functions are 

4.00 = d n cos f}„x, p n = ^VLC. (178) 


Normalizing, 

I 0 (x) = l/VTZc, J n (x) = V2 ULC cos (S n x if n * 0, (179) 

and applying (137), we obtain 


m = 


i 

ioiL! 


2 iu> 

a 


CO 


E 

n — 1 


COS COS /3 n tf 




(180) 


In obtaining this expression from (137) we should note that, in order to 
compare the result with (175), we want the integral of E(x) to be unity; 
therefore the integral of the source function in (176) should be —iaC. 
Also we should note that, according to (133), the normalization should be 
performed with the weight function Q. Comparing (120) and (176), we 
obtain P — 1 and Q — LC. 

Equations of the form (175) are simpler than (180); but not every 
resonator is a section of a wave guide. 


Problems 

1. In equation (176) let the impressed series voltage per unit length, E(x), be 
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equal to £ocxp (— /‘x-v) in the interval Find the forced wave. 

„ r/ , iuCEo 

Am. I{x) = — — 

X — ic-LC 

2. In the preceding problem let the impressed voltage act only in the interval (0,f). 
Find the current. 


„ , £o[l - e-' cx+ « , l , 
I(x) = — r— t' 


2 iK<x+P) 
iicCEo 




+ ; 


«•, -SO; K-J, 

Foe-' 3 -' 


‘ 2iK(x~P) 2iK(x + 0) ’ °-' V - f; 

VK<X-fi) 

3. In the solution of the problem given by equations (164) to (167) assume that the 
source function is proportional to e~' x ‘ d: in the interval 0 < z < l and is zero else- 
where. Find vL flint: Integrate the solution given in the text. 

Am. t-Y. "i v "r / y - U ~ 2 < 0; 

2*„(x + L>) 

f L (v o > y c ) Un (^‘ i y ) ^ — £^ e 

*n ~ X J 

, r U«(x*,yo)Un(x,y)r t~ an ' n „ „ 

+ Lx-*» x + K ~ ; 

_ y Un(.xo,yo)Un{x,y ) . _ - > f . 

2*-(X“*«) ’ ’ 


where 7„ <= V< u: ? ue — xL 

The forced wave is that given by the term proportional to exp (— r'xz). 


14. Absorption of energy 

All physical systems are dissipative, although many only slightly. In 
some instances a general problem including dissipation is just as easily 
solved as the same problem without dissipation; but in others complica- 
tions are so great that an approximate method must be used. If only a 
small fraction of the energy stored in the oscillating system is dissipated 
in each cycle, it is possible to convert the exact solutions for the corre- 
sponding nondissipative system into approximate solutions for the dis- 
sipative system. The method will be illustrated with an application to 
an electric cavity resonator bounded by an imperfect conductor. 

In this case Maxwell’s equations are 

cur! £ — -iu-tilb, curl // = iu-tE -J- gE -f- /, 


(181) 
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where g is the conductivity. Let us assume that in the dielectric g = 0 
and in the conductor g is very large. If g were infinite, the tangential 
electric intensity' would vanish at the boundary': in the actual case the 
intensity will be small. It can be established by an independent analysis 
that the field in the conductor is attenuated very rapidly as we recede from 
the inner boundary' along the normal. We shall assume that the conductor 
is sufficiently thick to make the field at its outer boundary very nearly 
equal to zero. 

Applying to (181) the same operations which transform (138) into (141). 
we have 


7 ~f 1 1 ~ » H ■ H*) dr -J J J gE - E* dr 


where the volume integration is extended to the outer boundary of the 
resonator. In what follows we need not know the physical interpretation 
of this equation; but it will help to understand the results. One half of 
the first integral is the difference of the average electric and magnetic 
energies stored in the resonator; one half of the second integral is the 
average power dissipated in the conductor; and one half of the third 
integral is the average power contributed to the resonator by the applied 
forces. Our assumption is that the middle integral is very small. If we 
neglect it, we find an expansion of the form (152) and the natural fre- 
quencies are the roots of the characteristic equation 

fff EE ■ E* dr = J f J uH ■ H* dr. (183) 

When a = 6 )-, the amplitude of the response is infinite if J j* 0. Equa- 
tion (182) shows, however, that in the dissipative case the amplitude is not 
infinite but is determined by the power supplied to the resonator. Thus 
we write 


E = AJce n E n J J J J - Art dr. 


(184) 

H = f f fj’ E * 

assuming that A n is large and neglecting all other terms. 
(182) and using (183), we have 

1 

Substituting in 


(185) 
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Hence, (152) becomes 


£ = z- 

o 

or 


iuE n f f fj-E*dr 
<£ ~ io>nf f fgE„ ■ E* dr 


(m 


It is to be remembered that the characteristic functions E n have been 
normalized, with the weight function e. The physical significance of the 
above result is easier to understand if the functions are not normalized; 
then we should have 


£ = E — 

(or 


Ci) 


iuE„ J' J fj-E* dr 

f f <E n • E* dr 


(187) 


SJS±*± 

///*•«* 


(188) 


The quantity is the dissipated power per unit stored energy. 

It can be shown that if the real part of the ratio of the tan- 

gential components at the timer surface of the resonator is 9v, then £„ 
may be expressed as 


£„ 


J' Joi/f nAan -II n ,u a dS 

///■*>•«* 


(189) 


This is a very important modification for frequently it is not easy to cal- 
culate the exact characteristic functions corresponding to the dissipative 
case. If the dissipation is small, it is assumed that the characteristic 
functions in the dielectric arc unaltered. This assumption yields the 
tangential component of // and makes possible the computation of 
It will he reealfed that in writing (184), all other terms were neglected 
because af n was assumed to be large. If £„ is small, A„ is large. But we 
should note that if two characteristic values a>„ and w n .ft arc nearly equal, 
then two adjacent terms would have large amplitudes, and the above 
analysis would have to be reexamined and modified. 



CHAPTER XIV 
Conformal Transformations 

1. Conformal transformations 
Any function, 

w =/( 2 ), w = u + to, z = X + iy, (1) 

defines a transformation of points and geometric figures in the complex 
z-plane into points and figures in the complex te-plane. If w is an analytic 
(monogenic) function of z, the transformation is conformal, except in the 
vicinity of certain points; the term “ conformal ” is meant to suggest that 



Fig. 14.1. Conformal transformation by means of analytic (monogenic) functions of a com- 
plex variable. On an infinitely small scale, shapes ere preserved; an infinitely small 
triangle is transformed into a similar triangle. 

on an mfinitely small scale the shapes of geometric figures are unaltered by 
the transformation.' An infinitely small triangle in the z-plane is trans- 
formed into a similar triangle in the te-plane, Figure 14.1 ; the size, position 
and orientation may be changed but not the angles. 

To prove the statement we note that, if/ is an analytic function, 

Aw — f'( z) Az, (2) 

except for infinitesimals of higher orders. For two displacements from the 
same point we have 

Ao>i = f(z) Azj, Aw% —f'( z) A z 2 . 

282 


( 3 ) 
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In writing these equations we assume that /'( z) docs not become infinite 
at the point under consideration; if, in addition, /'(s) does not vanish, we 
can divide the second equation by the first 

Ait'o/Aitf! = Azo/Azi. (4) 

Hence the absolute values of the increments are proportional; and the 
phase differences, that is the angles between the increments, are equal. 

2. Practical applications 

Many practical applications of analytic functions of a complex variable 
depend on the fact that the real and imaginary parts of such functions 
satisfy the two-dimensional Laplace’s equation (see Section 5.11). The 
potential and stream functions in the two-dimensional irrotational flow of 
liquid satisfy this equation; the electrostatic and magnetostatic potentials 
satisfy this equation; the stream function of the magnetic field generated 
by parallel electric current filaments satisfies this equation; etc. 

The velocity components £, t) are obtained either from the potential 
Junction it, 


t _ 

s dx’ 

or from the stream junction o, 

dll 

v ~ ~ dy 

(5) 

do 

do 

(6) 

<tfr 

II 

1 

31 

n = 5I-' 

The function ty = u + io is the complex potential and 

dw 

(7) 


dz * 


The speed of flow is given by the absolute value of thv/dz. 

In two-dimensional electrostatics the electric intensity is given by a 
similar expression 


( 8 ) 

Frequent boundary conditions are: (1) the potential is constant along a 
given boundary, (2) the stream function is constant along a given boundary. 
Conformal transformations may be used to simplify this boundary; the 
usual problem is to find a conformal transformation which changes the 
given boundary into cither the real or the imaginary axis. 

In the following sections we shall consider several specific transforma- 
tions, xc ~ /(z), and some field problems which they solve. In the appli- 
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cations one of the two complex planes is the “ coordinate plane,” made up 
of points whose complex potentials are represented by points in the other 
plane, the “ potential plane.” Which plane is which, is a matter of choice. 
Any specific functional relationship between z and w will yield solutions 
of two different problems, depending on whether we regard w as the com- 
plex potential at point z or z as the complex potential at point w. 

3. Function w = z 2 

In order to obtain a general idea of the effect of any particular trans- 
formation it is usual to select some simple orthogonal network of curves or 
straight lines and study what happens to it under the transformation. 
Every transformation is a two-way transformation; thus 

w — z 2 (9) 

defines a transformation of the z-plane into the ta-plane, while the inverse 
function, z = \fw, converts the OJ-plane into the z-plane. However, it is 
convenient to consider these transformations separately; two inverse 
transformations never seem to have quite the same properties. 

Substituting x + iy for z and separating the real and imaginary parts, 
we have 

x 2 — y 2 = u, 2xy = v. (10) 

The straight lines parallel to the u and o-axes are rectangular hyperbolas 
in the z-plane, Figure 14.2. One family of hyperbolas represents equi- 
potential lines and the other stream lines. According to the convention 
in the preceding section the solid lines, u = constant, are the equipotential 
lines and the dashed lines, v = constant, are the stream lines; but the 
convention is arbitrary. The interchangeability is evident from the 
transformations tu = ±/w, u =■ z F», 3 = ±k. 

If the x and jy-axes are fixed boundaries of an irrotational flow of liquid, 
the dotted lines are the stream lines and the solid lines are the velocity 
potential lines. If the same axes are perfect conductors, at a constant 
potential but containing electric charge, then the dotted lines are equi- 
potential lines and the solid lines are the lines of electric force. 

If z and w are expressed in polar coordinates. 


z = pe * J w = re <0 . 

(11) 

then, on substitution in (9), we obtain 

r = p 2 , 9 = r hp. 

(12) 


The coordinate lines in the z-plane go into coordinate lines in the w-p lane. 
The upper half of the z-plane, 0 < <p < it, goes into the entire cs-plane, 
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y 



Fio. 14.2. Two families of rectangular Inpcrlwlaswliiih, under the conformal transformation 
tv — s’, become straight lines parallel to the u and r-axes in the tr-planc. 

0 < 0 < 2 r; the lower half also goes into the entire re-plane. Points 
z and — z in the e-plane obviously go into the same point in the tr-planc; 
some distinct geometric figures in the e-plane may go into coincident 
figures in the tr-planc. 

*1. Function z = Vu> 

From (12) we have 

P = Vr t <P ~ lo. (13) 

As the radius from the origin O' in the tr-planc makes one complete revo- 
lution, the corresponding radius in the e-planc makes only half a revolu- 
tion. If we think of 0 -- 0 as referring to the upper side of the positive 
real axis, Figure 14.3, then 0 — 2r would refer to points on the lower half 
of the axis. The function 

P' r= y s p sin c = \‘ r r jin ’/) 


( 14 ) 
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satisfies Laplace’s equation and vanishes when 0 = 0, 2v and nowhere else 
in the tr-plane; hence it is a possible expression for the electric potential 
in the presence of a conducting half-plane passing through the positive real 
axis and perpendicular to the ic-plane. The potential is finite at finite 



Fig. 14-3. Two families of orthogonal parabolas which represent the cartesian coordinate 
lines in the n-plane under the transformation z — Vtr. 


distances from O'; thus there are no sources parallel to the edge of the con- 
ducting plane. Therefore (14) represents the potential of electric charge 
on a conducting half-plane kept at zero potential. 

In the present case the parts played by z and vj are interchanged; y and .v 
are respectively' the potential and stream functions while u and v are the 
coordinates of a point in the plane. Hence the magnitude of the electric 
intensity is 

\E 1=1 dz/dw l=|i w~ 112 1 = 1/2 = 1/2 p. (15) 

Near the edge of the conducting half-plane, the intensity is large. 

In order to find the equipotential and stream lines we eliminate first ~ 
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and then y from (10); thus 

v 2 — 4y~u + 4 y 4 , tr = —4 sru + Ax 4 . (16) 

Both families of curves are parabolas. 

So far 0 has been restricted to the interval (0,2-). If we increase 0 from 
7t to 47 t, the corresponding value of p increases from r to 2-; that is, 
going over the tt’-plane for the second time, we map it on the lower half 
of the e-plane. To establish a one-to-one correspondence between points 
in the two planes, we may think of the tp-plane as two sheets joined 
together along the positive //-axis, in such a way that when we cross 
the junction, called the branch line or cut , we pass from one sheet to 
the other. This double sheet is a Riemann surface for the representation 
of the double- valued function z = \fto. Any straight line or curve from the 
branch point w = 0 to infinity can serve as the branch line or junction of 
two sheets of the Riemann surface. The interpretation of branch lines as 
junctions of various sheets on the Riemann surface permits greater freedom 
in the analysis of functions of a complex variable than the idea of impass- 
able barriers in Section 4.10; but in physical applications the branch lines 
often appear as barriers: a conducting half-plane in the preceding example, 
immovable partitions in hydrodynamics, etc. 

5. Function w — z n 
The general power function, 

w = z n , (17) 

possesses properties similar to those of the special functions in the preceding 
sections. In polar coordinates 

r == p", 0 = nip. (18) 

The function is single-valued if n is an integer. If n is a fraction, the func- 
tion is multiple-valued. Thus if p is increased by 2- (for a given value of 
p), 2 returns to its original value; but to becomes p” [cos (np -f 2vr) -f- 
i sin (np -f 2>/r)] and this is, in general, different from the original value. 
If ;/ = 1 //«, where rn is an integer, then w has m different values and we 
need nt sheets in the Riemann surface for the graphical representation of 
the function. One complete revolution of the radius from the origin in 
the 2 -plane corresponds to (l/7«)th part of the cycle in the tc-plane. If n is 
an irrational number there are infinitely many values of the function. 

YSith the aid of this function the following question can be answered: 
what is the potential distribution inside a wedge formed by two conducting 
half-planes, joined together as in Figure 14.4? Let the boundary of the 
wedge be p = 0 and p — v' 1 - The physical requirement is: the potential 
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of a conductor must be constant. The field is not affected by the addition 
of a constant and the potential of any particular conductor may be arbi- 
trarily set equal to zero. The imaginary part 
of w is 

v ~ p n sin nip. (19) 

It vanishes when <p = 0. If v is to vanish on 
the rest of the boundary, <p = \p, but not in- 
side the wedge, then 

Mp = IT, n = ~/\p. (20) 

If P = ~/2, we have the case considered in 
Section 3; p — 2tr yields a “ wedge ” with 
the largest possible spread, that is, the exterior of the half-plane of 
Section 4. 

The above solution applies also to the problem of irrotational flow of 
liquid; the equipotential lines of the electric problem become the stream 
lines of the hydrodynamical problem. 

The magnitude of the electric intensity (or the fluid velocity) is 

| E j = | dw/dz | = n J z n_1 j = np n ~\ (21) 

It vanishes near the edge if n > I or p < tt; and it becomes infinite, if 
n < 1 or t > x. 

6. Function w = exp z 
In the case of 

w = e ( 22 ) 

there are simple relationships between the cartesian coordinates in the 
z-plane and polar coordinates in the tf-plane 

rd 0 — e e+ ' u = e* (cosy + / sin y), r = e*, 6 = y. (23) 

The lines x — constant, parallel to the y-axis, become concentric circles in 
the w-plane; the lines y = constant, parallel to the #-axis, become rays 
emerging from the origin. A strip of the z-plane, bounded byy — yo and 
y = y 0 - j- 27 t, goes into the entire te-plane. 

7. Function z = log w 
The inverse of (22) is 

z = log tt; x = log r, y = 8. ( 24 ) 

This is an infinitely many-valued function since points given by x - log r, 



Fic. 14.4. A wedge which is 
transformed into the upper 
haKofthetc-plancbyta=z T /£. 
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y = 0 + 2«r , where n is an integer, correspond to the same point in the 
to-plane. 

Let us consider .v as the electric potential at the point ( r,0 ) of the to-plane 
and see what problem is thereby solved. The electric field is found from 
(8) (after an interchange of e and to) 


E u - iE r = 


dz 

dw 


1 _ 1 exp (— iO) 

to r exp (iO) r 


_ cos 6 _ sin 0 

E u ) E v = — ; 

r r 



E„ = 0. 


(25) 


Equipotcntial lines are concentric circles; the lines of force are the rays 
emerging from the center. The center is die “ source ” of these lines and 
the problem solved is that of the field of a uniformly charged filament. 
According to electrostatic laws the integral of cE r , where t is the dielectric 
constant, round a closed curve surrounding the origin should represent the 
electric charge q per unit length of the filament. Taking this integral 
round an equipotcntial line, we obtain 

q = —2 ire. (26) 

Next let us regard y as the potential. This makes the potential along 
each ray constant. Again we have a wedge problem but with this dif- 
ference: the two half-planes are at different -potentials and hence must be 
insulated from each other instead of being connected. The corresponding 
hydrodynamic problem is the forcing of liquid into or out of a wedge 
through a narrow slit at the edge. 


8. Function z — cosh to and its inverse 

Next let us consider the following functions 

to = cosh -1 z and z — cosh to. 

The cartesian coordinates in the two planes arc related as follows 
x + iy — cosh {u + iv ) = cosh u cos v + i sinh u sin o, 

x «= cosh u cos o, y = sinh u sin v. 


(27) 


(28) 


Dividing the first equation by cosh it, the second by sinh u, squaring and 
adding, we have an ellipse in the c-plane corresponding to the straight line 
u — constant in the tr-planc. Similarly, o = constant goes into a hyper- 
bola. The equations of the ellipses and hyperbolas are 


' + 


cosir ti ‘ sinh 2 n 


= h 


cos' 0 


sin" v 


= 1 . 


(29) 
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The semimajor and semiminor axes of the ellipses are cosh it and sinh it; 
the semi-focal distance is unity. The semi-axes of the hyperbolas are 
cos v and sin v; the semi-focal distance is unity. Hence equations (29) 
represent families of confocal ellipses and hyperbolas. 

This transformation may be regarded as a transformation from cartesian 
to elliptic coordinates (see Chapter 8); indeed, any conformal transforma- 
tion may be regarded as a transformation from cartesian to orthogonal 
curvilinear coordinates. The transformation w = \fz transforms cartesian 
into parabolic coordinates. 

If u is interpreted as an electric potential, we have the solution for the 
field between two confocal elliptic cylinders maintained at constant 
potentials. One of these cylinders may be removed to infinity. As u 
approaches zero, the cylinder approaches a flat strip. 


o u 

Fio. 14.5. The region bounded by heavy lines corresponds to the upper half of the z-plane 

if z — cosh w. 

Similarly v may be regarded as an electric potential; then confocal 
hyperbolic cylinders become equipotential surfaces, and may be replaced 
by conducting surfaces without disturbing the field. As v approaches zero, 
the hyperbolic cylinder degenerates into a pair of infinite half-planes, 
passing through the positive and negative real axes from x = 1 to x = » 
and from x — — 1 to x = — <». 

Next let us look at the transformation in the opposite direction, and 
think of x and y as possible potentials of a point whose cartesian coordinates 
are u and v. Let y be the potential, and let us look for the boundary along 
which it vanishes, without vanishing inside the region. One such region is 
bounded by u = 0, v = 0, and v = tt. Figure 14.5. The potential jr 
vanishes on the boundary and is positive at any point w inside the region. 
This region corresponds to the upper half of the z-plane for y may take on 
only positive values and * is unrestricted. 

The potential y is sinusoidally distributed along a line parallel toWe 
p-axis and it increases as u increases. The source of the field is at « = » 
and the solution represents the result of “ squeezing ” the field between 
two planes. Another application is considered in the next section. 

If u + to is replaced by ir(u + iv)/h the boundary v = ir becomes 
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v = h; thus the distance between the parallel planes in Figure 14.5 can be 
controlled. 


9. Further applications to steady flow 


Let us suppose that 


w =/(z) 


(30) 


transforms the interior of a region (C) into the upper half of the o>-plane. 
Figure 14.6. The boundary of the region goes into the K-axis. Next 
let us consider the following function 


IF = 


V -f up = log 


W — Wo 
W — Wq 


m - /fa) 

/fa -/C=o* 


(31) 




W 0 * 

Fig. 14.6. If the region bounded by a closed curve (C) in the e-planc is transformed by 
tr •=/(:) into the upper half of the tc-planc, then the real part of log [/(:) — /(:,,)] — 
log [/(:) —/(”*)] vanishes on (C) and is logarithmically infinite at a = ze* The trans- 
formation represents the solution of two-dimensional flow problems with a source atz = Zo 
and an equipotential sink on (C). 


At Z — Zo, IF is logarithmically infinite. Since 


F = log 


/fa -/fa) 

As) -As o‘) 


» 


4' 


= ph 


As) -Aso) 
As) -/fa)’ 


(32) 


it is the real part V of IF that becomes logarithmically infinite at z = Co- 
in fact, in the immediate vicinity of z = Zn, we have /( z) = /(zq) -f- 
(= “ Zol/'fzo), and therefore 


IF - log (z - no) + log 


/fa) 

/fa) ~/fa) 


(33) 
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In Section 7 we have seen that if V is regarded as an electric potential, 
the logarithmic infinity implies an electric charge at 2 = z 0 ; if the coeffi- 
cient of the logarithmic term is unity, the charge is —% re, as in (26). 
Another interpretation of the logarithmic singularity would be a source or 
sink of liquid. 

The potential V vanishes on the boundary (C) of the region; for, if 
to =/( z) is on the zz-axis in Figure 14.6b, then the absolute values of 
(w — w 0 ) and (w — w Q ) are equal and the logarithm of the ratio is zero. 
Hence (31) and (32) represent solutions for problems involving a point 
source; V in (32) is a Green’s function for the boundary (C). 

The point ico is the optical image of w 0 in the zz-axis; by analogy 7% is 
called the image of z 0 in the curved boundary (C) although it is no longer 
the optical image. 

These considerations increase the utility of conformal transformations, 
since they bring the sources of the field into the picture. In Section 3 it is 
shown that w = z 2 transforms the upper half of the iy-plane into the first 
quadrant of the z-plane; therefore 


W = log 



1 ( 2 ~ z o)( z + z °) 

0g (z-zo)(z + zo) 


(34) 


is the complex potential of a point source in the first quadrant, when the 
boundaries of the quadrant are at zero potential. Points Zo and — Zo are 
the optical images of z 0 in the boundaries; point — Zo is the optical image 
of these images in the continuations of the boundaries. 

The transformation w = Vz, with (31), solves the case of a source in 
the presence of a conducting half-plane; thus 

= (35) 

Vz - VzS 


In order to obtain the real part of W it is best to express z in polar form; 
then 


* 


V = \ log 


p — 2\/ppo cos | (ip — <pq) + Po 
p — 2V ppo COS %(tp + Vo) + Po 


(36) 


The image point z = z£ is not on the same sheet of the Riemann surface 
as z — Zo; what we have is 

Vzo = ^P (cos + i sin §p 0 ), 

VzJ = Vp (cos \va ~ * sin 2 ^o)? 


( 37 ) 
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whereas for Vz on the same sheet with V Zq but over V to, 
Vz = V p [cos 2 (2- — <po) + / sin -}(2- — ^ 0 )] 
= V / p(~ cos + 1 sin -ipo)- 


(38) 


Thus the potential is finite at the place which seems to be occupied by the 
image point. 

For the boundary in Figure 14.5 we have 


W 


log 


cosh to — cosh too 
cosh to — cosh to* 


(39) 


where the cartesian coordinates of a point are now it, v. The real part is 
found as follows. First, we write 

r „ , sinh -a- (to — to 0 ) sinli + to 0 ) . 

W = log — ■ — — , ( 40 ) 

smh v(to — to 0 ) sink - 2 (to + to 0 ) 

then we note that the square of the absolute value of sinh f is 

| sinh f | 2 = sinh f sinh f* = h [cosh (f + f*) — cosh (f — f*)] (41) 

Thus we obtain 

„ i . [cosh (it- u 0 ) - cos ( v - c 0 )] [cosh (u + ftp) ~ cos (v+ pq)I 

“ ° B [cosh (it— it 0 ) — cos(o+o Q )][cosh (k + «o)— cos(o— o 0 )j 

Choosing 

IF = log (to - to 0 ) (to - too) = log [/(=) ~/(=o)]f/(2) — y(=o )], (43) 

we find that the normal derivative of V vanishes on (C). The boundary 
becomes impervious to flow. 


10. Schwartz- Christoff cl transformations 

The Schwartz-Christoftel transformation 

- = /ij" (to - to,)-°‘ /r (io - te 2 r ,Vr • • • (to - to n )-°- /r dw + B (44) 

transforms the region bounded by a polygon in the z-plane into the upper 
half of the to-planc, Figure 14.7. If we follow the boundary counterclock- 
wise, it is the interior (more generally, the region to the left of the boundary) 
that is transformed into the upper half-plane; the angles 0 arc defined as 
shown in Figure 14.7 and they are either positive or negative according to 
whether the rotation is counterclockwise or clockwise. For example, 
<?i, t? 2 and arc positive, but 0 4 is negative. 

The exterior of the polygon is to the left of the observer moving clock- 
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in z round the semicircle approaches zero with n and the position of 2 is 
unchanged. However, the phase of the integrand is decreased by nize 
(on account of the clockwise rotation of w — tt’i in Figure J4.7), or in- 
creased by —nyr. If the new increments in 2 make an angle t Jj with the 
old, then it\ = Thus as we pass round successive indentations at 

tt’i) tt> 2 , • • • , point 2 follows a polygon. From the point at infinity on the 
//-axis we follow the infinite semicircle in the upper half-plane; the phase 
of the integrand increases by («i + »* + • • *)" — — — • * • = 
— 27t; hence there is no change in the direction followed by 2 and the path 
between 2 = z n and 2 = Zj is straight. 

The final question is, which of the two regions bounded by the polygon 
is transformed into the upper half-plane? Let Aw L be an increment along 
the //-axis between two indentations, and Azj the corresponding increment 
on the polygon between two vertices; the increment Aw 2 = iAw\ would 
take us out into the upper half-plane; by (4) Az 2 = iAzi will take us to 
the left of the boundary' in the 2 -planc, that is into the interior of the 
region bounded by the polygon. Exactly the same rule applies if we 
follow the polygon clockwise; but then the region on the left is the exterior 
region and the corresponding exterior angles have opposite signs from 
• • • in Figure 14.7. 

The complex constants, A and B, control the position, size and orienta- 
tion of the polygon. Thus B may be so chosen that one of the vertices of 
the polygon will coincide with some specified point — the origin, for 
example; A may then be chosen so that one side of the polygon will be of 
given size and parallel to a given direction. 

To illustrate, let us apply the Schwartz-Christoffcl transformation to 
the boundary shown in Figure 14.5. If we follow the boundary counter- 
clockwise and if we choose the points w = — 1 and to = 1 in the potential 
plane to correspond to the turning points in the coordinate plane (z-plane), 

z — A j' (w + l) -I/2 (tc - 1 )-'l 2 dw+ B 

~ A f .... + B = A cosh -1 w + B, (47) 

d v ur — 1 

. z — B 

w ~ cosh — • 

A 


The upper turning point, 2 = ih, is encountered first as we follow the 
boundary; thus it corresponds to te = —1. The lower turning point, 
z = 0, corresponds totr= 1. Hence 


-1 


== cosh 


ih - B 

, 


A 


1 = cosh — • 

A 


(48) 
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circles and straight lines into circles and straight lines, we can try to 
change the given region into a wedge; then we can apply the Schwartz- 
Christoffel transformation. However, it is easier to work backwards, 
from the half-plane to the wedge, and then to the given region. Thus, 
arranging the wedge with respect to the given region as in Figure 14.8, 
we write 

5 = 1+2, 2 = 1/5. (51) 



Fio. 14.8. By successive transformations the upper half of the tr-plane may be transformed 
into the region bounded by a straight segment and a circular arc. 

The point i represents a point within the wedge with 0 as the origin in the 
complex plane; 5 is the same point if the origin is moved to 0; and z is this 
point after the plane is subjected to the bilinear transformation consisting 
of taking the reciprocal of 5, assuming that 00 is unity. 

Since the reciprocals of real numbers greater than unity are real numbers 
smaller than unity, 2=1/5 transforms OA into 00. The point at infinity 
goes into 0, 0 is unchanged, and t)B must go into a circle passing through 
O and 0. The angle between the arc and segment 00 must be equal to the 
wedge angle + Eliminating 5 and 5 from (51), we have 

» = (z~ l - 1)'* = (1 - zyHz-* 1 *. (52) 

This example illustrates the possibilities inherent in combining simple 
known transformations. 


Problems 

1. Show that the straight segment 00 corresponds to the positive values of u and 
the arc to the negative values. 
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2. Transform the region bounded by two circular arcs into the upper half of tfe 
w-plane. Assume that the angle between the arcs isd' and that a is die angle between 
one of them and the straight segment connecting the points of intersection of the arcs. 


Arts. 


■ = - n)^z 




12. Perturbation of boundaries 

The function V = log p represents the potential of a line filament along 
p — 0 of density a — — 2re. The equipotential surfaces are cylinders 
p = constant; in particular, the cylinder p = 1 is at zero potential. Br 
adding another potential function we may alter slightly the shape of the 
equipotential surfaces in any desired manner. Suppose we wish to calcu- 
late the change in the capacitance of a pair of coaxial cylinders due to a 
slight flattening of the outer conductor so that its shape becomes oral. 
Since rr is an analytic function, its real part p 2 cos 2c is a potential function. 
This potential function vanishes at p = 0 and is small in the vicinity. 
Let us take, therefore, 

V — log p -r kp z cos 2c, (53) 

where k is also small. To obtain the equation of the equipotential V = 0, 
we substitute p = 1 -f- 5, where o is small, in (53), and neglect all small 
quantities of order higher than o 

b -r k cos 2c = 0, o = —k cos 2c. (54) 


At a = 0, m the change in p is negative; ate = rr/2, 3-/2 the change is 
positive. The new equipotential surface is the cylinder p = 1 , slightly 
flattened in the direction c = 0. The minimum and maximum radii are 
respectively 1—5 and 1 - (-5. If the radius of the inner cylinder is small, 
the effect of the added term on the potential of that cylinder is a smali 
quantity of order higher than 5. Thus for the purpose of calculating the 
capacitance, the cylinder of slightly ova! shape may be replaced by a 
circular cylinder of average radius. The neglected quantities are of the 
order of 6 2 and e^o, where a is the ratio of the radius of the inner cylinder to 
the average radius of the outer. 

As another example let us take 


V = log p -f- bf cos 4c = 0. (5-3 ) 

This boundary has the same type of symmetry as the square since tne 
addition of 90' to c does not alter the equation. If k > 0, the effect of the 
added term is to flatten the cylinder in two perpendicular directions <? — 0 
and c = 90°: in each case, the second term is positive and p has to be 
made less than unity in order to make V equal to zero. On the other h^G, 
the cylinder is expanded in the directions a — 45 = and c = 135". To dra« 
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the equipotential lines we rewrite (55) as follows, 

— k cos Ay = p~ 4 log p s/(p). (56) 

Since the absolute value of cos Ay is never greater than unity, the absolute 
value of the left side in (56) is never greater than k. The function f(p) is 
a large negative quantity near p = 0, becomes zero for p = 1, reaches the 
maximum value 0.09197 when p = 1.284 • • • , and vanishes when p = <*. 
This means that if k > 0.09197, no value of p can correspond to y — 45°. 
Starting with y — 0 to trace the curve V = 0, we slide upward on the curve 



I'lG. 14.9. Some potential problems may be solved by a perturbation of boundaries; thus 
when i = 0.09 1 ‘>7 the second term in equation (55) distorts one of the original circular 
equipotential lines into an almost perfect square, without appreciably altering the shape of 
the equipotential lines near the center. 

/(p) and find that p increases. As soon as wc reach y ~ y 0 , where yo is 
defined by the equation, —k cos 4vo — 0.09197, we shall find ourselves at 
the maximum point of the curve /(p), and a further increase in p will cause 
V to diminish. The boundary J r — 0 will not close around the origin as 
it docs when k < 0.09197. When k — 0.09197, the equipotential V = 0 
looks as shown in Figure 14.9. The curve is not quite a square. The side 
of the pseudo-square is 1.864 and the diagonal 2.568; the ratio of the 
“ diagonal ’’ to the “ side ” is 1.38 instead of 1.41 • • • for the true square. 

Let a be the ratio of the radius of the inner cylinder to the radius, p = 1, 
of the equipotential for the case k — 0. The capacitance per unit length 
of the cylinders is 

C = . 

logs — log 1 log (I/<j) 


( 57 ) 
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The potential 

V = log p -f- 0.09197p 4 cos 4 <p (58) 

is zero on our approximate square; but the potential of the cylinder p = a 
remains practically the same as before even if a is as large as 0.5. Hence, 
(57) represents the approximate capacitance of a circular cylinder inside a 
square cylinder. Since the side of the square is b — 1.864, (57) becomes 


log {bfla) + 0.0704 

This capacitance is practically equal to the capacitance of the circular 
cylinder inscribed in the square cylinder in the presence of the same inner 
conductor. 
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CHAPTER XV 
Contour Integration 


1 . Contour integration 

The integral of a function f(z) is defined as the limit of the sum of 
products /(e, n )Ae m , in which the values of the function and successive 
increments are taken along a given curve connecting two given points (see 
equation 6-22). Naturally, the integral may be expected to depend on 
the integrand and on the path, or contour, of integration; and yet, under 
some conditions, the integral is independent of the latter. 

Some possibilities are suggested by the examples in Section 6.6. Broadly 
the situation may be summarized as follows: 

(a) If the antiderivative of f(z) does not exist, the integral depends on the 
path of integration as well as on its end points. This happens when 
the real and imaginary parts o f/(z) do not satisfy the Cauchy-Riemann 
conditions (5-41). In this case there is no alternative to the direct 
evaluation of the line integrals of the real and imaginary parts of the 
integrand. In applied mathematics this is not an important case. 

(b) If the antiderivative F(z) of f(z) exists and is a single-valued function, 
the integral is independent of the path of integration and is equal to 
F(z 2 ) — F(z j), where =i, r 2 are the end points of the path. This 
happens when the Cauchy-Riemann conditions arc satisfied by the 
real and imaginary parts of f(z) in the entire complex plane. 

(c) If the antiderivative is a multiple-valued function, the integral may 
or may not depend on the path of integration. The integral is still 
equal to F(z*) — F(z i) provided the proper values of F(z) are taken 
at the end points. The proper value at the starting point z — z t is 
obtained from dF(z) — f(z) dz; the initial value of f(z) should be 
given. The final value at z = z 2 is obtained by following F(z) con- 
tinuously along the path of integration. 

The second and third possibilities occur when the integrand is a mono- 
genic or analytic function except at some isolated points. If the antideriva- 
tive is actually known, there is nothing further to add; but certain integrals 
of analytic functions can be evaluated without knowing the antiderivatives. 
The present chapter is devoted to these methods. 

30! 
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Problems 

1. Evaluate the following integral: X x dz , where C is the straight line joining 

the origin to the point z = a + ib. Ans. \a (a + ib ). 

2. Evaluate the integral in Problem 1 between the same points but following the 
straight path from z = 0 to z = a, and then from z = a to z = a + ib. 

Ans. \a{a + lib). 

3. Evaluate £ y/zdz from z— 1 toz = a + ib along the straight path connect- 
ing these points, or along any path which can be obtained from the straight path by a 
continuous deformation which keeps the end points fixed and does not cross the 
origin. Assume that the initial value of the integrand is unity. 

Ans. \ (a + ib) \/ a + ib — $, where V a + ib = | a 1 -f- b" | exp [/ tan -1 (b/n)\ 
andO < tan -1 (b/n) < - when b > 0, whereas — it < tan -1 (b/a) < 0 when b < 0. 
When b = 0, the integral along the straight path is not defined if a < 0, since 
tn passing the branch point z — 0 we lose track of the particular value to be 
assigned to the integrand. 


2. Cauchy's theorem 

is analytic at every point of the region bounded by a closed contour C, 

then 

£f(z)dz = 0. (1) 



Fig. 15.1. Under certain conditions 
the contour integral of/(z) depends 
only on the end points, zi and zj, 
and not on the path of integration. 


The obvious corollary is, Figure 15.1, 

£ m dz = £ f{z)dz> (2) 

t/C, t/C, 


provided f{z) is analytic in the region 
bounded by C x and C 2 . 

If u and v are the real and imaginary 
parts of/(z), 


£ f{z) dz - £ (ti + io)(dx + i dy) 


(3) 


= £ (« dx — d dy) + i£ (y dx + « dy). 


By Green’s theorem, equations (6-31) and (6-32), the line integrals may 
be transformed into surface integrals over the area bounded by C; thus 



du 

d~yj 


'■) '//(£- 1 )*' 4 ’' 


(4) 
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If the function is analytic at every point in the region, the integrands vanish 
in consequence of the Cauchy-Rieinann equations (5-^41), and the theorem 
is proved. 

Analyticity at every point in the region is a sufficient but not a necessary 
condition for (1). For instance, neither of the following functions 


Ms) 


* - V 

«> , o f 

X- + y 


/,*> -4 


, 2 \ 2 


Qr+yy 


(•V 2 - /) - 2 ixy 
(•v 2 + r? 


( 5 ) 


is analytic at 2 = 0; but the integral of f* ( 2 ) round a closed contour sur- 
rounding the origin vanishes while the integral of f\(z) does not. The 
reader should note very carefully that if he were to take the partial deriva- 
tives of the real and imaginary parts of the above functions and substitute 
in (4), he should find that to all appearances the integrands vanish every- 
where; but in fact neither u nor v , nor 
their derivatives, possess any value 
when .v = y — 0. 

The proofs of Green’s and Cauchy’s 
theorems are based on a connected 
curve (C). Annular regions such as 
that shown in Figure 15.2 have two 
separate boundaries, the inner and 
the outer, and a question arises as to 
the relative directions of integration 
round the two boundaries. Of course, 
if/(e)is analytic in the region bound- 
ed by the external contour, then 
Cauchy’s theorem would apply to each 
boundary separately, and the total 
integral round the entire periphery would vanish regardless of the relative 
directions followed along each closed curve. Suppose, however, that at 
some point 0 within the region bounded by the inner contour, /(a) fails to 
be analytic, whereas in the region between the two contours /(a) is analytic 
everywhere. Cauchy’s theorem would not apply to each contour sepa- 
rately; but it would apply to the combined contour, provided we follow its 
parts in proper directions, and provided /(a) is single-valued. Now this 
condition of single-vnlucdncss is automatically satisfied if C is a single 
curve and if /(a) is analytic in the interior; but in an annular region f(z) 
may be analytic without being single-valued. The function f(z) ~ \/z is 
an example; it is analytic in the annulus and yet multiple-valued. 



F 10 . 15.2. Transformation of an annular 
region into a simply connected region by 
means of a cut. 1 
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The extension of Cauchy’s theorem to annular regions depends on their 
conversion into regions bounded by a single curve, as illustrated in Figure 
15.2. We cut the annulus by two infinitely close lines AB and A'B'. 
Cauchy’s theorem applies to the connected contour {Ci,AB,C 2 ,B' A') if 
f{") is analytic inside the cut annulus. If /( z) is also single-valued, the 
integrals along AB and B'A' cancel each other, since the increments in /( z) 
will be equal in magnitude but opposite in sign. Hence, 

I/ (2) dz + />> dz = 0. (6) 

If — Co represents C 2 in the opposite direction, 

£/ lzU * = Ld (z) dz; < 7 > 

that is, a dosed contour com shrink or expand without changing the integral 
of a single-valued function if in this deformation the contour does not pass 
through a point in which f{z) fails to be analytic. 

The region bounded by a single closed curve which does not intersect 
itself, as in Figure 15.1, is called a simply-connected region. Any closed 
curve in this region can shrink to a point without crossing the boundary. 
The annulus in Figure 15.2 is a doubly-connected region which can be con- 
verted into a simply-connected region by one cut. A triply-connected 
region is one which can be converted into a simply-connected region by 
two cuts; etc. The extension of Cauchy’s theorem to multiply-connected 
regions depends on these cuts, which serve to define the proper direction in 
which each separate closed contour is to be followed. 

Closed curves which intersect themselves as in a figure of eight are best 
treated as several separate contours. 


3. Integration off{z) = (z — Zo)” 

If n is a positive integer, /(z) = (z — Zo) n is analytic in the finite part 
of the plane, and by Cauchy’s theorem it's integral round a closed contour 
is zero. If n is a negative integer, /(z) is single-valued but becomes infinite 
at z = Zo; this is the only point where /( z) fails to be analytic. By 
Cauchy’s theorem the integral will vanish if the contour does not enclose 
2 = 2 ^,; othenvise the contour may be deformed into a circle with its 
center at z = Zo, Figure 15.3. 

On this circle 


z — Zo = re , 


dz = ire dd. 




(n+I)8 dd = — — - e" 
n -f 1 
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provided n —I. For integral values of n the exponential function is 
unity at 0 = 0 and 0 = 2*-; hence the integral vanishes. If n = —1, 

f ~ — = * f dO = 2*7'. (10) 

Jc z — z 0 Jo 

To summarize: the integral of (z — Zo) n vanishes for all integral values 
of n if the contour does not enclose z = Zq; if the contour encloses s = Zq, 



Fjo. 15.3. An illustration for the contour integration of/(r) = (z — Zo) n . 


the integral vanishes for all integral values except n = — 1 when it is equal 
to 2*7. If ii is a negative integer, the contour cannot pass through z = Zoj 
since the integral does not exist there. 

If ii is a fraction, the exponential function in (9) does not return to its 
original value after going round the circle. In this case the integral 
depends, not only on the radius of the circle, but also on the starting point 
0 = 0 O , for 

.( 11 ) 

In the case of multiple-valued integrands the contours of integration may 
he subjected only to those deformations which keep the end points fixed, 
and which do not involve passing through a singularity of the integrand. 


4. Cauchy's integral formulas 


If f(z) is analytic in the interior of C and on C itself, then 


m 



( 12 ) 


for any point z in the interior of C. The directed circle over the integral 
sign is the usual sign for a counterclockwise integral round a closed curve. 
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Under the stated conditions we may let the contour shrink into an 
infinitesimal circle centered at t — z. On this circle 

/( 0 ~A Z ) =/(z)(' ~ z) + e(t - z), ( 13 ) 

where e approaches zero with t — z. Therefore 

f r=i * -fi~ " <»■ («) 


The numerator of the first integral on the right is independent of the 
variable of integration and can be taken outside the integral sign,- by (10) 
the integral is 27 tz/(z). The second integral vanishes in accordance with 
(9); the last integral also vanishes since t approaches zero with the radius 
of the circle. Thus we have (12). 

The successive derivatives of (12) are 






(15) 


Formally these equations are obtained by successive differentiations 
under the integral sign. But we have not proved that the derivative of 
an integral is the integral of a derivative; and it is conceivable that an 
interchange of two limiting processes may lead to different answers. The 
only safe procedure is to base the argument on the definition of the deriva- 
tive. Thus 


/( 2 + A z) 



t 


/(') 

— z — Az 


dt; 


(16) 


subtracting (12), we have 


/(, + to) -/» = - tol 


dt; 


and therefore 




mdt 


(17) 


(IB) 


Az 2 t riJ (/ - z) (/ - z - Az) 

To show that as Az approaches zero we obtain the first integral in (15), 


we take the difference 

£ m dt - am*. = £ 

J (t~z)(t~z~ Az) J(/-z ) 2 J (/- 


/(0 Az<f/ 


z) 2 (/ - z - Az) 


( 19 ) 
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and prove that it vanishes with As. Now the absolute value of the sum 
of two complex numbers is never greater than the sum of the absolute 
values of the numbers. Since | dt j is ds, the differential element of length, 
we have 


j> F(t) dt <: j> j F(t) \\dt\s Ml, 


( 20 ) 


where M is the largest absolute value 
of Fit ) and f is the length of the 
contour. When applying this in- 
equality to (39), we shall have to 
assume that | J (/) | possesses an 
upper bound on C. For any point z 
inside the contour, Figure 15.4, the 
line j / — z j will have a minimum 
length for some point on C; thus, 

Ft — j J it ) jmaxRinln | A~ J, whetO F m { n 

is the least distance between the 
points on C and on a circle of radius 
I As | centered on / = z. Since M 
vanishes with | As |, we have proved the first equation in (15). 

The same argument applies to all higher derivatives of the contour 
integral. 



Fig. 1S.4. The distance \t — z| between 
a point on the contour C and an interior 
point has a minimum value A’mtn- 


5. Taylor's series 


Maclaurin’s and Taylor’s series may be obtained very readily from 
Cauchy’s integral formulas. Let C be a circle centered at the origin, and 
let f(z) be analytic on C and in the interior, so that we can use (12). For 
any point z in the interior 


1 


t - z 





At 

(r-s)/»* 


( 21 ) 


Substituting in (12) and applying (15) with s = 0, we have 


1 


~/(o) + =/<P) + -f ••• + 7^zir/ n - ,) ( 0 ) 


(;; - l)r 



fit) dt 
it ~ =)/"’ 


( 22 ) 
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Similarly from 

1 = 1 1 z-a 

t — z (/ — a) — (z — a) t — a (/ — a) 2 ^ 

and Cauchy’s integral formulas we obtain Taylor’s series. 

Ifi? is the radius of the circle and M the maximum absolute value of f{t) 
on this circle, the absolute value of the remainder in (22) is 


If | z | < R, that is if z is inside the circle, then the remainder approaches 
zero as n increases indefinitely, and the series is convergent. 

Thus we have shown that the analyticity of a function in a circle centered 
at a given point is a sufficient condition for the convergence of the power 
series expansion about that point. Since every convergent power series 
represents automatically an analytic function, the analyticity of the 
function is a necessary condition for the existence of the power series. 
The function exp (— 1/z 2 ) cannot be expanded in a convergent series of 
positive integral powers of z because it is not analytic at z = 0, that is, at 
a point which is automatically inside every circle centered on it. 


J (t - z)t n 1 1 R n \t- zU 


6. Laurent' s series 

Consider the following function 

^- o^^ -rh + dr,- 

If | z | < 1, each term can be expanded as a 
geometric series of positive powers of z; if 
] z | > 2, both terms can be expanded in series 
of negative powers of z; but in the intermedi- 
ate region one term can be expanded only in 
the series of positive powers and the other in 
the series of negative powers. Hence in the 
angular ring bounded by the circles j z ( = 1 
an|d j z [ = 2, /(z) can be expanded only in a 
seij-ies -which includes both positive and negative 
Fig. 15.5. Concentric circles powers of z. This is an example of Laurent’s 
used in obtaining Laurent’s 

^ * We shall now prove the following general 

theorem. Let /( z) be single-valued and analytic in an annular ring cen- 
tered at z = 0, Figure 15.5; then 

j(z) — 2Z a n'd l i 



(26) 
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where 


1 


2 7r/ JCi 


(f f n- 


*/(/) <//, » ^ 0 ; 


” >0 - 

From Cauchy’s integral formula we have 

/(s) . > ^ 

2 TTtJc s t — z 2 ttz Jc s t — z 


(27) 


(28) 


On Cj we can expand 1 /(/ — z) in a series of positive powers of z //, and on 
C 2 in a series of negative powers 



Thus we have the required expansion. The proof that the remainder term 
of the second series ultimately vanishes is identical with the corresponding 
proof in the preceding section. 

If the ring is centered at z = a. 


/(=)= Z *„(=-«)", 


n « —-go 




HcH 

II 

C 

S3 

1 

a 

l 

■< 

> 

of 

0 

11 

** 

(30) 

*- - Me 

(t-ar-'f(t)dt, 

2 

tt — 1,2,3, • • • . 



This may be proved cither by using expansions analogous to (23), or 
from (27) by translating the origin in the complex plane to z = a. 


7. The theorem of residues 

The coefficient in Laurent’s expansion of /( z), 
f(z) >=••• + — a)~‘ + o_i (" — «) -1 + a 0 + a t (~ — a ) + • ■ * (31) 

is called the residue of /( z) at z — a; it is denoted as follows 


n-\ ~ Res /(=)._, 


(32) 
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From the integrals in Section 3 we have 

$>/(-) dz = = 1-i Res/(z) z „„, ( 33 ) 

for any contour enclosing z = a but no other singularity of /(z). 

If the contour encloses several singularities, we can let it shrink to 

enclose each singularity separately, 
Figure 15.6. The contributions to 
the integral from each pair of straight- 
line segments traversed in opposite 
directions cancel each other, and the 
integral equals the sum of the residues 
multiplied by 2-/, 

^ /( z) dz = 2-/ Y, Res / ( 2 ). (34) 

If Laurent’s expansion of f{z) is 
known in the vicinity of each singu- 
larity, then the residues are found 
by inspection. Otherwise we proceed 
as follows. If 

lim (z — a) n f{z) as 2 —* a (35) 

exists and is different from zero for some positive integer n, the point 
2 = a is said to be a pole of order n. For a pole of order n, Laurent’s 
series begins with a_ n (z — a) -71 . Poles of the first order are called simple 
poles. If n = a> , z = a is said to be an essential singularity. For example, 
z = 0 is an essential singularity of exp (1/z). To obtain the residue at a 
pole 2 = a, we determine the order n of the pole; that is, the smallest 
value of the exponent for which the limit in (35) exists and is different 
from zero. If n — 1, the limit is the residue 

Res /(z) z=a = lim (z a)f(z) as z — » a. (36) 

Otherwise we let a-n denote the limit and obtain 

tf-n-fl = lim (z — «) n_ 1 [/ (z, — X7_ n (z — <?)“"]• &) 

If n = 2, this is the residue and the process is terminated; otherwise vve 
calculate 

*_ n+2 = lirn (z - «)"- 2 [/(z) - «_n(z - a)-' - 1(2 - *)"" * 1 j> ( 3S) 

and continue until we find j. 



Fig. 15.6. Deformation of a contour en- 
closing several poles. 
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Consider, for example. 


m = 


i 


( 39 ) 


1 — cos z 

The point z = 0 is a singularity. Recalling the following rule of calculus 

N(z) A™ (a) 


lim 


D{z) D w {a) 


(40) 


where ;/ is the lowest order for which the derivatives of the numerator and 
denominator do not vanish simultaneously, we have 


lim = - — ^ 

r— +0 j — cos 3 Sin 3 -„ 0 


lim • 


= 2 = < 7 _ 


cos : 


C0S3 i-„o 


( 41 ) 


n_i = lim 3 (- 4 ) = lim ; 

\1 — cos 3 3 v 


= lim 
= lim 


2a — 2 sin 3 
1 — cos 3 + 3 sin 3 

2 sin 3 


= lim 


2 — 2 + 2 cos z 
3(1 — cos 3 ) 

2 — 2 cos z 
2 sin z + 3 cos z 


Consequently 


3 cos 3 — 3 sin 3 

dz 


= 0. 


§T^ 


cos : 


= 0, 


( 42 ) 


( 43 ) 


for any contour which does not enclose poles of the integrand other than 
3-0. Since these other poles arc at s = ±2//-, ;; = 1, 2, 3, • • • , the 
contour can be a circle centered at z — 0 if the radius is smaller than 2a-. 

In many cases such as the above, the analysis can be simplified by 
expanding the functions directly in power series 

1 1 2 


1 


cos 3 


1 — 1 -{* 2 


1-2 


1 _4 t 

2 r ~ t* 


a'(3 — r<r =* + **•) 


2(1 4 - + ■■■) 2 1 

2 o "r - » 

~ 7T 6 


( 44 ) 


The expansion should be carried out only far enough to include the residue. 
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The following theorem is frequently useful. 

A r (z) 


If 


/(*) = 


D(z) 


( 45 ) 


and 2 = a is a simple zero of D(z), while A r (a ) is finite and different from 
zero. 


Rcs/( 2 )_ ^w‘ <«> 

The proof is left to the reader. [Hint: Use the following theorem from 
calculus: lim (uv) = lim («) Iim (a).] 


Problems 

1. Find the poles and residues of /( z) = 1 /(z 2 + pz -f q). Am. The poles are 

Zifi = — ^ zb V J p- — q; the residues are respectively (zi — Z 2) -1 = — q)~ l,i 

and (Z 2 — zi) -1 = — {\p~ — q)~ m . 

2. Find the poles and residues of z/(z 2 — 3z + 2). 

^«r. z = 1, 2; residues = —1, 2. 

3. Find the poles and residues of 1 /( z 4 — 1). 

Am. 2=1, i, —1, — residues = j, \i, — J, — fi. 

4. Find the poles and residues of 1 /( z n — 1). 

2^ = exp (2/wrr/»), where « = 0, 1, 2, • ■ • « — 1; residues = - Zr>. 

n 

5. Find the poles and residues of cot 2 . 

Am. = mr, n = 0, 1, 2, • • • ; residues = 1. 

6. Find the poles and residues of esc z. 

Am. ZLj-n = kit, k = 0, 1, 2, — ; residues = (— )". 

f rr fa 

— — • Ans. —2~i if the contour encloses z = 1 but not 

z- — 3z + 2 

z = 2; 4jrt if it encloses z = 2 butnotz = 1; 2rri if it encloses both points; andOifit 
encloses neither. 

8. Find the residue of z*/(z — l) 2 . Am. 4. 

9. Find the residues of (z — 1) /(z + l)(z + 2) at z = —1 and z = —2. 

Am. —2 and 3. 9 

10. Find the residues ofz~f(z — l)(z + l) 2 atz = 1 andz = —1. jandir- 

11. Calculate (f round the circle of radius V2 with center at 

J t'(z- l)(z+l) 2 
z = 0. Ans. 2—. 

12. Calculate the residue of e^T 5 at z = 0. '•r?. 

Hint: The answer can be found very simply. 

13. Obtain the residues of z~ 3 sin z and 2 f 3 cos z at z = 0. Am. 0, -f • 

14. Find the residue of (z — 2 tt) _ 4 sin z at z = 2~. Ans. —s. 
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8. An interpretation of the theorem of residues 

The real and imaginary parts of an analytic function of a complex 
variable satisfy the two dimensional Laplace’s equation, and thus may 
represent the following physical functions: the potential (electric, mag- 
netic, velocity), the flux function, the cartesian components of the velocity 
in an irrotational flow, the cartesian components of the electric current 
density (in a steady flow), etc. The poles of functions of a complex 
variable correspond to physical “ sources ” or “ sinks,” and the residues 
arc related to the magnitudes of these sources. 

For instance, if a liquid is flowing out of a point, uniformly in all direc- 
tions, and if I is the emission rate, the polar components of the density of 
flow are 

a, = //2~p, t> p = 0. (47) 


From this we obtain the cartesian components 


V x = V„ COS <p = 


I COS ip 
2 -p ’ 


/ sin <p 



(48) 


We now combine them into an analytic function 


V x ~ 1V V 


I (cos <p — i sin <p) 
2 ;rp 


2ttz 


(49) 


where 2 = p exp (Up) = .v -f- iy. Thus a simple source at z = 0 cor- 
responds to a simple pole of the “ complex velocity function.” The 
residue, 1/ 2tt, is very simply related to the emission rate. 

Next, consider two equal and opposite poles, that is, a source and a 
sink, at z — i/2 and 2 = —i/2; then 


v x — io u — 



I 

2tt(z + -Jf) 



(SO) 


Let i — ► 0 and / — > co in such a way that the “ moment,” p — It, of the 
" dipole ” or " doublet ” remains constant; then 


Vx 


IV u - 



(51) 


This function has a pole of the second order at 2 = 0. 

A source of the nth order is similarly formed by ?; simple sources of 
equal intensity, cquispaccd on the circumference of an infinitesimal circle, 
and a simple sink of n times the intensity of each circumferential source. 
The complex velocity is found to be proportional to 2 “”, a function having 
a pole of order n at 2 — - 0. 
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Consider now the integral 

f /(z) dz = j) (v = - ivf) {dx -f i dy ) 


= ^ fe dx -J- v,j dy) ~ i(j) (v- dy — c y dx). 


(52) 


The real part represents the circulation round the boundary; for the 
irrotational flow under consideration this should vanish. The imaginary 
part represents the total rate of flow across the boundary, and must equal 
the sum of emissions from simple sources inside the boundary, that is, the 
sum of the residues multiplied by 2-. A multiple source in the sense iust 
defined contributes nothing to the integral since the liquid emitted by the 
simple sources constituting the multiple source is returned to the sink. 

Laurent’s series is a representation of any given complex velocity by an 
equivalent combination of sources of various orders situated at z = a and 
z = <*. The sources at infinity are represented by the non-negative 
powers of z — a. 

A similar situation exists in the case of a solenoidal flow, as in a magnetic 
field produced by parallel electric current filaments. Around a single 
filament the magnetic intensity is 

H p - 0, H, = //2vp, (53) 

where I is the current. The circulation of H round the circle of radius p, 
coaxial with the filament, is I ; the outflow of H across the circle is zero. 
In this case 

H- - iH y = I/2xiz. (54) 

If the source distributions in the irrotational and solenoidal fields are the 
same, the fields are alike except for the interchange of equipotential and 
stream lines; either type of source illustrates the nature of the poles of 
functions of a complex variable. 


9. applications of the theorem of residues to the calculation of integrals of 
functions of a real variable 

Sometimes it is advantageous to reduce integrals of functions of a real 
variable to integrals in the complex plane in order to utilize the simplifica- 
tions offered by the theorem of residues. 

Consider the following integral 


P = 



da 

1 + k cos <p 


1 


— 1 <k <\. 


(55) 
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Since cos v5 = 2 ( 2 + = 1 ), where z is on the unit circle, we have (dp = dz/iz) 


P = 


—2ik~ l 



(56) 


The poles of the integrand are at 

zi = ~k~ l + Vk~~ - 1, z 2 = -k- 1 - Vk~- - 1. (57) 

The product ZiZ 2 is unity. Since both quantities, Zj and z 2 , are real, only 
one pole is inside the unit circle. If k is positive, Zj is inside the circle and 
the residue is 

Res l/Cz 2 + 2k~ l z + l) r « ri - lim - = — — 

~ 2 l)K z — ”2) " 1 — ~2 

j (58) 

~ 2 Vr 2 - i 

Therefore, 

P = 2r/vT - P. (59) 

If /t is negative, z 2 is inside the unit circle; but the answer is the same. 
When k is greater than unity, the integral diverges. In this case Zj 
and z 2 arc complex and on the circle; and the theorem of residues is not 



If Ci is the positive real axis, Figure 15.7, this integral may be expressed as 

<*» 


Anywhere inside the first quadrant indented at the origin 0, the intecrand 
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is finite and single-valued; therefore 

X + X + X + X = 0 - (63) 

As the radius r of the indentation C 4 approaches zero, the fourth integral 
approaches zero as the square root of r. As the radius R of the circular 
part C 2 increases, the corresponding integral diminishes; for the integrand 
diminishes as exp (— y). Therefore, 



Starting with positive real values of Vz on Cj, we arrive, via C 2 , at the 
value Vj> exp (/-/ 4) on C 3 ; that is, Vi = (1 + /)/V2 and not the nega- 
tive of it. Substituting = / 2 * , and referring to (6-45), we obtain 

2P = V2(l + i)£ e~ c ~dt = V7/2(l + i). (65 ) 

Comparing with (61), we have 

Pi = P 2 = V^/8. (66) 

In retrospect, we find that the present method depends on deforming 
the contour of integration without changing the value of the integral. 
In terms of the real part of z, the integrand assumes different forms, 
depending on the contour of integration. Thus we obtain several integrals 
which are equal to each other, and the value of one may happen to be 
known. Even if all the integrals are unknown, we may find that some 
can be evaluated more easily than others. When we are forced to resort 
to numerical integration, we may find that some of these integrals can be 
evaluated more rapidly than others. The integrands in (60) assume 
alternately positive and negative values as x increases, and the convergence 
is slow; but the integrand in (65) decreases very rapidly and numerical 
integration would have to be extended over a relatively short interval. 

Problems 

1. Integrate / = f - with the aid of the theorem of residues. Ans. ~l2a. 

Jo x ~ + a ~ 

Hint: Note that 2/ = f - — — ; dose the real axis with an infinite half-circle 

J—x x 1 + a- 

and prove that this half-circle contributes nothing to the value of the integral. 

2. Evaluate f Ans. rr \^2!4a". 

Jo x* -f <7 4 
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3. Evaluate 


pa cos x fa 

aluatc / — ; • Ans. ze fla. 

J 0 x 2 + a- 


Flint: Integrate c u f (z 2 + a 2 ) round the contour used in the preceding problems. 
dx 


4. Evaluate 


f 

Jo 


x~ n + a- n 


where n is a positive integer. 


Ans. zjlna 2 ” 1 sin {z jin). 

J r»» , 

c~‘ dz. Show that the contour of integration (the positive real 
o 

axis) can be rotated, without changing the value of the integral, chrough an angle a 
not exceeding 45°. Hence obtain 

J cxp (—.v 2 cos 2a) cos (.v 2 sin 2a) dx = ^ Vw cos a, 
o 

J' exp (—.v 2 cos 2a) sin (* 2 sin 2a) dx = h Vtr sin a. 

6. Show that (j) z~ n ~ l e T dz — 2zijn\ for any contour enclosing z = 0 (« = 0, 
1, 2,3 ■ • *)• If the contour is chosen to be a circle of radius a, then 
J* e n coa v ' cos (a sin tp — tup) dtp = 2za n I nl 

nit 

I A co5 sin (a sin <p — tup) dp ~ 0. 

Jo 

7. Integrating r~'/z round the contour in Figure 15.7, show that 

Jo y 


10. Integrals of multiple-valued Junctions 

When integrating single-valued functions, we have to think of poles 
only. If the contour of integration is the boundary of a simply-connected 
region, two cases present themselves: 

(a) There are no poles in the region; then the integral is zero. 

(b) There arc poles in the region; then the integral in the counter- 
clockwise direction equals 2 zi times the sum of the residues. 

A multiply-connected region can always be converted into a simply- 
connected region by a proper number of cuts. In following the new con- 
tour of integration each cut is traversed twice, in opposite directions; and 
for single-valued functions the contributions from cuts are always equal to 
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zero. Because of this any closed contour of integration may be deformed 
without altering the value of the integral, so long as we do not slip over a 
pole. If we do, we should add or subtract the product of 2« and the 
residue, depending on whether the pole is excluded from the region bounded 
by the contour or included in it — assuming, of course, that we are moving 
round the boundary in the counterclockwise direction. For the clockwise 
direction the “ add ” and “ subtract ” should be interchanged in this rule. 

For an open curve the theorem of residues does not yield the value of the 
integral; it merely relates it to the integrals along other curves between 
the same end points. 

In the case of multiple-valued functions the situation is complicated by 
the branch points. The theorem is applicable only to the boundaries of 
those simply-connected regions which do not contain any branch points. 
In general, this restriction makes it impossible to evaluate the integrals of 
multiple-valued functions solely in terms of the residues. However, the 
theorem of residues continues to be useful in simplifying the integrals. 

Consider, for example, 

r = /vr - z 2 dz. (67) 



Fig. 15.8. A contour of integra- Fig. 15.9. An alternative contour 

tion for the integral (67). for the integral (67). 

The integrand has two branch points, z = ±1. On and inside the con- 
tours C = Cl + C 2 + c 3 + C 4 in Figures 15.8 and 15.9, the integrand is 
single-valued and, there being no poles, the integral is zero. To prove the 
single-valuedness, let us examine the changes in the integrand along 
The integrand equals the square root of the product (1 - z)(l +z) and 
its phase is half the sum of the phases of its factors. The phase o t e 
integrand is all that we have to worry about; for, in this case, after t e 
completion of the cycle the absolute value returns automatically to its 
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original value. The quantity Z\ — 2 2 is represented by a vector joining 2 2 
to Sj; lienee the phase of 1 + 2 is the inclination of the vector joining 
z = —1 to 2 = 2. This phase remains constant as we move along Cj; it 
increases a little and then decreases to its original value as we go round C 2 
in Figure 15.8; it remains constant on C a ; it varies on C. t hut returns to the 
original value at 0 . To summarize: the vector from 2 = —1 to 2 = 2 
swings as we go round C but it goes through the same total angle in the 
clockwise and counterclockwise directions and the net change in the phase 
is zero. In the case of 1 — z, which is represented by the vector from 
2 = 2 to z — 1 , the overall situation is the same; but there are some 
differences in detail. Along C 2 there is a net clockwise change in the 
phase which is equal to 180°; the phase of the square root changes by 90°; 
bur in going round C\ these changes are wiped out. Thus, the integral (67) 
along C = Ci + C 2 + C 3 + C* vanishes; and the integral along C\ + 
C 2 + C 3 is equal to that along — C.,. 

If we wish to evaluate (67) along an open contour C\ + C 2 + C 3 , we 
note that the radius of the half-circle C 2 can be made infinitely small 
without affecting the value of the integral. This is because in deforming 
the contour we shall not pass through any singularities. However, we 
cannot dispense with the infinitely small indentation even though the 
integral round it turns out to be zero. If we were to pass directly through 
2=1, we should be in a quandary about the sign of the square root; the 
knowledge of the sign at 0 would not help us and we should have to assign 
the sign arbitrarily; that is, in effect, the integrals along C 1 and C 3 would 
become independent. The indentation, on the other hand, connects the 
two integrals unambiguously. Suppose wc start with Vl — 2“ = + 1 at 
2 = 0; therefore, on C;, Vl — z~ = Vl — ,v 2 , where x is real and the 
square root is positive. We have already seen that in going round C 2 the 
phase diminishes by 90°; lienee on C 3 , V) — er = — / V.v" — 1 , where x 
is real and the square root is positive. Therefore, along Cj -f- C 2 -f- 63 
we have 

P = jf~ r \ 7 1 - V (7.v + jf VT — dz - i J * ^ VV~—~I dx, (68) 

where r is the infinitely small radius of the indentation. On C 2 the abso- 
lute value of 1 — c is r; that of its square root is V 7 /-; the length of the con- 
tour is rr; and the absolute value of the integral is not greater than 
rrrvr. Hence the integral approaches zero with r. Evaluating the 
other two integrals, we have 

— /(V3 - •?, cosh - 1 2). 


(69) 
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For the integral round the contour Ci + C 2 -f C 3 in Figure 15.9 the 
phase of 1 — z 2 decreases by 360° in going round C 2 ; hence, the phase of 
the square root decreases by 180° and the integrand on C 3 is of opposite 
sign to that on Cj. Thus 

vl — z 2 dz ----- f Vl - V dx - f VT - ,-c dx 

VC1+C2+C3 t/0 t/1 

r i (70) 

= 2 J Vl — x 1 dx = fir. 


If the initial value at 0 is taken as —1, the values of the above integrals 
will have opposite signs. 

Next let us consider a multiple-valued integrand with a pole 



( 71 ) 


where C is the contour in Figure 15.9. The integrand is single-valued 
inside C and the theorem of residues is applicable. In evaluating the 
residue at z = 1.5 we must assign the proper value to Vl — z 2 . We have 
already found that, if we start with +1 at 0 , on the real axis for x > 1 , 
Vl — z 2 = — iV x 2 — 1 ; therefore at z = 1.5, Vi — z 2 = —zVl.25 = 
—iVJ/2. Hence, 

Q = ttx /5. (72) 


On the other hand, for the closed contour C 4 , 


R = 



Vi^v 

z - 1.5 


dz, 


(73) 


the theorem of residues is not applicable , since there is a branch point 
inside C 4 . Starting with a certain value of the integrand at 0, we shall 
arrive at a different value on our return. It is important to understand 
the difference between this case and the preceding. There, after going 
round Ci ~f- C 2 + £ 3 , we also reach a different value of the integrand; but 
the entire path has not yet been completed. When it is completed via Q, 
we arrive at the original value. Splitting C in (71 ) and inserting from (72) 
and (73), we obtain 


f +R = WS, R — 7rV5 — f 

OCi+Cz+Ct OC1+C1+C3 


(74) 


The integral R has not been evaluated but merely reduced to anot ler 
integral, which, depending on the circumstances, may or may not 
easier to handle. 
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Problems 

1. Calculate J' \/z dz along the real axis, from s = — 1 to z = 1, indented 

the origin. Let the initial value of the integrand be i. Ans. S (1 + <)■ 

Hint: For convenience introduce a new variable, / = — z, in the interval (-1,-0); 
then \/~z ~ i \/7, where \/~t is positive real. If the initial value is assumed to be — 
then we should have \/z = — i \f t , where \/7 is again positive real. 

2. Solve the preceding problem if the contour is indented below the origin. 

Am. S < — I + *)- 

3. Obtain the two preceding integrals from the antiderivative. 

4. Evaluate — along the contours suggested in the first two prob- 

lems. In the first integral assume i as the initial value of the integrand. 

Ans. 2(r — 1), 2(1 +i); — nr, iV. 

5. Evaluate J' (1 — z-) _1/: dz along the real axis from z = 0 to s = 2, first in- 
dented over z = 1 and then under. Let unity be the initial value of the integrand. 
Ans. Irr + / cosh -1 2, -Jtt — i cosh - " 1 2. 

6. Evaluate j' — z) ll2 dz. The contour of integration runs along the 

lower side of the real axis from z = —1 to z = —0, around z = 0, and back to z = — 1 
along the upper side of the real axis. Let the initial value of the integrand be \fl. 
Ans. —2~i. 

7. In the preceding problem let the contour run from z=— 3 to z = 1+0 along 
the lower side of the real axis and back along the upper side, with indentations around 
the pole and branch point. Ans. 4 \/2 -f 4 Jog (y/l — 1). 

8. Evaluate f — ==• The contour of integration runs along the 

J V-i-z + Vl+z 

lower real axis from z = 0 to z = 4 + 0 and back along the upper real axis, with 
indentations around Z = 1.5 and z = 4. Let the initial value of the integrand be-J. 

Ans. 4 + h \ / To log — ^ — + fifay/lO. 


Rr.rnur.N*cns 

r I. Thomas M. MacRobcrt, Functions of a Complex Variable , Macmillan and Com- 
pany, London, 1925. 

2. R, Rotlic, F. Ollendorff and K. Pohlhauscn (translation by Alfred Hcrzcnberg), 
Theory of Functions as Applied to Engineering Problems, Technology Press, Massa- 
chusetts Institute of Technology, Cambridge, 1942. 



CHAPTER XVI 

Linear Analysis 


1. Linear systems 

A physical system is linear if its response to several causes acting in 
combination equals the sum of its responses to the same causes acting 
separately; that is, if the “ principle of superposition ” is applicable the 
system is linear. Mathematically, linear systems are described by linear 
differential and integral equations. Many important methods of solution 
of linear problems depend on the principle of superposition, do not apply 
to nonlinear problems, and thus may conveniently be collected under the 
heading “ Linear Analysis.” Some of these methods have been explained 
and used in earlier chapters; here we shall consider them from a broader 
point of view. 

Causality is a physical concept and has no place in mathematics. As 
soon as physical relationships are translated into equations, there is only 
one difference between causes and responses: the former are supposed to 
be known functions and the latter unknown. The term “ cause ” becomes 
synonymous with the given or independent junction ; likewise the term 
“ response ” is applied to the derived or dependent junction. In a sense, 
when we solve an equation we transform the given function into a new 
function which may be called the transjorm of the original function. 
Obviously, there is no essential difference between dependent and inde- 
pendent functions; either may be regarded as a transform of the other. 

The function y{t) is a linear transjorm of *(/), 

y(t) = £[*(/)], (1) 

if 

£[*i (/) + *2 (/)] = £[*i (t)] + £1*2 (/)]. (2) 

If 0(0 is the “ null function,” that is, if 0(0 vanishes for all values of/, 
£[ 0(0 + 0 ( 0 ] = £[ 0 ( 0 ] + £[ 0 ( 0 ]- ( 3) 
Since 0(0 + 0(0 = 0(/), we have 

£[ 0 ( 0 ] = 0 . ( 4 ) 

Thus, any linear transform of the null function is the null function: ‘ there 
is no response without a cause.” 
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Whenever equation (2) is satisfied, the operations performed on x(t) 
are called linear. Thus multiplication by a constant is a linear operation 

2[.Vi (/) + *2 (/)] = 2*1 (0 + 2 y 2 (/) ; (5) 

that is.y(/) = 2* (/) is a linear transform of *(/). The operation of differ- 
entiation, £ = d/dt , is also a linear operation since 

| [-V, (/) + * 2 (/)] = | Xl (/) + ~ x 2 {t). (6) 

The integral 

y(t) =£ l X (r)dr, ( 7 ) 

where a is a constant, is a linear transform of .*(/) because 

f [.Vi(r) + *2 (r)] dr = f *i(r) dr + f x 2 (r) d T - (8) 

%Ja On t/o 


Multiplication by a fixed function, 

y{t) = a (/).*(/), 

is a linear operation since 

«(0l*i(0 + *2(0] = a(t)xi (/) + o{t)x 2 (t). 


Similarly, 

y(t) = f K(/,r)x(r) dr, 
•/« 


( 9 ) 

( 10 ) 

(ID 


where the kernel K(t,r ) is fixed, is a linear transform of ,v(/) because 
f L'(/,t)(.Vi(t) + x 2 {r)\dr — f K(t,r)xi(r) dr 

Q \Ja 

+ J' A'(/,.).v 2 (t) dr. 


( 12 ) 


On the other hand, the operation of squaring is not a linear operation 
because 

[*l(0 + .V2(0F s* E-Vi(01- + [.v 2 (/)]'. (13) 

The render will recall that linear differential equations are defined as 
equations of the first degree in the dependent variable and its derivatives; 
thus 




( 14 ) 
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is called a linear equation even though / 3 , e l and /(/) are not linear function?. 
The principle of superposition is the key to this definition. In any linear 
nonhomogen eous differential equation the term not involving the dependent 
variable is a linear transform of the unknown function; thus in (14) 

/(') = £[)•(')!- (15) 

When we try to recover y(t) from f{t) — that is, when we try to “ solve ” 
the equation — we find that the answer is not unique and that in general 
y(t) is not a linear transform of /(/); but we can subject y{t) to supple- 
mentary conditions (initial or boundary conditions) which make it unique 
and a linear transform of /(/). Then we could write the solution of (IS) 
as the inverse transform 

yif) = jb~V(OJ- ( 16 ) 

The supplementary conditions must be so fixed that the inverse transform 
of the null function is the null function, and that the solution of the homo- 
geneous differential equation is identically equal to zero. The supple- 
mentary conditions have to be suitably chosen for each particular class 
of physical problem. 

Let us consider a simple example. If a mass M is moving in a straight 
line under the influence of a force Fit), 

Mj t = Fit), (17) 

where v (t) is the velocity. If r (/) = Vi{t) -f- v 2 (t), then clearly F(l) = 
Fi(t) -f- F 2 (t) ; and if the velocity is zero, the force acting on M is also 
zero. However, if v is constant, F is still equal to zero; and r(/} can be 
recovered from (17) only except for an arbitrary constant. On further 
consideration we decide that if no force had ever acted on the body, the 
body would have remained at rest; that in computing the velocity resulting 
from the action of Fit) we should use not only (17) but some supplementary 
condition. This condition is: if Fit) is finite and equal to zero cken 
t < r, then vit) is continuous and equal to zero for t < r. Thus we have 
summarized our physical ideas about the behavior of the body: the boaj 
is at rest if it has never been acted upon by a force; the velocity does not 
suddenly become different from zero if the force acting on the body is 
finite. Under these conditions the solution of (1/) is unique 

.w-if*®* (,8) 

Let Fit) be equal to zero except in the interval (r,r -f T) when F(t) - 
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p/T\ then, from (18), 

v(t) = 0, 


Pit ~ t ) 
MT 


1 ^ r; 

t < / < t + T; 


(19) 


/> 

A/’ 


t + r < /. 


If T — > 0 and p is finite, 

»(0 = °> ‘ < r ; 

= p/M , / > T- 


(20) 


The velocity becomes discontinuous; but it has been produced by an 
infinite force. The quantity p is called the impulse oj force ; the product 
Mv is the momentum; and the two arc equal. 

If a mass M is attached to a spring of stiffness 5" and if s denotes the 
position of M with respect to the position in which the spring does not 
exercise any force on M, 

M ir- + R jt + Ss = F{t), (2D 


where the middle term represents the force due to friction. The supple- 
mentary conditions which make s(t) a unique response to F{t) and a linear 
transform of F{t) arc: if F{t) — 0 for t < r and is finite, then s(t) and its 
first derivative arc continuous and* s(— w) = 0. This makes s(t) — 0 the 
only solution of (21) when F(t) = 0. 

More generally, if die dynamical system is described by an equation of 
order n, then the supplementary conditions consist in the continuity of all 
derivatives except the highest and the vanishing of the solution at / = — cc . 
The highest derivative is continuous only if F(t ) starts from zero. 

The nature of the supplementary conditions depends on the physical 
problem. Consider 

^2 

= v +/(*), (22) 

where y is the displacement in a one-dimensional wave. The general 
solution is 

y(.v) = z/r + Be~~ + y(.v), (23) 

* In conjunction with the other supplementary conditions, the condition s(r) ~ 0 
if t < r is equivalent to s{— =c ) «■» 0. 
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where A and B are arbitrary constants and g(x) is a particular solution 
depending on /(at). Here we demand that y(x) and y'(x) be continuous 
and y (zb -n) =0. 

The electric potential V of a distribution of electric charge of density q 
satisfies the differential equation 


d 2 V , d 2 V , d 2 V 
dx 2 ' dy 2 ‘ dz 2 


(24) 


where e is the dielectric constant. Physically V is uniquely defined by q; 
but (24) does not define V uniquely. The equation possesses numerous 
solutions even if q = 0. But if we specify that V and its partial derivatives 
are to be continuous when q is finite and that V vanishes at infinity, we 
shall find that V is uniquely determined by q and that it vanishes with it 
as it should. 

The supplementary, initial or boundary, conditions are needed because 
we are usually unable to include all physical requirements in our difierendal 
equations. 

Having supplemented our equations with the conditions sufficient to 
insure the unique solution of a given physical problem, we proceed as 
follows: 


(a) We choose a set of simple independent functions in terms of which 
we can express any other given function; 

(b) we obtain the solutions of our equations for this set of independent 
functions; 

(c) and, finally, we obtain the solution for any given independent 
function by the principle of superposition. 

There are three convenient basic sets of independent functions: a set 
of “ unit step functions,” a set of “ unit impulse functions,” and a set of 
sinusoidal or exponential functions. A given function may be expressed 
either as a succession of “ steps ” of infinitesimal or finite magnitude, or as 
a succession of “ impulses,” or as a Fourier integral ” of sinusoidal 
functions of variable frequency, or as a “ Laplace integral ” of exponential 
functions with a variable exponent. Laplace integrals are taken along 
certain contours in the complex plane and may often be evaluated by the 
calculus of residues. 

These three sets of basic functions and their applications are considere 
successively in Sections 2, 3, 4. Any one of the three methods ma> proxe 
best for any particular problem. As we shall see, we can express - 
responses to unit step functions and unit impulse functions by re amey 
simple Laplace integrals; but in simpler problems it is usually easier to 
find these responses directly. The Laplace transform method s ows its 
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to better advantage in more difficult problems. This is true of the other 
methods as well; simple problems are usually easier to solve by the more 
elementary methods. 


o 


The unit step function and the indicia! admittance 
The unit step Junction, Figure 16.1, is defined analytically as follows: 

1 (/) = 0, / < 0; l(.v) = 0, x < 0; 

(25) 


= 1, / > 0; = 1, .v > 0. 


Any piece-wise differentiable function f(t) may be regarded as a succession 
of steps of finite or infinitesimal magnitude,/^/) dt, Figure 16.2. 



Fic. 16.1. The unit step function. Fig. 16.2. The formation of an arbitrary func- 
tion as a succession of unit step functions. 


The response of a linear system to the unit step function is called the 
indicia! admittance A (/,r) of the system. In the case of time functions the 
indicial admittance vanishes if t < r (no retroactive action), 

A{t,r) — 0, t<r. (26) 

We have seen that the coefficients of differential equations may be 
functions of the independent variable, t, and still be linear. The systems 
described by such equations arc called variable linear systems to distinguish 
them from invariable systems, which arc those governed by equations with 
constant coefficients. The indicial admittance of invariable systems 
depends only on / — r: 

A(t, r) « Aft - r), Aft) - 0 if / < 0. (27) 

We are now in a position to write the response Fft) to any piece-wise 
differentiable function/(/) which vanishes prior to some particular instant, 

m - £ x Aft - r) dffr) l Aft - r) dffr). 


(28) 
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This integral is to be interpreted in the Stieltjes sense instead of the ordinary 
Riemann sense; that is, the differential is permitted to have finite values 
as well as infinitesimal values. If there are no discontinuities in /(/) in 
the interval (— /), (28) becomes an ordinary Riemann integral. 


F(t) — f A(t — t)/'(t ) dr. 


(29) 


If at some instant / = /„,/(/) changes suddenly from /(/„ — 0) to /(/„ -f 0), 
(28) becomes 

F(t) = £[/(/„ + 0) -/(i n - 0 )]A(t - /„) + f A(t - t)/(t) dr, (30) 

where the integral is now interpreted in the Riemann sense and the summa- 
tion is extended over all points of discontinuity. 

The general problem is thus reduced to the calculation of the indicial 
admittance of the system. To illustrate, let us consider an electric circuit 
consisting of an inductance L in series with a resistance R. To obtain 
the indicial admittance, that is, the current in response to the unit step 
voltage, we have to solve 

L d -£ + RA -!(/). (31) 


For t > 0, this equation is simply 



+ RA = 


1 . 


(32) 


The general solution is the sum of a particular solution and the comple- 
mentary furiftion (that is, the general solution of the associated homo- 
geneous equatfc* 1 )- If A — constant, dA/dt — 0, and A — 1 /R is seen 
to be a particular'i s °l ut ' on ; thus 

4(f) = C exp (-Rt/L) + IJR. (33) 


The constant of integr^ 011 C > s found from the condition that the current 
vanishes at / = 0; hen<b e 

c-Yi/a-Q, c=-i/r, 


A(f) - ( 1 /^)( 1 “ ex P (-Bt/L)\ 

There might be some dorc^t as to the vanishing of the current at t = 0. 
The current due to the unitt. ste P v °) ta g e must certainly e zero eore 
voltage begins to act, that isu w h en 1 < 0; an ^ ^ ^ ^trent is continu , 
of course it vanishes at t = i However, can we safely assume that 
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current is continuous? Let us go back to (31) and integrate it from 
t = —0 to t = /: 

L\A{t) - A{-0)\ + R J‘ Adt = J* 1 (/) dt = /. (35) 

As / — » +0, the right side approaches zero; so does the second term on 
the left. Hence A(- f-0) = A{— 0) as long as L ^ 0. If L — 0 the argu- 
ment breaks down, and there seems to be nothing wrong with an assump- 
tion of a sudden rise in current; but then the problem is altered and there 
is no arbitrary constant of integration to be determined. 

The response of the circuit to an arbitrary voltage V(t) is then written 
down from equation (28), 

m = ~ jf { 1 - exp [ - R (/ - r )/L ) } dV ( T ). (36) 

If F(t) is a square pulse of unit magnitude, beginning at / = 0 and ending 
with t = T, then, within the interval 0 < t < T, dV(j) = 0 and the con- 
tributions come only from the discontinuities 

I{t) =0, t < 0; 

- ~ { 1 - exp l-Rt/L]}, 0 < / < T; (37) 

- | { exp [~R(t - T)/L] - exp [-R//L] }, t > T. 

If V(j) = sin (- t/T ) when 0 < t < T and vanishes outside the interval, 

I if) = YR So ^ 1 ~ CXP [ ~* ( ' ~ t)/£) ! cos WD dr - < 38 ) 

Only routine integration is needed to evaluate /(/). 

Let us now consider the case of a capacitance C in series with a resistance 
R. The equation for the indicial admittance is 

RA + C~ l f A df = 1 (/). (391 

The lower limit of the integral is taken to be zero in order to insure that 
there is no charge on the capacitor at t = 0. When t > 0, the right side 
of this equation is unity; differentiating, we have 
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Solving, we obtain 

A{t) = P exp (- t/RC ), ( 4 i) 

where P is an arbitrary constant. This time the current and A are not 
continuous at / = 0; thus we find directly from (39) that A(+ 0) = \/R 
and 


A(t) = (1 /R) exp (-t/RC). (42) 

If we are interested in the charge q(t) on the capacitor instead of the 
current I(t ) = dq/dt, the equation for the indicial admittance becomes 




(43) 


This is essentially the same equation as (31) and the same solution will be 
valid, with obvious minor changes. 

If we introduce a new variable of integration, f = t — r, in (30) and 
then drop the caret superscript, we obtain 

F(t) = f A(j)f(t - r) dr + Uf(ln + 0) -/(/„ - 0 )]A(t - /„), (44) 

where die summation is extended over the set of points of discontinuity 
t\, hi hi • • • of/(/). This is a frequendy used form of the general solution 
in terms of the indicial admittance. 


Problems 

1. Find the indicial admittance of a circuit consisting of an inductance L, resist- 

dA 1 P * 

ance R, and capacitance C in series; that is, solve L —— + RA 4 — / Adt=l(t)- 

at C Jo 

Hint: To determine the arbitrary constants prove that A vanishes at t = 0 
and its derivative suddenly rises by an amount 1 / L . 

Ans. A(t ) = (e Pl ‘ — e KI ) j(p\ — p*)L, where pi and p* are the zeros of LCp- + 
RCp + 1. 

2. Find the indicial admittance of the circuit in Problem 1 if the charge on the 
condenser is regarded as the dependent function. 

Ans. A(t) = \Cj(pi — pi)](pi — pi + p 2 C P1 ‘ — pie Kt ). 

3. Find the indicial admittance of a circuit consisting of a resistance R in senes 
with a parallel combination of an inductance L and capacitance C. 

Note: It is very likely that the reader will run into difficulties and the problem is a 
challenge to him. If he fails to resolve the difficulties, he is urged to try again after 
he learns the answer, given in a later section, where this problem is solved by the 
Laplace transform method. 
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4. Find the response (that is, the voltage) of a circuit consisting of L, R, C in 
parallel to a unit step current. Note the similarity between this problem and Prob- 
lem 1. 


3. The unit impulse junction and Green’s junction 

The unit impulse junction and the generation of arbitrary functions by 
a succession of impulse functions of varying moments are shown in Figures 
16.3 and 16.4. The analytic definition of the unit impulse function is: 

1 (/,r) =0, if t < r or t > t; 


= <», if t 



r ; 


(45) 


In a more extended form, 

7(/,r) = lim ZM , 


s — > 0; (46) 



Fig. 16.3. The unit impulse Junction. Fig. 10.4. The formation of an arbitrary 

function as a succession of unit impulse 
functions. 


that is, the impulse function is the limit of two opposite step functions of 
indefinitely increasing magnitude such that the moment oj the impulse, 
defined as the area under the step functions, is unity. For any func- 
tion/!/), 


T /(/)/(/, t) dt =/(r), h < r < / 2 ; 

•Stl 

= 0, - < /> or r > t*. 


(47) 


If r takes on different values while /j, to are kept fixed, the integral repre- 
sents a function which is identical with /f/) inside the interval and vanishes 
outside it. 
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The response G(t,r) of a system to the unit impulse function is called 
Green's function. For functions of time 

G(/, t ) =0, t < t, (48) 

there being no retroactive action. For invariable systems 

G(t,r) = G(t — t), G(f) = 0 if / < 0. (49) 

If the independent coordinate is spatial. Green’s functions may be of 
varied forms since the boundary conditions are varied. For example, if a 
unit electromotive force is impressed at * = £ on a transmission line 
infinite in both directions, the current in the line is 

I (xf) = G(xf) = \K~ l exp [—ifi(x — £)], * > £; 

= \K~ X exp [—/£(£ - at)], * < ?. ^ 


The condition which results in this particular solution of the transmission 
line equations is that the phase of the current is retarded with increasing 
distance from the source. If the line is made slightly dissipative, the 
condition at infinity is easier to understand; all solutions except one 
become infinite there and thus do not correspond to our idea of a possible 
physical behavior of the system. If the dissipation is made smaller and 
smaller, the “ physical ” solution approaches (50). 

The portion of the transmission line to the left of x — 0 may be cut off; 
then the response G( Of) must vanish at x = 0. This condition replaces 
the one which required G to vanish at x = — a> in the dissipative case, or, 
in the nondissipative case, to be a retarded wave function. The new 
Green’s function is 


G(x ,£) = iK 1 sin j3£ exp (—//?#), x > 

= iK~ l sin fix exp (— //?£), x < £• 


(5D 


If a shunt generator of infinite impedance is supplying current K 1 
amperes to an infinite line at x = £, 

I(xf) = G(xf) = pT _1 exp [— tf(x - £)], * > I,* ^ 

= — %K~ l exp [— ip — #)], x < £. 

The Green’s function for the double source consisting of properly related 
series and shunt generators is obtained by adding (50) and (52). It 
vanishes if x < % and in this respect resembles Green’s functions for func- 
tions of time — that is, certain double sources act only to the right and 

not to the left. _ 

In the later sections we shall deal with Green’s functions of the type (j )> 
(51) and (52) in more detail; but for the present let us return to problems 
with time t as the independent variable. 
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Once the Green’s function for the given system of equations and boundary 
conditions lias been determined, the response F(t) to an arbitrary distribu- 
tion of sources /(/) is obtained by superposition 


m = f G (/,r )/ (t ) dr. 

—CO 


(53) 


Aside from the evaluation of this integral, which is very difficult at times, 
the main problem is the calculation of Green’s functions. 

From the definition of the unit impulse function in terms of the unit 
step functions we obtain 


G(/,t) = 


dA (At) 
dr 


(54) 


The method of Green’s functions is essentially the same as the method of 
indicial admittances and, in general, more convenient because the equa- 
tions which must be solved in order to obtain the Green’s function arc 
homogeneous for all values of the independent variable. 

The direct method of calculation of Green's functions has already been 
illustrated in the chapters on differential equations. We shall consider, 
however, one or two examples for the purposes of comparison with the 
indicial admittance method. For a series circuit consisting of resistance R 
and inductance L, we have 

Z.~ + i?C = /(/,r). (55) 

This is similar to (31) in the indicial admittance method. Equation (55) 
is really 

dG 

L — + RG = 0, t^r, (56) 


with a certain supplementary condition. Since the point t — t is excluded 
in (56), we are forced to treat the intervals (— co, T ) and (r,<») separately, 
and write the general solution in the form 


G - P exp (- Rt/L ), 1 < T ; 

= (?cxp (— Rt/L), t > T ; 


(57) 


containing two constants of integration instead of one. Since the circuit 
is not expected to respond before the voltage impulse is applied, P — 0. 
The constant Q is obtained from (45); the impulse function is not defined 
at t — t but its integral is. Integrating (55) from / = T — 0 to / = r + 0, 
wc have 


LG(t + 0,r) — LG(t — 0,t) = 1. 


(58) 
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Substituting from (57), 

LQ exp (— Rt/L ) — LP exp (— Rt/L ) = 1, 

(59) 

LQ exp (—Rt/L) = 1, Q = L 1 exp (Rt/L); 

thus 

G((,t) = 0 , l < T, 

( 60 ) 

= L exp [R(t — t)/L], t> t. 

The second example of the preceding section concerns a series circuit 
consisting of resistance R and capacitance C. Instead of (39) we now have 

RG+C- 1 J G(t) dt — I(t,r). ( 61 ) 


In this case Green’s function does not exist, since it is only the integral of 
/(/,t) that is defined at / = r, and if we integrate (61) we obtain 

pr+O pt 

R Gdt + CT 1 dt / G(t) dt = 1. (62) 

«/r— 0 «/t— 0 «/r 

If G is finite at / = r, the integrals on the left vanish; hence G is infinite at 
t — t and we cannot determine the arbitrary constants in the solution of 
the homogeneous equations for t t. 

The above result is not surprising if we note that for the impulsive 
voltage the initial current is 1 /L, where L is the inductance of the circuit. 
This conclusion can be drawn from (60) and it is not affected by the addi- 
tion of capacitance. Two alternatives now present themselves: (1) to 
use the indicial admittance method, (2) to alter the dependent function 
from the current I (t) to the charge q(t) on the capacitor, given by I = dq/dl. 
Let us see how the second alternative works. The equation becomes 

R Tt +i =/( '’ r) - ' (63) 

By integration we have, just as in the preceding example (with L and R), 
G(t + 0 ,r) - G(t - 0,t) = 1 /R. (64) 

This equation tells us that there is a sudden rise of charge on the condenser 
from zero to 1/22. The solution itself can be written by analogy with (60): 

G(1,t) = 2T 1 exp [(r - t)/RC], t > r. (65) 

For any voltage V(t), 

q(t) = RT l r V(t) exp [(t - t)/RC\dT, 

1/ ~ CO 


t > 7 . 


( 66 ) 
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The current is then obtained by differentiation, 

/(/) = ~R-~C-' r V(t) exp [(r - O/RC] dr, t > r. (67) 


Let us now return to the voltage impulse and assume that V(r) increases 
while the action interval decreases so that the volt-seconds remain con- 
stant and equal to unity; then from (67) 

1(0 = ~R~ 2 C - 1 exp [(r - O/RC], t > r. (68) 

This seems to be the response to the unit voltage impulse; but how is it 
that we could not obtain it directly from (61) and (62)? Is there any 
inconsistency? There is no inconsistency because (68) is not quite the 
same function as G. Equation (64) tells us that in passing through t — r, 
the instant of the impulse, there is a sudden shift of electric charge from 
one plate to the other. This implies an infinite current at / = t. Then 
the impulse is over and the discharge of the capacitor begins; during this 
discharge we have (68). 

Let us now see what happens when the circuit contains inductance as 
well as resistance and capacitance. The equation of oscillations is 

L 7, + RI + dfL Idt = m ‘ (69) 

For a unit impulse at l = 0, the equation becomes 

L ( ~ + RG + ~ G dt — 7(t, 0). (70) 

Integrating over —0 < / < +0, we have 

/.G(+0,0) - £G(— 0,0) = 1, G(-f 0,0) = \/L. (71) 

Elsewhere G(/,0) is a solution of the associated homogeneous equation, 
G(/,0) = Ae r,t + Dc Pi ‘, t > 0; 


= 0, / < 0; (72) 

LCp\ a + RCpi o +1=0. 

From (71) and (72), 

// + !? = \/L. (73) 

To obtain the second equation for the arbitrary constants, we calculate 
the charge on the capacitor, 

f g(/,o) dt = Apr 1 A' 1 - Apr 1 + npr 1 ^- 1 - npr 1 . 

t/0 


( 74 ) 
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At / = oo the capacitor should be discharged; since the exponential terns 
vanish, we have 

Api 1 -f Bp2 X = 0, B — — [pi! pi) A. (75) 

Substituting in (73), solving for A and B, and inserting their values in (72), 
we obtain the Green’s function 


cm = 


PiA 1 * — p^ 1 

L(pi - p 2 ) 


(76) 


Hence the general response is 

1 


m =m^)L -t**-*™ * 

= X ( j*"' - n> - o *. 


(77) 


A variant procedure is to express (69) in terms of the charge 5(1); the 
boundary conditions are then 


G(+ 0,0) = 0, G'(+0,0) - l/L, (78) 


where G(/,0) is the response to the unit impulse at t — 0. This time wc 
do not have to anticipate a part of the answer by deciding on physical 
grounds w'hat should happen at / = 00. 

Differential equations of invariable systems are invariant under transla- 
tion of the origin of time and G(/,r) = G(/ — r); hence (53) may he 
written. 


F(0 - G(/ - r)/(r) dr = G(/ - r)/(r) dr 

= £ -r) dr. 


(77) 


The upper limit in the first integral is replaced by / in the second since G 
vanishes when - > t. 


Problems 

1. Find the response of a circuit consisting of and Gin parallel to 2 unit in.p’-- - 
of current. 

Bins. The voltage across the circuit is V{t) = C~ ! exp (—tjRC). 

2 . Find the response of a circuit consisting of R and L in parallel ro 2 unit tap - - 

of current. Hint: Introduce the magnetic fiux < I’ = J' B(t) dt through the i 

ance as the dependent variable. 
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Ans. There is a momentary infinite current in the resistance and a corresponding 
momentary infinite voltage across die inductance. The latter establishes instan- 
taneously a magnetic flux, R volt-seconds, through the inductance. Thereafter, the 
magnetic flux disappears in accordance with 4> = R exp (— Rj/L ), and the voltage 
across the inductance (in the direction of the current impulse) is 

~{R-/L) exp (- RilL ). 

3. What is the current in the inductance in Problem 2 when t > 0? Note: The 
current entering the circuit is zero when t > 0 since the current impulse has terminated 
but the current in the circuit is not zero. 

Ans. hit) = {RIL) exp ( -Rt/L). 

4. Find the response of a circuit consisting of L, R, C in parallel to a unit current 
impulse. 

4. The exponential Junction and Laplace transforms 

In the more complicated cases the determination of either the indicial 
admittance or the Green’s function becomes laborious. If the coefficients 
in the equations are variable there is no alternative; but when the coeffi- 
cients are constant, “ Laplace integrals ” come to the rescue. The basic 
idea is to express all functions /(/), the known and the unknown, as integrals 

of the form J f(p) exp (pt) dp. When these Laplace integrals are sub- 
stituted in the equations, the problem becomes considerably simplified. 

First let us consider a method for express- 
ing known functions as Laplace integrals. 

The knowledge of Cauchy’s integral for- 
mula and a little imagination should sug- 
gest that the unit step function is given 
by the following contour integral 

1 r e p * l ~ r> 

= — -—-dp, (80) 

2 set Ac p 

where the contour of integration is the im- 
aginary axis indented to the right of the 
origin, Figure 16.5, or any other contour 
obtained from this by continuous defor- 
mation, without crossing the origin and 
without leaving the imaginary axis at in- 
finity. If / < r, / — t is negative and, at 
infinity, the exponential function vanishes when the real part of p is 
positive — that is, everywhere on the infinite semicircle Cr. in the right 
half-plane. Figure 16.5. It can be shown that the contribution to the 



Fie. 16.5. The contour C of inte- 
gration in the integral representa- 
tion of the unit step function. 
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integral from C R is zero and we can add C R to C without affecting the 
value of the function represented by (80). Inside the closed contour 
thus formed, the integrand is analytic and the integral is zero. 

If / > r, t — t is positive and the exponential function vanishes on the 
infinite semicircle C L in the left half-plane. The integrand has one pole, 
P = 0, inside C -f C L ; hence, by the theorem of residues the value of the 
integral is unity. 

Next we shall represent a function /(/) which vanishes at t = Too by 
an integral of the form 

/(0 = f c S{p)e pl dp. (81) 


The function S(p) is called the Laplace transform of /(/). Frequendy 
1/2 iri is inserted as a factor in front of the integral in (81). The Laplace 
transform of the unit step function is 

S(p) = *-* 72 rip. (82) 

When 1 /2iri is exhibited in front of the integral, the Laplace transform of 
the unit step is *“* T /p. 

Regarding///) as a succession of steps of magnitude df{t), we have 

1 P e v< ‘ l ~~* > 

(83) 


Assuming that we can interchange the order of integration, we obtain 

Integrating by parts, 

f-jp[^f(T)F +pJZ^ T)rprdr \ 

2 TTt'JC p L I — 00 J 


(84) 


-hi «** [/>>'’'*■ 


(85) 


This equation is truia whether /(/) is continuous or not. If/7) has a dis- 
continuity, a finite fjtep must be added in the first line of (85); howe'er, 
this term is canceled! by a corresponding term when we evaluate e /(< )• 
Comparing (81) and .(85) we have the Laplace transform of/(/) 

.S(p) = ~ f 0 f(r)e^dr. W 

■ 2~tJ -« 

Since /(r) is supposed to vanish, prior 'to some instant r, we can always 
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choose the origin of time to make the function equal to zero in the interval 
( — ,0 ) ; then 

s(p) j{r)rvTdr - (87) 

Once the Laplace transform of the independent function has been 
found, the dependent function can also be expressed as a Laplace integral. 
Consider the following equation (with constant coefficients): 

d n y d n ~^y dy 

a n -jj- n + «n-i i + V ~j t + =/(/)• (88) 

First wc solve this equation subject to the condition that y(t) and /(e) are 
exponential functions 

y(t) = fc* /(/) = A A 1 . (89) 

Substituting in (88), we find 

D - Z(p) = “np n + H F«i/> + ffo- (90) 

Zip) 

In electrical problems Z(p) is referred to as the “ impedance function.” 


By superposition of responses to A — S(p) dp, we obtain 

< 31 > 

In a more formal analysis we might start with Laplace integrals 

-X S(p)e vl dp, y(t) — £ U(p)c vl dp, (91A) 

in which S(p) is supposed to be known and U(p) is unknown. Substitut- 
ing in (88), wc have 

£[Z(p)U(p) - S(p)]A‘dp = 0. (91 B) 

This equation will be satisfied if 

Z(P)U(P) - S(p) — 0, U(p) = (91C) 

Z(P) 

and wc again obtain (91). 


All that we need, therefore, is the Laplace transform of the independent 
function. For example, by (SO) and (91) the response to the unit step 
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at / = r is 

The response to an upward unit step at t - t - is and downward unit 
step at t — t + is 


y(,) = hlo 


2 sinh (ps/2) 
pZ(p) 


If j approaches zero while the magnitude of each step is made equal to 1/j, 
we obtain Green’s function 


i p P p(t—r) 

G(t,r ) = — / ~r~-dp. 
2 TTlJc Z(p) 


In (91) we have a formal solution of 
(88) in the sense that if we substitute in 
(88) and differentiate under the integral 
signs, we shall end up with an identity. 
However, a question regarding the contour 
C will arise as soon as we attempt to eval- 
uate (91). In equation (80) for the unit 
step, C can be deformed in any way as 
long as the origin is not crossed, and as 
long as the contour remains along the 
imaginary axis at infinity; but if this is 

Fig. 16.6. Illustrating the position done in . ( 91 ) we are likel f t0 cross P ol f 
of the contour of integration C of the integrand other than p = 0. In 

with respect to the poles of the these circumstances (91) may represent 

problems trans ‘ ent response several different functions and we are faced 

with the necessity of choosing C to obtain 
the desired solution. Since we desire y{t) to equal zero for negative values 
of t, we should make C pass to the right of all poles of the integrand, Figure 
16.6; then closing C by a half-circle at infinity in the right half-plane 
would leave us with an integral identically equal to zero. 

The next question is: are the initial conditions right? In the response 
to any bounded function /(/), y(t) and its first (» — 1) derivatives should 
vanish at the instant /(/) begins to operate. For the impulse function 
(which is not bounded but whose integral is) the initial value of the 
in — l)th derivative should be l/a n . Differentiating (92) (» — 1) t' 11165 ; 
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we have 


i p/pU—r) 

1 npe pU - T '> 


S±_ r pe vl 1 , 

( ^ 2-iJc Z{p) dp ' 


A in-l) {t _ t)= irr 
2~: Jc 


2 t J>d-r) 


At t = - the typical integral is 

Sr- < 96) 

At infinity Z(p) varies as p" and the integrand as l/p" +1_,n ; hence, the 
integral of the absolute value varies as l/R n ~ m . This integral vanishes if 
?; > m and the right-handed closure of C is permissible when ///<;; — 1 . 
Since there are no poles inside the augmented contour, the integral vanishes 
and 

^"O(0)=0, m<7i- 1. (97) 

Green’s function is the derivative of the indicial admittance with respect 
to /; hence 

G (m) (r,r) = 0, m <71-2. (98) 

The (« — l)th derivative of Green’s function is 

7 n 




■ dp. (100) 


At / = r, the closure of C is not permissible since the contribution from the 
infinite semicircle does not vanish. In this case consider the following 
difference 

(?->(,„) - - t> = a. X *• (loo 

If / < t, the integral vanishes and G t '~ 1) is identical with the second term 
on the left; thus G' R ~ 1) (r — 0,r) =0. If / > r, the left-handed closure 
of C is permissible. The integral does not normally vanish in this interval. 
However, we are interested in its value as / approaches r -f- 0. The 
dominant term in the numerator is — («„_i f(i n )p r '~ l and, for large p, the 
integrand varies as 1/p 2 . The contribution from the infinite semicircle is 
zero, the contour can be returned to its original unclosed form, and then 
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closed on the right. Hence we find that the integral vanishes at / = r +0 and 

( T + 0,r) = a~H ( T + 0 - t) = <£\ (101 ) 

Thus we have shown that if C is chosen to pass to the right of the zeros 
of Zip), the indicial admittance and Green’s function for (88) are given by 
(92) and (94). These formulas reduce the calculation of many responses 
to a simple routine, particularly when the zeros of Z(p) are simple and the 
residues can be expressed in terms of the first derivative of Zip). 

The preceding arguments can be generalized to include independent 
functions other than the unit step and impulse functions. The values 
of y it) and its derivatives at the start of /(/) depend on the behavior of 
Sip) at infinity. If Sip ) varies ultimately as l/p,y(t) and its first (;; -1) 
derivatives vanish at the start; if S(p) varies as 1/p 2 , the wth derivative 
also vanishes. The former happens when /(/) is discontinuous at the start; 
the latter when it is continuous. 


5. Examples of the Laplace transform method 

Let us start with the first example in Section 2 and find the solution of 
(31). The impedance function is 

Z{p) = Lp -f R. 

Substituting in (92) 

1 C e pt 


( 102 ) 


(103) 


• p(Lp + R) 

The integrand has two poles, p — 0 and p = —R/L. The residue at 
p = 0 is 1 /2iriR and is obtained as the limit of the integrand multiplied hyp 

as p approaches zero. To obtain the residue 
at p = —R/L the integrand is multiplied by 
p + (R/L) and the limit is sought as p ap- 
proaches —R/L; the result is — (l/2riR) exp 
(—Rf/L). The integral equals the product 
of 2 iti and the sum of residues; thus 

1 — exp (— Rt/L ) 

R 


sf 

v(t) 

A L 


R 

-vw 


L 




T 


Fig. 16.7. An electric network. 


Aif) = 


(104) 


Next let us solve Problem 3 of Section 2. The circuit is shown in Figure 
16.7 and the equations are 


Rh + ^f ( J i ~ J 2) dt = V ®’ 

i/v. 


I x )dt+L d -^=0. 


( 105 ) 
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Anyone familiar with circuit theory would write directly 


Z(p) = R + 


pL(\/pC) 
pL + (1 /pC) 


— R -f* 


pL 

p 2 LC + 1 


p-RLC +pL + R 
p 2 LC + 1 


(106) 


Suppose, however, that we do not know the simple rules for the construc- 
tion of impedance functions; then we set 

h = T ie pt , In = Ine V = IV*, (107) 

and substitute in (105) to obtain 




pc 


pc 


pLU - 0. 


(108) 


The constants of integration have been set equal to zero because we are 
seeking the steady state response of the form (107). 

Solving (108), we have 


j (P~LC+ l)t> 

1 p 2 RLC+pL+ R* 


u 


f> 

p 2 RLC + pL+ R 


(109) 


Next we let E — S(p) dp and integrate along the imaginary axis so de- 
formed that there are no poles to the right. To find the indicial admittance 
we let E = dp/2-ip so that 


_JL C (p 2 cc + Dc^dp 

2-i Jc p ( p~IiLC -{- pL -f- R) 


( 110 ) 


Let pi, pn be the roots of 


p 2 RLC + pL+R = 0; 

then 

p 2 RLC + pL + R - RLC(p - p t )(p - p 2 ). 


(111) 

( 112 ) 


To obtain the residues we multiply the integrand successively by p, p — pi, 
p — p 2 and then let p be 0, pi, p 2 . Thus we obtain 


m 


1 | c v - 1 — c ,l ‘ l 

R + CR 2 (pi - p 2 ) ’ 


t > 0. 


(113) 


It is worth noting that for the roots of (111) we have 

Pin = - (p lf nL 4- R)/RLC. (114) 


The squares and higher powers of the roots of a quadratic equation can 
always be expressed as linear functions of the roots. 
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The current I 2 (t) in the second mesh can also be calculated from (109) 
As a third example we shall consider the response of the circuit consisting 
of R and L in series when the impressed voltage is 

V(t) =0, / < 0; 

= 0<t<T; (1 15 ) 

= 0, t> T. 


The impedance function is given by (102) and we need only the Laplace 
transform of (115). This we obtain from (86), 


sw - i r, <«■>'* = £$1? 

2 ~i Jo 1~i (iy — p) 

Substituting from (102) and (116) in (91), we have 

’ exp [ (q - p)T\ - 1 




(Lp-t-R)(q - p) 


„?<■ 


dp. 


(116) 


(H7) 


There are two poles, at p = —R/L and at p - q. In a physical circuit 
the former is in the left half of the complex plane; but the second pole 
depends on V{t) and may be anywhere. 

At / = 0 and l — T, V{t) is altered unpredictably and /(/) cannot be 
represented by a single analytic function. Thus the integral must be 
evaluated separately in the three regions of definition of VQ) — two, in 
effect, since C is chosen to make /(/) equal to zero automatically when 
/ < 0. In the interval 0 < / < T, neither left-handed nor right-handed 
closure is permissible for the entire integral (117). This becomes clear if 
the integral is separated into two parts. 


+ hSo 


exp IgT ± p(t — T)] 
( Lp + R)(q-p ) 

exp (pt) 


dp 


(118) 


dp. 


(Lp + R)(p ~ q) 

Since t — T is negative, right-handed closure is permissible in the first 
integral and, since there are no poles inside the contour so formed, the 
integral vanishes. In the second integral / is positive, left-handed closure 
is permissible, and by the theorem of residues v r e find 


m 


pit _ e -BUL 


Lg + R 

The resp 1 nse is independent of T since prior to t 


0 <t<T. ( 119 ) 

T the circuit does not 
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know that the analytic behavior of V{f) is going to be altered at that time. 

If t > T, then only the left-handed closure is permissible in both inte- 
grals. Evaluating the first integral and adding to (119), we have 

exp [qT - | (/ - T) 1 - exp {-Rt/L) 

I{‘) = T~r -s » t > T. (120) 


Thus we have the solution for all q except q = —R/L. In this case 
there is only one pole of the second order and the residues could be cal- 
culated as explained in the preceding chapter. It is much simpler, how- 
ever, to calculate the limits of (119) and (120) as q approaches —R/L. 
Thus for (119) we have 


m = 


,,-nnL 


Lq -{- R 

—ntiL 


Lq + 
1 


[exp (, + |) 

«['+(?+!) 


1 


— - c 


■RttL, 


[ i+ K ?+ z) /+ *"]’ 


/ 2 + 


lim/(/) = L~ l te~ RllL as ? - R/L. 




( 121 ) 


The impedance function may also have zeros of order higher than the 
first. The best treatment of such cases is similar to the above. Write 
the solution for the case of simple poles and let the required number of 
these poles approach each other. The limits of the indeterminate forms 
arc then obtained by the usual methods, such as successive differentiation 
of the numerator and denominator. 


Problems 


1. Obtain the answers to the problems in Sections 2 and 3 by the Laplace trans- 
form method. 

2. Find the Laplace transform of 

Jif) = 0, t < 0; 

= i/T, 0 <t<T; 

= 1, t > T. 


A ns. 


S(P) = 


1 - 

1-iTp- ‘ 
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3. Find the Laplace transform of the following trapezoidal function 
/(/) =0, t < 0; 

= t/T, 0 < / < T ; 

= 1, T < t < T + Ti; 

= (27* +Ti- t) IT, T+Ti<t< 2T + Ty, 

= 0, t>2T+Tt. 


Am. 


S(p) = 


1 — e --pT _ e -p(T+T!) e -p( 2T+T,) 


2iriTp 2 

4. Find the Laplace transform of 

M = 0 , / < 0 ; 

= cos (a >t + <p), 0 <t<T; 


Am. 

Note that 
where 


= 0, t> T. 

1 Pi — e -(p-WT 1 _ -(p+;u)r 

S(p) = ~ — ' , - P + —~— 

47 Tt L P — 103 p + ICO 

S{p) = Si(p,<p) — e~ pT S\(p,<p + ccT), 

\ 

VT«) 


1 / e iv 

Site#) - -r-A-?—: 

4nrt \p 


tl0 p + i 
p cos <p — a} sin <p 



2iri(p 2 + co 2 ) 


The function Si(p,<p) is independent of T and is the Laplace transform of the sinusoid 
starting at / = 0 and continuing indefinitely. 

5. Solve L(dl Idt) + RI = f{t) where fit) is defined as in problems 2, 3, 4. Verify 
the answer by direct substitution in the differential equation; show directly that/ 
and its first derivative vanish at / = 0 . 

6 . Replace the differential equation in Problem 5 by 

£7 +R/ + - 5 ; f Idt=m 

dt C %J 


and solve the new set of problems. 

7. Obtain equations (119) and (120) directly from the differential equation by 
writing down the solutions in the three intervals defined in (115) as sums of the steady 
state and transient solutions and then matching them at points of discontinuity. 

8 . Show that I {t) given by (117) vanishes when / < 0 even if C passes to the le to 
p = q, the pole introduced by V{t). Show that this alteration in the contour 0 
integration does not affect either (119) or (120). 
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6 . The Heaviside expansion theorems 

If the zeros of Z{p) are simple, then in the vicinity of each zero Z{p) = 
( p — p m )Z-'{pm ) and by the theorem of residues (94) becomes (if r = 0 ) 

e Vmt 

G(i,0) = E ^77— r > / > 0, (122) 

m ^ yPm) 


the summation being extended over all zeros of Z{p). 
Similarly for the indicial admittance we have 


m = 


1 


+ z 


.V »1 


z(o) r p m z'(p m ) 


t > o, 


(123) 


provided Z{ 0) 0. If Z( 0) = 0, then the first term becomes t/Z'{ 0); 

provided, of course, Z' { 0) 0. 


7. Arbitrary initial conditions 

So far we have been concerned with that particular solution of a set of 
differential equations for a given system which can be interpreted as the 
response to a given set of forces impressed on the system. These forces 
were supposed to be impressed at some instant t = 0 ; and, in order to 
conform to the physical behavior of the system, the solution had to vanish 
when / < 0 . 

In other types of problems the state of the system at some instant t = 0 
is given, and it is required to find its state at any subsequent instant, 
assuming that there are no impressed forces when t> 0. The solution will 
represent the response of the system to those impressed forces which have 
ceased at / = 0. There arc two basic approaches to the solution of such 
problems. Since there are no impressed forces when t > 0, our system of 
differential equations is homogeneous. We may look for its general solu- 
tion and then try to determine the arbitrary constants so as to satisfy the 
given initial conditions. This method was explained in Chapter 12 . The 
second method is based on the possibility of replacing all impressed forces 
which have been acting up to / = 0 by a set of equivalent forces impressed 
at / = 0. When this is done, the problem becomes identical with that 
considered in the preceding sections of this chapter. 

Suppose, for instance, that we want that solution of 

”57 “L a 0 y — 0, (124) 

df dt 

for which y and its derivative are equal to y( 0) and y'(0 ) at t — 0. In 
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Chapter 11 we found such a solution 


y(t) =y{ 0 ) 


pze Vlt — pie P2 ‘ 

P 2 ~ Pi 


+ /( 0 )' 




pVit 


P2 ~ Pi 


a 2pl,2 + ^lPl,2 + ao = 0 . 


(125) 


On the other hand, if we make y(t) =0 for t <0, the initial values 
y(P),y (0) become upward discontinuities in the function and its deriva- 
tive. Hence we should be able to obtain y(t) as the sum of responses to 
certain impulse functions. For this purpose we rewrite (124) as a system 
of first-order equations by introducing another dependent function. 


yi(‘) - 


dy(0 

dt 


(126) 


The system is 

dy dyi 

J t =yu a2 ~d = ~ a “ «o y- (127) 


To obtain that solution which equals zero when t < 0 and has the required 
upward discontinuities, we must solve 


f =yi+y{0)/m. 


a 2 ~~ = —aiyj. - a 0 y+ a 2 y'(0)/(t,0). 


(128) 


To prove this we integrate (128) over (— 0,+0). 

M+0) - j'(-O) = yi dt + y( 0) im dt = y(( 0), 

(129) 

« 2 b’i(+°) — yi(— [ 0)] = a 2 y'(0). 

To solve (128) by the Laplace transform method, we write 

yif) = £ S(p)e* l dp, yi(t) = £s 1 (p)e» t dp i 

(130) 

im = jf T ^ eVld v- 

Presently we shall consider the nature of T(p ); but first let us follow 
through the formal procedure. Substituting from (130) in (128), per 
forming the necessary differentiations, and transferring all terms to e 
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left side, we have 

jf l pS{p) - S 1 {p) - y®)Tij>)]e pl dp = 0, 

jT [(« 2 p + *i)S,(p) + a 0 S(p) - y' mnp)]e* 1 dp = 0. 


(131) 


These equations can be satisfied if we equate the bracketed expressions to 
zero; thus 

pS{p) - S./p) =y(0)T(p), 

, (132) 

«oS(p) + iP2p + «i)Yi (p) = a-±y (0 )T{p). 


The new equations may now be solved for S and S.\ the solution for S 
will be sufficient since y^/) may subsequently be obtained by differentiating 
y(l). Thus 


S(P) = 


i a i P + ^ib'(Q) + 
#2p~ + Q\p + <?0 


(133) 


(134) 


Now let us return to Tip). The impulse function is the limit of two 
step functions, of magnitudes \/s and — 1 fs, the first starting at t — —s/2 
and the second at t — s/2. For the unit impulse of finite duration s, we 
have therefore 


nr-\s,ls) = 7i J c 


1 f si n h ftps) pl 


sp 


dp. 


(135) 


Thus the Laplace transform of an impulse of finite duration is 

sinh (\ps) 


Tip) 


-isp 


(136) 


As s approaches zero we have in the limit 


T{p) = 1/2tt/. (137) 

However, if we pass to the limit in (135), wc shall be left with a divergent 
integral. The Laplace transform of an infinitely short impulse docs not 
exist and it might seem that our method becomes inoperative; but it does 
not. Wc do not have to use infinitely short impulse functions in (128); 
impulses of finite duration would serve our purpose just as well. Instead 
of forcing sudden discontinuities in y(t) andjv^/) at / = 0, wc can make 
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y(j) and y(t) change rapidly, as rapidly as we please, when passing t = 0. 
Thus we can use (136) in (134) and then let s approach zero. The limit, 


j(0 = 


2-iJc a,f 4- a lP -f a Q dp ' 


(138 1 * 


exists and yields the desired solution of (128). 

It should be noted that if S(p) and £1 (p) satisfy (132), equations (131 ) 
are satisfied regardless of C; the choice of C is dictated by the condition 
that _y(/) an ay' (t) must vanish for / < 0. If we make C pass to the left cf 
the poles of S(p), we shall have a solution whose end values are — v(0), 
t h e discontinuities in y(t) and y'(t) are the same as for the 
former contour. As seen from (129), equations (128) imply specified dis- 
continuities; it is left to the contour C to discriminate between several 
possible ways in which these discontinuities may take place. 

If we evaluate (138) by the theorem of residues, we find an answer some- 
what different from (125); however, the two forms may be reconciled if 
we use the identity pi -f- p 2 = — tfj/tf 2 . 

So far we have seemingly gone to a great deal of trouble to solve a 
simple problem. High power methods are seldom seen to best advantage 
in elementary examples. The Laplace transform method shows itself to 
better advantage if applied to higher order equations. The direct method 
of writing the general solution, then solving a system of linear algebraic 
equations to find the arbitrary constants, is simple in principle and the 
solutions are readily expressed in terms of determinants; but the evalua- 
tion of these determinants is another matter. The Laplace transform 
method yields a simpler general solution. The method becomes particu- 
larly valuable in the case of partial differential equations. 

The following is the procedure for solving the nth order equation (88), 
made homogeneous by letting fit) vanish. Introduce new variables ami 
rewrite the equation as follows: 


y = jo, 


djr, 

dt 


— JU 


dji 

— - J2, 

dt 


dy ~- 2 
dt " 


= Jr. — I, 


(139) 


a r . 


dyn 

dt 


- 4- tfr.-ljr.-l ~T a r.-2}' r.-2 4 T «ljl + ^OjO ~ & 


Replace this set of equations by 

~ = Jr -^1 w J (r0 (0)1 m, m = 0, 1, • * • n - 2; 
dt ' (140) 


s‘. 

r? “ 0 


tf„-— 4- £ tfnjn = e,y (T - l) (0)im, 

dt 
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where jo — J and j <m> (0) is the initial value of the mth derivative. Express 
each y m (j) as a Laplace integral, 

-X S m (p)e r ‘dp, (141) 


and substitute in (140). Transfer all terms on one side of each equation 
and equate the integrands to zero 


S m+1 - pS m - y m, (0 )T, m < » - 2; 

<Zn/>-S’ n _ 1 + )T a m S m = a n y (n ~ l) (Q)T. 

m «=0 

These equations may be solved successively; thus 
Si - N 0 - y(0)T, 
s« = ? 2 .So - py(0)T - j'(0)T, 

Ja = /Jo - /l( 0)T ~ A) ,, (0)T - j"(0)T, 


(142) 


(143) 


= p n ~'S 0 - p n ~-y(0)T - p n ~ 3 y'(0)T / n ~ 2) (0)T. 


Substitute these results in the last equation of the set (142) and collect 
the terms containing J 0 , j(0), y'(0), • • •. A certain regularity will be 
observed in the formation of the coefficients; thus it will be found that 

Z(P)S 0 = [Zi(p)y( 0) + Z 2 (p)/(0) + ••• + Z n (p)/ n ~» (0)]T, (144) 


where 


Z(p) = a„p n + ,_]/)" 1 + a „_ 2 p n 2 4- • * • + a*p~ 4- a\p 4- «o, 


^1 (/>) = fln/> n 1 4- rt n -l/)" 2 4- rtn-2p” 3 H f* a 2p + «1> 

^(/O = "np" -2 4- « n -l/>" _3 4- « n -2p n-1 4 f- rt 2> 

^n(p) = «n 


(145) 


The first of these functions, Z(p), is the impedance function, already 
encountered in (90); each of the following functions is obtained from the 
preceding by dropping the last term and dividing the result by p. The 
Laplace transform of v 0 (/) — y(t), 


So 


Zi (/>)v(0) 4- Z 2 (/>)/(0) 4- • • • 4- £,(/>)/"-»( 0) 

2x/Z(p) 


(146) 
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is obtained from (144); thus ve have the required solution 

JoM *j(/) =f c S 0 {p)?*dp. 

If the zeros of Z(p) are simple, then 

AD - A<>> Z «*"' + /(0) z «*' + — 

Z (p CT j Z (p„) 

+ yr.-,, (0)z ^fe L ) ef „ t; 


Z'fe) 


where the summation is extended over all zeros. 


Problems 

1. Apply (148) to (124) and compare with (125). Note that fli/sj = — (pi+pj) 

2. Solve ~ * = 0, ^ + 2z - y = 0,j(0) = l,/(0) = 0, 2 (0) = I. 

zf»r. j (/) = 0.1 (5 -h V5)«a» -f 0.1 (5 - Vo)^*', 

z(t) = 0.1(5 - Vsy* 1 + 0.1(5 -f V5)^ ; , 

Pi,s = |(-1 = Vo). 

^2 .4 

3. Solve — — -r ^ 4* J7 = 0, — — .e 4~ 7 = 0, subject to arbitrary initial cordi- 

at~ at~ 

tions. 

Am. The Laplace transforms are 

... a ± p-)W (Q) ± M 0 )] - jy'(°) ± PA 0)1 . 

2-nd-fp-') : -f U 

= - 1 v v /y (Q)I v [;/(Q) + mo)I 

2 -m -f r)- -r 1] 

If a = 'V / 2 exp (3w/ /8), 

*(f) = lw(0) (cosh a/ 4- cosh «*/} 4* fV (0) 


#(#) = y*(0) (cosh a/ 4- cosh «*/} 4- f/ (0) 

+},>(») («=h * - «h «*/) + w <»)(^' - i *r' 

y{t) = ”7(0) (cosh at 4- cosh a*t) — £«;(0) (cosh at- cosh d*t) 


/sink at , sinh aA (\ 

i i 

{'sink at sinh a * A 

\ a * ' ) 

1 —gtx {V) \ 

l 0 j ) 
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8. A simple problem oj wave propagation 
When the independent variable is a spatial coordinate, the boundary 
conditions may resemble those treated in the 

preceding section, but different sets of condi- " — 

tions may also occur. First, let us consider A B | V M 

waves in an infinitely long nondissipative *" i( X ) 

electrical transmission line, energized by a T , ,, „ , . 

. . . . J **ic. lo.S. An electric trans- 

series generator or zero impedance at x — 0, mission line. 

Figure 16.8. The equations to be solved are 

~ - - i»U + 7V(-v, 0), j x «* - iuCV, (149) 


where is the electromotive force developed by the generator and u is 
the frequency in radians per second. The impressed force appears as 
a discontinuity, E(+0) — V(—Q) = V 0 , in the voltage across the line; 
the longitudinal current is continuous. 

Expressing F (x) } f(x) as Lapiace integral’s, 

E(-v) o jT Si (y V* dy, I(x) « jT SsMe* dy, (150) 


substituting in (149), and rearranging the terms, 

JhS x(r) + ialSito) - J\T(y)\e*4y = 0, 

flrMr) + ioCSito))?* 4y = 0. 

These equations are satisfied if 

yS\ *f- iwLSo — Vo T, iuCSi + ySn — 0. 

Solving, 

o , \ yVo T(y) «. , , iuCJ'oTiy) . 

“iM = -o-g — 277.’ E 2 (t) = - 3-7—277 » 

7 4- u LC y~ + a LC 

substituting in (150) and letting T — 1/2 ri, 

F*o r ye 71 dy T , , «CEo C dy 


2rr i/c 7 -f- urLC 2- «/c 7 + co 


LC 


(151) 


(152) 

(153) 


(154) 


Thus we have obtained a solution in which 7(.v) is continuous and E(.v) 
increases by F 0 in passing through x = 0 from left to right. However, 
the solution is still not unique, since the contour C has not been specified. 
It is here that physical considerations again enter the scene. The required 



354 


APPLIED MATHEMATICS 


Chap. 16 


solution must be such that the phase of the response is delayed with in- 
creasing distance from the source; this condition requires C to go round 
the poles of the integrands as shown in Figure 16.9. If x > 0, the left- 

handed closure of C is permissible and the re- 
sponse is proportional to exp (— /w*VZC); if x 
< 0, the right-handed closure is permissible and 
the response is proportional to exp (iW\/Zc). 
Thus, the behavior of the response at x = 
is correct. 

If the transmission line is dissipative, there 
will be a resistive term RI in the first equa- 
tion in (149) and a conductive term in the sec- 
ond equation. The poles are then at y = 
=t V (R + iuL) ( G -j- iwC). In transmission lines 
R, L, G, C are positive; hence, one of these poles 
is in the first quadrant and the other in the third. 
Fig. 16.9. Illustrating the jf q ; s taken along the imaginary axis, it will 

integration with respect separate the poles in such a way that the answer 

to the poles of the inte- will be correct; the response will decrease with 
grand in spatial response the distance from the source. As the dissipa- 
tion becomes smaller, the poles move nearer to 
the imaginary axis and in the limit the contour C is indented. 

The point generator may be replaced by any series voltage distribution. 
If E(x) is the impressed voltage per unit length and if S(y) is its Laplace 
transform. 



"M-X 


yS(y)e yx dy 
7 s + a ?LC ’ 


I(x) = — /«Cjf 


S(y)e ys dy 
y 2 + o ?LC' 


where C should separate the poles of the integrand which belong to the 
system, and not to S(y), as shown in Figure 16.9. The poles of .S' ( 7 ) may 
be placed on either side of C. 

Suppose now that the transmission line is finite, beginning at x = • 0 
and ending at x = L Can we ask for the solution in which the initial 
values are given: V (0) = Vq, 7(0) = To? Certainly. We can add 
I o I(x,0) in the second equation in (149) and choose C exactly as in the 
preceding section, since the problem is the same. The considerations 
involving the choice of C are now purely mathematical; physical conditions, 
aside from the transmission line itself, have not yet entered into the P r0 ' 
lem; they will have to be imposed when we specify V o, 7o- If hne is 
electrically open at x = 0, then Jo = 0; the solution will then tel us t e 
voltage which must be maintained at x = ! in order that the \o tage 
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across the open end may be F 0 . Alternatively, if we know F(t), the solu- 
tion will tell us F 0 . If there is a resistance R across the line at x = 0, 
then, with the convention concerning the positive directions of V and 1 
implied in (149), we should have F 0 = — RJ 0 . If F 0 = Rio, we auto- 
matically assume that at = 0 there is a generator, and that this generator 
“sees” the line as a resistance R. The ratio in the corre- 

sponding solution will be independent of 7 0 and will give the impedance 
needed across the line at x = { in order to satisfy the assumption at 
x — 0. 


iy 

i 

i 


I I 


9. Waves between parallel planes 

The one-dimensional problem of the preceding section is too simple to 
show the advantages of the Laplace transform method. Let us see how 
die method works in the case of waves between two parallel, perfectly 
conducting planes, whose cross section is shown in Figure 16.10. We 
assume an a-c voltage acting between two 
half-planes from x — — s/2 to * = s/2. 

Let this voltage distribution be independ- 
ent of z. This voltage might be delivered 
by a wave traveling along another pair 
of parallel planes so close together that the 
electric lines are forced to be straight and 
perpendicular to the guiding planes, except 
in the immediate vicinity of the junction. 

We shall assume that over the “ gap ” E x 
is known; elsewhere at the plane y — 0, 

E x vanishes since we have assumed perfect conductivity. Thus we have 

E x e ut = Eo(x)e' ut , -s/2 <x< s/2, y = 0; 

= 0, i a- ] > s/2, y - 0; (156) 

X j/2 

E 0 (x) dx = F 0 . 

*/ 2 


} 


Fio. 16.10. A crocs section of t-.vo 
pairs of parallel planes. 


The voltage F 0 is the field voltage across the gap; it is equal and opposite 
to the impressed voltage. If .S'o(t) is the Laplace transform of E 0 (x), 
then at the plane y — 0, 

Ex = f S 0 (r) = r EoMe^dx. (157) 

t JC J.7?i */-» 2 
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The differential equations governing the field elsewhere are* 


dH z 

dy 


iueE-, 


6H : 

dx 


= —iutEy, 


dE x 

dy 


dE.j 

dx 


= iufiH.. (US) 


The problem is to find that solution of these equations which matches the 
given field at y = 0. The matching is facilitated if H : , E-, E v arc express! 
as Laplace integrals: 


Hz — J c h z (y,y)e' x dy, E~ = jf e x (y,y)e r= dy, 

Ev = Jc e ^ y ^~ 


(159) 


thus 


= s 0 {y), e x (y,!>) - 0. {\ffy) 


The second equation comes from the vanishing of the tangential electric 
vector at the perfectly conducting plane y — b. 

Substituting (159) in (158), 



jf {yh z + iute v )e yx dy - 0, 
e yz dy ~ 0. 


( 161 ) 


These equations are satisfied if the integrands are equal to zero 


y^ 1 = iicte x , iuee v = —yh : , y^ ~~ 7G/ ~ tufd: z . (162) 


The symbols of partial differentiation have been retained because h s , e z , 
are functions of y as well as of _y; but y is only a parameter, and not an 
independent variable, in (162). Consequently, the Laplace transform 
method has enabled us to reduce a system of partial differential equations 
containing two independent variables to a system of ordinary differentia 
equations. To solve the latter, eliminate e x , e v : 


d h z . o 

= (- 7 * - oi-fie)bz; 

dy 


( 163 ) 


*S. A. Schelkunoff, Electromagnetic Waves, D. Van Nostrand Co., New 
1943, p. 95, equation (12-5). 
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h s — A cosh (y — b) V —y~ — cj 2 pe 


-h B sinh (y — b) V —y 2 — uT/tt. 

This form of solution is adopted in anticipation of the effect of the boundary 
condition ( 160 ) at y = b. From ( 162 ) and ( 164 ), we have 


—7 — a i~ne 


[A sinh (y ~ b) V —7" — w 2 /j 


■j- B cosh ( y — b) 7/ — 7 2 — 

Since c x vanishes at y — b, we must have 5 = 0 ; and to satisfy the condi- 
tion at y — 0, we must have 


\J — y* — . 


sinh b\/—y 2 — c < 3 2 /Jt = *50(7), 


A = ~ 


/toe 60 (7) 

V— 7 2 — o> 2 /ie sinh Z> V — 7 2 — co 2 /i£ 


1 hus we have obtained the Laplace transforms of the electric and magnetic 
vectors and the rest of the problem will consist of the evaluation of ( 159 ). 

Let us assume that s = 0, and evaluate H t at y — 0 . For s — 0 , 
60(7) = / / o/2v; and 

H, - - ^ f -= , cosla ^ Jy. (167) 

t/c — y _ oTpe sinh ^ \/ — 'y" — 

Let .v be positive so that the left-handed closure of the contour is permis- 
sible. 1 he poles of the integrand are the zeros of the denominator, 

V — 7 2 — co"‘/j£ sinh b V — y~ — co 2 ge = 0 . ( 168 ) 

Since sinh u vanishes when u = in~, we have 

b V — y 2 — to 2 /it = 7; = 0, ±1, ±2, • • •, 


7 — d= . 


»V = ±r n 


where by definition F n is cither positive real or positive imaginary, depend- 
ing on whether nr is greater or less than ubV/it. Since 

X smI > ^ ' / ~ 7 * — w'Vc = - ’ --~:=r=~L--^ = = . cosh b K / —y~ — (1~0) 

7 V — 7* — 
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does not vanish at y = ±F n , n > 0, the poles are simple. In the excep- 
tional case, n = 0, sinh b V—y 2 — a 2 fie = b V—y 2 — Vfit and y = 
V/je; these poles are also simple. By the theorem of residues 

tj 1 / — r., . ioieF 3 ® 1 

= - — Ve/fiFo *—*'*“ E — e“ r "= • (171) 

This series converges for all positive values of x. As x — » 0, the distant 
terms of the series vary as 1 /»; thus the series will diverge at x = 0. If 
the length s of the gap is different from zero, then the corresponding series 
converges for all values of x. 

For any finite value of b, a finite number of r„’s are imaginary. These 
terms represent traveling waves. The remaining waves are strictly local, 
being exponentially attenuated with increasing distance from the source. 
If 03 Vpeb < 1 r, only the first term in (171) represents a traveling wave. 

10. Branch points 

The convergence of the series (171) deteriorates as b increases; the 
individual terms become smaller, the r n ’s are crowded together and a 
large number of terms must be used. Instead of trying to find the limit of 
the series as b—*cc, it is easier to solve the problem by starting with 
b = co . The procedure is identical with that given in the preceding 
section; but in the present case (164) should be written as follows: 

h z = A exp y V—y 2 — Vpe. (172) 

The reason for the single term lies in the absence of reflected waves. 
At y — <», the phase of the wave should be progressively retarded and 
the intensity should be finite. These physical considerations settle for us 
the sign of the square root in (172) and the position of C in relation to the 
branch points y = db iu Vjjte. Since y is imaginary on C (e xcept at the 
indentations round the branch points), we let 7 = r'x; hence V— 7 * — 

= V? — Vfie. Between the branch points the square root is imaginary; 
it must be negative if the phase of (172) is to be retarded with increasing.). 
Hence, 

V — T 2 — w‘ 2 jue = —i V Vfie — V, | X 1 < w 

Outside this interval the square root is real; it must be negative or else the 
field would become infinite at y = 03 . Thus 

V —y 2 — a 2 fie = — V V — Vpe, | X I > 03 v ^- 
In order to connect these values continuously on C, the indentations should 



LINEAR ANALYSIS 


359 


be to the right of 7 = — /co\ / pe and to the left of 7 = ?"« V/Ie. From now 
on we proceed ns in the previous section and obtain 


c~ 


A V — y~ 


U~fit 


tut 


exp y 




Av-y 2 


U~Jtt 


Jut 


= S 0 (y), A = 


-T — u-pf, 
iutSp(y) 

_j • 

V — — gT/ic 


( 175 ) 


For a finite voltage across an infinitesimal gap, we have 

'exp (yV —y- — u-fjt + yx) 


H z = ~~ f 

2 -t Jc 


V — 7 ” — w“’. 


dy. 


(176) 




The calculation of this integral is not easy. The integrand is multiple- 
valued and it has no poles. The contributions to the integral from the 
infinitely small indentations are nil; but indirectly they affect the value of 
the integral by determining the relative signs of the integrand on different 
parts of C. If the integrand were single-valued, the integral would equal 
zero (since there are no poles); as it is, we have 

H : = -iuvT'J'oKoWp) = — W'ol/oOSp) ~ fA r oO?p)], 

_ ( 177 ) 

p = vV + y-, /S = c cVjie. 


This value can be obtained more easily by solving the problem in cylindrical 
coordinates than by evaluating (176). 

The moral of this example is: bevcarc of branch points. Do not treat the 
integrals of multiple-valued functions as you would the integrals of single- 
valued functions; give them special attention. 


11 . 1 Fares on an infinite cylinder 

In the case of propagation of electric charge on the surface of an in- 
finitely long perfectly conducting cylinder there arc several possibilities: 
We may be interested in propagation on tile external surface as illustrated 
by Figures 16.11 (a, d), or on the internal surface as shown in Figures 
16.11 (b,c), or on both surfaces as in Figure 16.11c. In Figures 16.1 1 (a,b,c) 
it is assumed that we know the longitudinal field across the gap between 
the cylinders; in Figures 1 6.1 1 (d,e) the exciting field is generated by an 
ideal solenoid or a “ magnetic current loop.” 

In all these cases the current in the cylinder is 

/(=) = jf Y(y)T(y)e' : dy. 


(17S) 
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where T(y) depends solely on the exciting field and Y(y) is determined by 
the cylinder and the regions exposed to the excitation. Thus in the cases 
shown in Figures 16.1 1 (a,b,c) we have successively 


3 %) = Y e M = 


Y( y) = YAy) = 


ipaKi(a Y—y 2 ~ /3 2 ) 

60 V-7 2 - (T 2 K 0 (a V^y^f) ’ 

ifial i (a Y—y 2 — 0 l ) 

60 V— 7 2 — /S 2 / 0 (cz Y—y 2 — 0 2 ) 


Y(y) = F c (r) + F(r), 


(179) 



Fig. 16.11. Illustrating different ways of electric excitation of a metal cylinder: (a) the 
power is delivered by a coaxial transmission line to an opening in the outer cylinder to 
excite external waves on that cylinder; (b) a similar excitation of internal waves inside 
the inner cylinder; (c) excitation of internal and external waves assuming that electric 
charge is carried back and forth between the two halves of the cylinder; (d) excitation of 
external waves by means of a solenoid; (e) similar excitation of internal waves. 


where a is the radius of the cylinder, /3 = 2 w/X, and X is the wavelength. 
The cases in Figures 11.16(a,d) differ only in the form of T(y); similarly 
the cases in Figures 1 3 .16 (b,e) have the same Y(y). 

Internal and external waves differ profoundly. The admittance function 
Yi{y) has no branch points. At first it may look as if 7 = ±/j9 were branch 
points; but Ii{u)/u and Iq(u) are even functions of u and the square roots 
disappear from them. The integral (178) may thus be expres sed as a 
series of terms corresponding to the zerop of io(« Y—y 2 — 0 l ). Each 
term will represent what is known as a “ mode of transmission. The 
propagation constants, y, of these modes are determined by the above 
zeros. In the case of external waves the integrand has branch points but 
no poles; there is no discrete set of transmission modes. _ 

For an infinitely narrow gap we have, of course, T{y) — V'jl-i, where 
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is the impressed voltage; the corresponding current is finite if z ^ 0 and 
logarithmically infinite as z approaches 0. This is evident from (179) 
since Y(y) becomes inversely proportional to y as y increases indefinitely; 
and if exp {yz) = I, the integral diverges as the series of reciprocals of 
integers. For a finite gap of length s,T{y) = P sinh (ys/2)/iirys, pro- 
vided the impressed field is assumed to be uniform; in this case, /( z) is 
finite everywhere. When s is small, the field across the gap is substantially 
equal to the electrostatic field which would exist if the two halves of the 
infinite cylinder were kept at a given potential difference; thus a more 
accurate expression for T(y) can be obtained. 

If the exciting field is produced by an ideal solenoid, or a magnetic loop 
carrying P volts, then 

T(y) = - VW-y 2 - (bV-y 2 - ?)I 0 (<iV-y- - F)/2rrt, b > a; 

(180) 

= PW-r - & z h(b\/-y- - p^KoiaV-y* - /F)/2-/, b < a; 


where b is the radius of the loop. If b approaches a in the external loop 
and if a approaches zero, then T(y) approaches —V'/2-i. 

To obtain all these formulas we should merely follow the pattern estab- 
lished in the preceding sections. The only really new feature is the occur- 
rence of Bessel functions due to the cylindrical structure. To illustrate 
we shall derive (180). If E z (p, z) is the component of the electric intensity 
in the direction of the axis of the loop, then 


E : (b + 0,z) - E z {b - 0,z) = Pjf 


sinh (tj/2) 


iTT/S 


e yt dy, (181) 


where j becomes ultimately equal to zero. This equation is obtained 
from the electromagnetic laws when the loop is regarded as the limit of a 
magnetic current ribbon of radius b and width s. The electric intensity is 
continuous everywhere except across the ribbon; the total discontinuity 
in the axial voltage in passing through the ribbon is V'. Next we express 
all the components of the field as Laplace integrals 


E c (p, z) = e : (p,y)e y: dy, E p {p,z) — jf e p (p,y)e yt dy, 

// r (p,z) = jf K{ P ,y)c y! dy. 


082 ) 


Since there is a discontinuity at p — b which precludes a single set of 
analytic functions for nb! values of p and z, there will be a set of such 



integrals for each region, p < b and p > b. The connection between the 
two sets of functions is furnished by 


e ? &?) - e z = F 1 ’ /2r/, hf (J?,y) = h~(b,y), (183) 


where the superscript “ plus ” refers to the region p > b, and “ minus ” 
to the region p < b, and the width s of the ribbon has been assumed 
vanishingly small. 

The longitudinal component of E satisfies the wave equation 


d 2 E z 

dp 2 


dE z 


d 2 E z 


+ pZ df +p2 dJ 


+ $ 2 p 2 E z = 0. 


(184) 


Substituting the Laplace integral and equating the integrand to zero, we 
have 



+ ~ + OS 2 + 7 2 )pe z = 0. 

dp 


(185) 


Expressing the solution in terms of the modified Bessel functions, we 
obtain 


e z = JloipV—y 2 — JS 2 ), ef = BK^pV—y 2 - /3 2 ). (186) 


The first solution is the only one which is finite on the axis of the loop; 
the second is the only one which vanishes at infinity if the medium is dis- 
sipative, and which represents traveling waves moving away from the loop, 
if the medium is nondissipative. The corresponding transforms of the 
magnetic intensity are obtained from 


iwe de z 
y 2 + f} 2 ~dp' 


(187) 


an equation which follows from Maxwell’s equations. Differentiating, 
substituting in (183), and solving for A, B we find (180). 

The proof of (179) is similar. Since the cylinder is assumed to be 
perfectly conducting, the total tangential E z vanishes; hence the trans- 
form of E z generated by currents on the cylinder should reduce to —T(y) 
for p = a. The same is true across the gap where, according to Newton’s 
law of motion, the action should equal the reaction. 

12. Summary of the Laplace transform method and miscellaneous problems 

The various steps in the solution o t problems by the Laplace transform 
method are: * 

1. Independent (given) functions in) the differential equations may be 
such that they vanish outside some interval (x\,x 2 ) of the independent 



variable; if this is the case, calculate their Laplace transforms by (86). 
Otherwise, in order to insure the convergence of (86), set the given 
functions equal to zero for remote negative and positive values of a*. 
Subsequently the interval of non-zero values may be extended as 
much as \\e wish. 

2. If the given data involve discontinuities in the unknown functions, 
add to the given functions a set of impulse functions which would 
generate these discontinuities. 

3. Introduce enough dependent (unknown) functions to recast the 
original differential equations into a system of hrst-order equations. 

4. Express all functions as Laplace integrals and substitute in the equa- 
tions. A set of equations is thus obtained for the Laplace transforms 
of the dependent functions. If the original set consists of ordinary 
differential equations, the new set will be a set of algebraic equations. 
If the original equations are partial differential equations containing 
two independent variables, the new equations will be ordinary dif- 
ferential equations. In any case, the Laplace transforms will satisfy 
equations containing « — 1 independent variables if the original 
equations contain ?; such variables. 

5. Calculate the Laplace transforms of the unknown functions, taking 
into account, if necessary, the boundary conditions and the conditions 
at infinity. 

6. Choose the proper contour of integration. 

7. Evaluate the Laplace integrals representing the unknown functions. 

The independent variable appearing in the Laplace integrals should not 
appear in the coefficients of the given differential equations; if it does, 
the method will not work (at step 4). If the given equations contain ;; 
independent variables of which m do not appear in the coefficients, the 
Laplace transform method will reduce the equations to another system, 
containing n — m variables which do appear in the coefficients. The 
latter sec will have to be solved by another method. 

The independent variable appearing in the Laplace integrals should be 
capable of assuming all values in the range (— w,cc). This condition is 
satisfied automatically by the time /; but the coordinates in space are 
limited by the given system — as in the case of a semi-infinite line, extend- 
ing from x — 0 to a- = x , with a voltage source in series with the line at 
x — t. Figure 16.12. There are several ways in which we can get around 
this difficulty. 

One is to use the f’v.'yc The line is extended indefinitely to the 

5e:t and an image source is introduced at .v = Figure 16.12. If the 
given, line is supposed to be open at .v = 0, the current there must equal 
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zero and the image source must be equal and opposite to the source at 
# = I- On the other hand, if the given line is shorted the transverse 
voltage must equal zero, and the image source must be identical in strength 
and direction with the given source. 

I The image source takes care of the 

___ o ^ q boundary condition at x = 0 and the 

x=-S, x=o x= % x shorting wire can be removed, thereby 

T" ... , . , , rendering the line infinite and 

Fic. 16.12. Illustrating the image method , ° 

of solving certain problems. smooth. I he new problem may be 

solved by the Laplace transform 
method; and for x > 0, the solution will coincide with the solution of the 
original problem. 

Another method of handling the situation is to extend the line to the 
left of x = 0 and solve the problem without assuming either image sources 
or discontinuities at x = 0. The solution will violate the given boundary 
conditions at x = 0. To set it straight we then assume a source of indefi- 
nite intensity at x = 0 and obtain the response to this source. Adding 
this solution to the previous one, we determine the intensity of the postu- 
lated source so as to satisfy the given boundary condition. That is, we 
equate to zero either the current or voltage at * = 0. 

The two steps in the above method can be combined. To illustrate let 
us assume that the problem involves a short at x — 0 and a series impressed 
voltage Vq at x = £. If the line is continued to the left of x = 0, then, on 
account of the short, I(x) and V{x) are identically zero for x < 0; the 
conditions for x > 0 remain unaffected. In both problems, the given and 
the modified, F(0) = 0. We shall make both problems identical for 
X > 0 if we assume, instead of the short, a sudden rise, /(+0) — /(— 0) = 
Jo, in the current. For the time being, I 0 is left undetermined. The equa- 
tions to be solved are 


-T « ~mLI+ F 0 /(*,a 
ax 

^ = -i w CV+ 1 0 /(*,0). 
dx 


(188) 


If V~ and 1 are the Laplace transforms of V and I, 

yV = -u cLt + 7 / = ~i«CV + £. • (189) 

Solving, 

f ylp-icoCVoe-* 

1 ~ 2iri(y 2 +-JLC) 


-0- _ 7^0 ~ iuLIp 

K ~ 2?r/ (y 2 + u?LC) ’ 


( 190 ) 
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When evaluating the Laplace integrals for x < 0, we can close the contour 
in the right half of the plane; thus we shall obtain 


Fix) — 2 '(— /'of~ wz:Cf + I 0 VL/C)e<^, 
I(x) = - 2 ( — /o + *0 C/L J 


( 191 ) 


These expressions will vanish if 

7 0 = V 0 \/C/Le-~^t. ( 192 ) 


Thus the unknown Jo has been determined. It remains only to calculate 
F(x) and I{x) for x > 0. The two intervals, (0,£) and ($,eo ) 3 have to be 
considered separately. In the interval (0,£), neither right-handed nor 
left-handed closure is permissible for the complete integrands (190); the 
terms in the numerator have to be separated. The results are 

V (x) = —iV 0 e~ WICt s j n (uv r LC x), 0 < x < |; 


= Vq cos (oi V LC £)£-'WZCx 5 
7(.v) = VC/L V 0 e-~FCC t cos (wVZC-v), 
= V 7 C/L V 0 cos (coV'ZC^~ f “ v/ICz j 


c ’ (193) 

0 < .v < £; 

f < a-. 


To review the execution of the various steps in the solution of problems 
by the Laplace transform method, let us consider an abstract problem: 

^=j + 3«, /(0) = 0, y(0) = 2. (194) 


The independent function, 3 «, is not restricted; but let us change it to 

/(«) =0, u < 0; 

= 3«, 0 < k < k; (195) 

= 0, k > rt, 


in order to insure the convergence of the integrals. By (86) or (87) the 
Laplace transform,/^), is 


/(?) 


— f' du 

2 xiJo 




(1 + pa)r pa . 


(196) 


Note that /(/>) consists of two parts, one of which is independent of a. 
Next we introduce another dependent function, y\ — dy/du, and convert 
(194) into a system of first-order equations, 


dy 

dti 


dy> 

du 


= .V +/(«)• 


Jx + 2/(k,0), 


(197) 
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The impulse function will cause an upward discontinuity’, and if the contour 
of integration is so chosen that _>•(«) and Vj(«) vanish for u < 0, the values 
of y(~ f0) and Vi(— 0) will be as required by (194). We now express all 
functions as Laplace integrals 


yty) = J' c '9ip)e pu dp, 
/(«) = fj(p)e pu jp, 


Ji(«) = f c i/i(?)t vu dp, 
/(k,0) = J T(p)e pu dp, 


where T(p) — lim [sinh (ps/2)]/ i-ps, as s — * 0. The limit, 1/2-/, is to be 
substituted only in the expressions for yip) and y\ (p). If the unit impulse 
occurs when u = |, then 

/(«,?) = f T(p)e vu dp, T{p) - lim — (199) 

«/ j— s iri 

Substituting from (198) in (197), differentiating where necessary, trans- 
ferring all terms to one side, and equating the integrands to zero, we obtain 

py = V\ + (1 /-/), py i = y + /. (200) 

Note that these equations are obtained from (197) if we replace djdu by/) 
and all the functions by their Laplace transforms. Solving (200), we have 

ij + p^T (2 '” ) 

Evaluating the Laplace integral for y(tt) in the interval (0,n), we have 

y{u) = 2 cosh a + 3 sinh « — 3u. (202) 

Note that in this interval y{u) is independent of a, and i i a is taken to be 
indefinitely large we have the solution of (294) and (19 7) in the interval 
(0,«>). Furthermore, (202) is the solution of (194) in (— co,co) although 
in this extended interval it is not the solution of (197). 

The formulation of differential equations and supplementary conditions 
depends on the physical laws governing the behavior of the system. Fre- 
quently the same set of equations expresses the behavior of different 
physical systems, because the particular physical aspect described by the 
equations is the same. For instance, the equations of motion of the 
mechanical system. Figure 16.13, possessing two degrees of freedom, are 

M\ + R\ T d’lVi — Siix<i — xx) — F\it), 


( 203 ) 
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The coordinates -Vi, x 2 are the displacements of the masses My, M 2 from 
their neutral positions. The “ two-mesh ” electrical circuit in Figure 
16.14 is also described by these equations, provided .Vj, x 2 are interpreted 
as the quantities of displaced electric charge. 



Tio. 16 13. A mechanical network obey- Fig. 1614. An electric network obeying 
ing the equations of the electric net- the equations of the mechanical network 

work in Figure 16 14. in Figure 16 13. 


If R 2 — F 2 — 0, the second mesh will be resonant at some frequency. 
At this frequency, the second mesh will introduce an infinite impedance 
in the fiist mesh. If the frequency of Fy coincides with this resonant 
frequency, the first mesh should, in die steady state, be at rest. It is 
suggested that the reader verify this result by solving (203). Mathe- 
matically, the result arises from the disappearance of a pole which normally 
yields the steady state term. 



Fic. 16 15. An clcctroincchamc.il network. 


A two-mesh electromechanical circuit is shown in Figure 16.15, where 
the wire /IB is supposed to oscillate in a steady magnetic field. The 
equations are 


L^+RI+'-f Idt- B(v = V(t), 
BCI + M~ + R n v+ sj‘ vdt = F(t), 


(204) 


where v is the velocity of AB, t is the length of AB between the sliding 
contacts with the electrical circuit, and B is the density of the magnetic flux. 
The differences between (203) and (204) are superficial. The Laplace 
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transform method will reduce all these differential equations to algebraic 
equations. 

The telegraphist’s equations,* 


ay 

dx 

dl 

dx 


-RI - L— + E{x,t), 
dV 

-GV-C-- /(*,/), 


(205) 


contain two independent variables, .v and /; two independent functions, 
E(x,t) and J(x,t ); and two dependent functions, V{x,t) and I(x,t). Gen- 
erally, the coefficients R, L, G, C may be functions of at and t; then if we 
try to use the Laplace transform method we shall find that it does not 
help us. If, however, the coefficients are independent of /, the Laplace 
transform method will reduce the partial differential equations to the 
ordinary equations, 

dV 

T = -Rl - Lpl + £{x,p), 


dl 

dx 


~G? - CpV - J(x,p). 


(206) 


Consider a semi-infinite line energized at x = 0; then E = J = 0. 
The conditions at * = 0 can be introduced after the solution has been 
obtained. Thus, if R, L , G, C are independent of x, 

V(x,p) - A{p)e~ Vx , T(x,p) = : pr~e~ rx , 

R\P) 

(207) 

ro>) = V(i? + pD(G + pC) , Kip) = > 

where the real parts of F and K are non-negative. The arbitrary “ con- 
stant of integration,” A{p), is a constant only as far as x is concerned. 
If a unit step voltage is impressed at x = 0, 

V(p,p) = Aip) = 1/2 Kip, F(x,t) ( 208 ) 

If R = G — 0, the integral may be evaluated very simply. The expo- 

* For applications of these equations to heat-flow problems, see: George H. 
Brown, Cyril N. Hoyler, and Rudolph A. Bierwirth, Theory and Application of Radio- 
Frequency Ideating , D. Van Nostrand Company, Inc., New York, 1947, p. 146. 
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ncntial function becomes exp p(t — .v'/Z.C). I f / < xV LC, the right- 
handed closure is permissible and the integral vanishes. If / > .v\/ LC, the 
left-handed closure is permissible and the integral is obtained from the 
residue at p = 0. The value is unity. The position of this voltage dis- 
continuity is obtained from / = xVLC; thus the discontinuity is moving 
with the speed dx/dt = 1 /VLC. 

In the dissipative case we generally have two branch points 

/>! = -R/L, pn = -G/C. (209) 


In the exceptional case R/L — G/C, or RC = GL, 

T = x^Lc(p + f) = p^lc + rVcJl, 


( 210 ) 


the branch points disappear, and 

V{x,t) = exp (-xR'/C/l), t > x^LC; 


= 0 


/ < aV LC. 


( 211 ) 



Flo. 16.10. A transformation of the norma! contour of integration by swinging 
the imaginary semi-axes through 90\ 


Regardless of the resistance R, the voltage discontinuity is moving with the 
speed 1 /V LC and is attenuated with the distance from the source. 

In the general case, the permissible closure of Cis still determined by the 
sign of t — .v\/ LC. For infinitely large values of p, R and G have no 
effect. Thus, in any case, the “wave front velocity” is 1 /V LC. If 
t > x\ 'LC, we swing the contour as indicated in Figure 16.16 and obtain 


C(x,t) - exp (—x\ 


1 p-OH 

'RG)+ ~ f 

2 JT/ J-ltfl. 


- fl/c cxp {pt+ ix\ / - (R+pD (G+pC)] 


dp 


( 212 ) 


+ 


if 


R/J 'cxp \pt- 
o/c 


ixV - (R±r>L) (G+ pC)] 


dp. 
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The first term is the contribution from the pole at the origin; it is the steady 
state term. The second term (the first integral) comes from the lower side 
of the real axis between p = —R/L and p = —G/C, assuming that 
R/L > G/C. The last term is contributed by the upper side of the real 
axis. Along the remainder of the real axis, F has the same value, coming 
and going, and the corresponding integrals cancel. 

Combining the integrals, we obtain 

. — 1 r-G/c e vt . 

V(x,t) — exp (—xvRG) + - I — sin xV — (i? -f pL ) (G -f pC) dp. 

TTK/—R/L p 

(213) 

The last term is the transient term since it decreases as l increases. It 
presents considerable computational difficulties. 

For the further study of the Laplace transform method the reader is 
referred to treatises in various branches of applied mathematics. 
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1. . Definitions 

The coefficient of the wth derivative of x n is 77(77 — !)(?; — 2) •• • 
(>; — 777 + 1). Similar products, in which the successive factors differ by 
unity, occur very frequently in the formation of power series. If 77 is an 
integer, such products can always be expressed in terms of special products 
of a certain number of integers beginning with unity. Thus, if we define 
the jactorial of 

«! = 1 • 2 • 3 • • • m, (1) 

then 

77(77 — 1)(« — 2) •••(« — m + 1) = n !/(>; — m)!. (2) 

If 77 is not an integer, we can still keep equation (2) if we relax definition 
(I) and replace it by a difference equation 

n \ = (>; - 1)!;;. (3) 

This definition would make 7/! = ( 7 ; — 2)!(?; — 1)77; and finally, 77 ! = 

(77 — 777 ) 1(77 — 711 + 1)(77 — 777 + 2) • • • 71. 

Equation (3) does not possess a unique solution. Let/(77) be another 
function satisfying 



/(») = »/(» ~ 1). 

(4) 

Dividing these equations, 

we obtain 



/(») A” - 1) 

77l (77-1)! 

(5) 

Thus the ratio 





(6) 


is a periodic function, with the period unity. For instance, v(n) could 
equal sin Ixti, exp (2/r7;), cos 2tt77, tan xn, 1 + 1 cos 4t77, etc. Any one 
solution of (4) would serve our purposes; but it is desirable to obtain a 
solution whose analytic behavior is not too complicated. 
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Euler proposed the following definition 

z - = [ fe~ l dt = f exp (zlagt - t ) dt. 

0 t JO 


( 7 ) 


The integral is convergent if re (z) > -1, that is, to the right of the 
straight line x = — 1. Since 


X fe ,d ‘ - j 0 + =X” t ~ lr ‘ 

= (z- l)!z. 


dt 


( 8 ) 


Euler’s function satisfies (4); it reduces to (I) if z is a positive integer; 
when z = 0, we have 


0! = I. 


( 9 ) 


Since Euler’s function is defined everywhere in the strip —1 < x < 0, 

it can be extended to x < — 1 by means of 
the reduction formula (3); thus 



z! = 


(z + 2) ! 


(z+Q! _ 

2+1 (z+l)(z+2) 

(" + m)\ 

(z + 1) (z + 2) • • • (z + m) 


( 10 ) 


The extended function has simple poles 
at z = — 1, —2, —3, • • 

Euler obtained another analytic ex- 
pression for the factorial function 

2!= ?[( i+ -») ! ( i+ ir]' (u) 


which is valid in the entire complex 
Fig. 17.1. The function T(x) = plane, except at the poles.* 

(x - 1)! for real values of at. The sym ^ 0 } n (~) was introduced by 

Gauss to denote z!. Legendre introduced T(z) to denote (z — 1)1; thus 
r(z) = (z- 1)! = n(z- li) (12) 

* Leonard Euler, Letter to Goldbach, Oct. 13, 1729. Correspondence math, et 
phys. de quelques celebres geometres du 18 siecle, publiee par Fuss, vol. I (St. eters- 
burg, 1843). 
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is an identity. For real values of z — x, T(.v) = (x — 1)! and it varies as 
in Figure 17.1; the reciprocal varies as in Figure 17.2. 



.,,5 I L I I 1 I 1 I 1 1 1 1 

-3.0 -2.5 -2.0 -t5 -10 -0.5 0 0.5 1.0 (.5 2.0 2.5 3.0 

X 

FlC. 17.2. The function l/r(.f) = I /(x — 1)1 for real values of .v. 


2. Logarithmic derivatives 


The coefficients of the power series for Bessel functions, J„(x), Legendre 
functions, P n (x), and many other functions, may be expressed in terms of 
the factorials or gamma functions of the parameter n. The derivatives 
of gamma functions will thus occur in the series for d J n (x)/dn, dP n (.v) /dn, 
and other such functions. It is more convenient, however,! to deal with 
the relative (logarithmic) derivatives 


*(s) 

In view of (12) 


I '■*<='>- safe#. 


vK*) != — log r(z) = 


r'fr) 

T(z) 


*(=) =lH=+D, \K=)=^(S-1). 


(13) 


(14) 


Taking the logarithms of (10) and differentiating, we have 

1 


<C'(s 4- m) ~ g'(z) + 
*(2 + 1) = *(2) + 


+ 1 2 + 2 
1 


1 , 1 


z + m 


1 


(15) 


2+1 


*(=) =^(2-l)+- 


Thc last two equations arc the reduction formulas for the ^'-function and 
correspond to equation (3) for the factorials. 
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3. IV eiers trass expansions 
Let us rev/rite (15) as follows 

^(z -f m) — -^(z) = 


1 


+ 


1 


+ — + 


1 


z + 1 ' z + 2 ' ' z + 772 

As ot — * oo 5 the series does not converge. If, however, we subtract 

, , 1 1 1 1 

p(*») = 7 + ; + H + - 

12 3 m 


(16) 


(17) 


from (16), we obtain a convergent series 

lim [¥(z + m) -*(z) - = £ (— J -V (18) 

n = l\Z + ?7 77/ ' 

The typical term is — 2 / 77(77 + z) which is dominated by k/rr where k is a 
suitable constant. 

Let us take 

Iog(l + i).i-i + i-"., (19) 

choose successively n — 1, 2, 3, • • • 772, and add: 

log (772 + 1) = ^( 777 ) - £ ^5 “ 3^3 + “ ' ( 2 °) 

The limit of the sum exists and is called Euler’s constant , C, 

C = lim fc(772) - log (772 + 1)1 = E ^5 “ ^~3 j ’ (21) 

C = 0.577215 ••• , c c = 1.781072 .... 

Hence, we can rewrite (18) 

lim ['P(z + 772 ) — +(z) - log (772 -f 1)] = C + E -)• (22) 

„=i \z + ti 77/ 


Integrating from z = 0 to z = z, 

lim (log (z + 777 )! — log 772 ! — logz! — zlog (772 + 1)] 


” o+ „?,H ,+ sK]' 


(23) 


Taking the antilogarithms. 


. (z + 1 ) (z + 2) * • • (z + m) 


lim 


772 ! (777 + 1 ) 2 


= e c ‘ fi(l+-) 

n=i\ »/ 


»-*/* . 


(24) 
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The left side is the reciprocal of the first m terms of Euler’s infinite product 
(11); hence 


s! = fl (l + -) * c :/n . 

n “ 1 \ «/ 


(25) 


This expansion was given by Wcierstrass. 

The corresponding expansions for the logarithmic derivative 'I'(z), and 
for 'p'(c) are 


^(z) = 


-C - 




*'(=) = L 


1 


j (z -f- ?/) 2 


(26) 


If we take a resistance R„ = 1/w in parallel with an inductance 
L n — 1/m 2 , and connect the circuits corresponding to n = 1,2, 3, • • • in 
scries, then the impedance of the network will be 'I'(p) + C, where p is 
the oscillation constant. The impedance at the frequency / = ujlir will 
thus be ¥(/«) + C. 

Similarly, take an inductance L n = 1, resistance R n = 2m, and capaci- 
tance C n — 1/m 2 , and connect them in series; connect such circuits for 
m = 1, 2, 3, • • • in parallel; then the admittance of the network will 
bep'I''(p). 

Further information about factorials and gamma functions may be 
obtained from E. T. Whittaker and G. N. Watson, A Course oj Modern 
Analysts , Cambridge University Press, and from a paper by J. L. W. V. 
Jensen, “ An Elementary Exposition of the Theory of Gamma Functions,” 
Annals of Mathematics , Second Series, Vol. 17, No. 3, March, 1916. 


4. Formulas for reference 

The following arc some of the most useful formulas connecting factorials 
and related functions. 


Xl m x(x - 1)1, 0!=F(1) = 1, 11 = 1. 

(- 2)1 « r(-J) = V?. 


(— ,v)i (.v —1)1 = 3- esc -x - r(.v)r(i — x). 
(— .v)l = t r/(.v — 1)1 sin tt.v. 


(- ;>(- ;>(- ;> ■ ■ ■ (- "fr} - 


.v! (x - 1)1 = r 1 ' 2 2~ 2r (2v) 1. 



(27) 

(28) 

(29) 

(30) 

(31) 

(32) 


( 33 ) 
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*!^x — — — -^! — (x — = (2-) (7t 1)/2 « lt2 »~ ns (»x)l. (34) 


*!~VS^( 1+ i +5 i 5 -...). (35) 

2"(«-§)! = 1-3-5 • • • (2» - 1V5. (36) 

*(x) = *(x - 1) + x -1 . (37) 

¥(-x) = *(x - 1) -f IT cot ttx. (38) 

*(*“i) =*(-*-§) + » tans*. (39) 

^(0) = -C = -0.577215 • * • ; *(-«) = «. (40) 

n») = i + (4i) 

2 3 n 


*(— |) = -C - 2 log 2 = -1.96351 • • • . (42) 

^(-i±»)-^(-0 + 2( 1 + | + | + ... + 2^ T )- (43) 

*(0.4616 • • • ) = 0. (44) 

*'(x) = *'(x — 1) — x -2 . (45) 

— *'(~x) = *'(x — 1) — s 2 esc 2 -x. (46) 

— ‘4 ,, (— x — §) = *'(x — \ ) — - 2 sec 2 sx. (47) 



CHAPTER XVIII 
Exponential Integrals 


1. Definitions 

The following group of integrals is important in the theory of radiation 
and other fields of applied mathematics: 


Ein 


-r- 


w 


■ dw, z = x 4 - iy. 


Ein (ry) = Ciny + i Si^, 

r v 1 — cos t , 

— — a ‘> 




a) 


Ci y = f = C -f- loo’ - C'my, 

AS CC t 


where C is Euler’s constant, defined by (17-21). The first two functions 
are called exponential integrals; the remaining functions are cosine and 
sine integrals. Ein z, Cin z and Si z arc analytic except at infinity; Ci z has 
a logarithmic singularity at the origin. 


2. Power series 

Expanding the exponential function and integrating term by term, 

Ein 2 = Z (2) 

n-i nln 

Substituting z = iy and separating the real and imaginary parts, 


2 4 6 

Gny-2--JL+2 

J 212 414^616 

3 s 

J 313^515 


( 3 ) 


3. Asymptotic series 

For large values of the variable the following asymptotic series are useful 
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(see Problem 7, Section 15.9, for the value of Si «>): 

J*° r l e~ l dt ~ — # -1 -f 2!;r -2 — 3 ! at -3 + •••), 

Si y„ I _ Eli! £ (~)"(2») ! _ finy £ (-)"(2 » + 1)! 


Chap. 18 


„2n+l 


^ y *=o y y n ~o y 

Ciy ~ EL? £ (~)"(2»)1 _ C0S7 ” (— ) n (2» -f 1)1 # 
y »-o jy 2n ^ »=o y 2n+1 

To derive these series we integrate by parts as follows: 


.(4) 


-r 


r 2 r l dt 


X so />» 

rV* dt=~J r 1 dr 1 = —r 1 ^- 1 
= ar 1 *-* + J 1 ” r 2 
= 1 <r B - at - 2 !? -2 — y rV* dt. 

The derivation of the asymptotic series for Si y and Ci y is left to the 
reader. 

4. Asymptotic formulas for Ein z 
From (1 ) we have 

%1 l-e 


r 1 1 - e~ w , i 

Em z = / dzv I — 

./O tt> t/l 




■X 


w 

1 1 _ *-w 


10 




w 


J f' z e~ w 
— 

1 H) 


dw 


(5) 


1 — 
2 K) 


where 


-X 


1 1 - «- 


diO 


to 




■ ^to. 


to 


( 6 ) 


If the real part of z is non-negative, the last integral in (5) approaches 
zero as z becomes infinite. 

The evaluation of A depends on a certain amount of foresight, on a feel- 
ing that the integrals in (6) are related to Euler’s constant C. The log- 
arithmic function is obviously involved on account of dw/w; the exponen- 
tial terms remind one of the integral (1/— 7) for the factorial, although the 
latter diverges for z = — 1. The integrals in (6) however are convergent. 
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All tills indicates that we might come nearer to our goal if we convert C, 
as given by (17-21), into an integral. First wc note that 

i = r t^dt, logw = r~, 

m Jo Ji t 

1 + \ + \ + ‘ ‘ ' + l = fo {1 + 1 + /2 + ' ‘ ' + /T,_1) dt 

therefore, 

c " lim [X"[ 1 - ( I- »)]f _ X f\’> 




( 8 ) 


( 9 ) 


Wc also have 

(•-;)’■ cxp [’’ 108 (' ~ 0] " cxp [-”(;+ h + • • •)] 

= c -. exp (_£-_i,_".) 

if » is greater than t. Substituting in (8) and passing to the limit, wc obtain 

X i 1 — e ~‘ r n c~‘ 

/ d ‘~ Ji t j ‘- < l0 > 


It must be emphasized, however, that it is not enough to establish that 
the expression in parentheses in (8) approaches cxp(— /); the difference 
between the expression and its limit must be small enough for the integral 
of this difference to vanish in the limit. Suppose the difference had been 
constant and equal to l/«; then for any value of n, no matter how large, 
the integral of the error would have been infinite. It can be shown, 
however, that in the present case it is permissible to pass to the limit. 
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Thus the constant (6) is equal to Euler’s constant and (5) becomes 

( 11 ) 

If 2 = iy, we obtain the fourth equation in (1). 

Problems 


X x 

— dm. 
m 


1. Show that 


a rh~< a ^= dx = (Ci $b - Ci /3 a) - i (Si /3 b - Si /3a) 

— 2(a//3) sin \B(b — a) exp [— §//3(£ a)] 

+ X / x n ~ 1 e~ iez dx. 

n= 2 n\ 


Note that the series is convergen t for all values of a. 
2. Show that 


X b nab w ( :P\n r*ab 

x-'e-< a ^dx = / EUW / *»-V --dx. 

fJad n=l W?ft n %Jaa 

5. Derivatives and integrals 

The derivatives of the exponential integrals follow from their definitions 


d 1 - *-* 

— Em at = > 

dx x 


d COS AT 

— Cl AT — : 

AT 


1 — COS X 

— Cm at = j 

a* x 


d sin at 

— Si X = ■ 

dx x 


( 12 ) 


The integrals are obtained if we integrate by parts, 

f Ei ntdt = t Ein / I — f (1 — e~*) dt 
Jo [o J 0 

= 1 — x — r* -f- x Ein x. 


(13) 


Similarly 


J* Cin t dt = x Cin x — at -f sin x, 
J' Ci t dt — x Ci a- — sin x, 

J* Si / dt — x Si x + cos x — 1 . 


( 14 ) 
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The integrals of the above integrals can also be expressed in terms of the 
exponential integrals and elementary functions. 

Problems 


1. Show that 

nx sin 5 / , cos 2.v — 1 


2 2x 


+ Si 2*, 


X * sir 

t 

J C" sin/ sin x /’"cos/ x 

[ — — -C'*. j[ — ‘"--2 + S- + 


COS A.* 


• */0 = £ Cin 27 t. 


2. Show that 

■ COS 2 O-cosfl) = , n 
sin 0 

3. Show that 
’ r 1 — cos [/3f (1 — cos 0)] 


f 

Jo 


£ 


(1 — cos 0)- 


= a(c 


s\r>* BdD = 2 ( Cin 2/3/ — I -f- . 

‘ W I 



Fto. 1S.1. The functions Si 2th and Ci 2th. 



0 or, 1.0 t.S 2.0 2.5 3X> 3.5 4.0 

u 


Fic. 18.2. The function Gn 2th. 


6. CtttTcs and tables 

Figures 18.1 and 18.2 illustrate the behavior of Ci 2 sat. Si 2 xh, Cin 2-ti, 
Frequently the Ci and Si functions occur jointly, as in Ci 2a-// ± s Si 2 t-//; 
in such cases the spiral representations. Figures 18.3 and 18.4, arc con- 
venient. 



-Si2TTU 


Fig. 18.3. A spiral representing Ci 2 vu vs. —Si 2 ttiu 
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While the sine and cosine integrals are fluctuating functions, the functions 
A — am [Ci 7-u + / Si 2 -u — /r/2], 

(15) 

$ = ph [Ci 2 mi + i Si 2-u - /r/2] - 360° u - 180°, 


are monotonic. In terms of A and we have 

Ci 2-tt — —A cos ('!' + 360° u). 

Si 2 r« = ?>- — A sin ( C I> -f- 360° u). 
A table of A and is given below. 


(16) 


Table I 


u 

A 

$ degrees 

0 

co 

0 

0.01 

2.659842 

30.9373 

.02 

2.083592 

36.7182 

.03 

1.767065 

40.6871 

.04 

1.554013 

43.7724 

.05 

1.396330 

46.3145 

.06 

1.272910 

48.4824 

.07 

1.172646 

50.3740 

.08 

1.088996 

52.0517 

.09 

1.017792 

53.5582 

.10 

.956221 

54.9240 

.11 

.902302 

56.1722 

.12 

.854590 

57.3201 

.13 

.811997 

58.3815 

.14 

.773690 

59.3676 

.15 

.739014 

60.2873 

.16 

.707447 

61.1481 

.17 

.678569 

61 . 9652 

.18 

.652032 

62.7170 

.19 

.627550 

63.4351 

.20 

.604884 

64.1142 

.22 

.564217 

65.3692 

.24 

.528740 

66.5044 

.26 

.497494 

67.5375 

.28 

.469746 

68.4S26 

.30 

.444929 

69.3511 

.32 

.422594 

70.1524 

.34 

.402382 

70.S944 

.36 

.383999 

71.5836 

.38 

.367207 

72.2257 

.40 

.351805 

72.8255 

.42 

.33762S 

73.3870 

.44 

.324533 

73.9140 


u 

A 


0.46 

0.312402 

74.4095 

.48 

.301131 

74.8763 

.50 

.290632 

75.3168 

.55 

.267285 

76.3168 

.60 

.247354 

77.1937 

.65 

.230144 

77.9686 

.70 

.215136 

78.6582 

.75 

.201935 

79.2758 

.80 

.190235 

79.8319 

.85 

.179796 

80.3351 

.90 

.170426 

80.7926 

.95 

.161972 

81.2102 

1.00 

.154303 

81.5926 

1.1 

.140930 

82.2687 

1.2 

.129665 

82.8470 

1.3 

.120048 

83.3471 

1.4 

.111746 

83.7835 

1.5 

.104507 

84.1674 

1.6 

.098140 

84.5077 

1.7 

.092499 

84.8113 

1.8 

.0S7466 

85.0847 

1.9 

.082949 

85.3294 

2.0 

.078873 

85.5522 

2.2 

.071807 

85.9402 

2.4 

.065899 

86.2671 

2.6 

.060884 

86.5457 

2.8 

.056576 

86.7861 

3.0 

.052835 

86.9954 

3.2 

.049557 

87.1799 

3.4 

.046660 

87.3424 

3.6 

.044383 

S7.4S76 

3.8 

.041775 

87.6179 

4.0 

.039696 

87.7354 
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The maxima and minima of Si x occur when sin x vanishes; likewise the 
maxima and minima of Ci x occur when cos x vanishes. The curve for 
Cin x has points of inflection at x = Imr. A brief table of these functions 
for x — mr/2 is given below. 

Table II 


X 

TV 12 

7 r 

3tt/2 

2ir 

5tt/2 

3 TT 

Cin x 

0.55680 

1.64827 

2.32584 

2.43765 

2.51446 

2.80993 

Ci x 

0.47200 

0.07367 

-0.19844 

-0.02256 

0.12377 

0.01063 

Si AT 

1.37076 

1.85194 

1.60837 

1.41815 

1.55583 

1.67476 



MO 


CHAPTER XIX 
Fresnel Integrals 


1. Definitions 

Fresnel integrals are defined as 

C(.v) = jf cos (~t~/2) ilt, S(.v) = jf sin(-r/2) ft, (1) 

They occur in the theory of diffraction of waves. Figure 19.1 illustrates 
the behavior of these functions. 

Let 

u = C(.v), v = S(.v) (2) 

be the parametric equations of a curve (w is the abscissa and a is the ordi- 



I'ic. 19.1. The Fresnel integrals. 

natc); this curve, Figure 19.2, is called Cornu's spiral. The length along 
the curve, from the origin to some point («, r), is the independent variable at, 

j = £ + dr = £ dx = X. (3) 

Fresnel integrals arc odd functions, 

C(-jc) = — C(.v), S(-.v) = -S(*); 

3SS 


( 4 ) 



386 


APPLIED 3SIATHEMATICS 


Chap. 19 


hence Cornu’s spiral is symmetric about the origin. In diffraction theory, 
Cornu’s spiral permits a rapid appraisal of variations in the wave intensity 
in a given region. 



2. Power series 

Expanding the integrands in (1) in power series and integrating term 
by term, we have 

co / \n_2n 

LW " n t 0 2 2 "(2«)!(4« + l)’ 

\?) 

co £ yx^Jln+l ^4n-f3 

S( * } = n 5 0 2 2n+1 (2« + l)!(4» + 3) * 


3. Asymptotic expansions 

For large values of x, we have [see Section 15.9 for the values of C f 00 ) 
and S(ra )]• 



FRESNEL INTEGRALS 

C(a-) ~ \ + P(x) cos (-X s /2) - Q(x) sin (xx~/2), 
S(x) ~ \ -f P(x) sin (-v 2 /2) + Q(x) cos (~\ 2 /2), 
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1 “ (— ) n+1 l • 3 • 5 • • • (4« + 1) 

{ ) ~ 7T.V 


SO) - i 

"XX n n0 (liX ) 


( 6 ) 


The first term of Q(x) is — l/~.v. 

These expansions are derived ns follows 

C(.v) 4- /S(a-) = f exp (i-t'~/2) dt 
Jo 

= C(«) + /S(<x>)4- f exp (ivP/2) 

t/oo 

f CX P ( ,- "/ 2 /2) rfr = ~ f X *~ l d exp (/V/72) 

t/co f;r */ca 


( 7 ) 


CXp (tirX~/2) ,1 r x n .. , . 

; b — / r~ exp (t-r/2) dt. 

tvx t ~ ./» 


Integration by parts is continued so as to obtain a scries of decreasing 
powers of .v. The factorials in the numerators of P and Q in (6) make 
the scries divergent for all values of .v; but if only n terms are taken, the 
remainder is represented by an integral tending to zero as l/.v 2 " - 1 if .v 
increases indefinitely. 


Problems 


1. Show that 
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2. Evaluate 


/ a/2 A 2 ‘ 

cos (jrx [a)e^ z dx j z = — 

■a/2 81 


8f It 


Ans . {[C(k) - C(o)] 2 + [S(«) - S(p)] 2 }, where 


i A/xf a \ = _i_ A/\7 

V2\ * Vxf/ P V2\ 


_ 2r 
X* 


Vx/)' 



CHAPTER XX 

Bessel Functions 

1. Bessel’s equation and standard forms of its solutions 
From a purely mathematical point of view Bessel’s equation of order v, 

* 2 7? + x dx + (* 2 -' >Z)y = °> 0 ) 

is just a linear differential equation with nothing very remarkable to dis- 
tinguish it from scores of other similar equations. Its claim to a distinctive 
name is based on its importance in physical applications, particularly in 
wave theory. The solutions of (1) are called Bessel functions; their order v 
may be either real or complex. The general solution could be expressed 
in terms of any two linearly independent solutions; but for various reasons 
more than two have been denoted by distinctive symbols. 

Figures 20.1 and 20.2 illustrate the behavior of two kinds of Bessel 
functions for real values of .v and small positive values of v. Both kinds 
look alike for larger values of .v, when they are very nearly sinusoidal 
functions with amplitudes varying inversely as the square root of .v. In 
the vicinity of the origin the functions differ: Bessel functions of the first 
kind arc finite when x = 0, those of the second kind arc infinite. These 
properties could have been anticipated on physical grounds. Bessel 
functions occur in the theory of cylindrical and spherical waves, just as 
sinusoidal functions appear in the theory of plane waves. The independent 
variable .v is proportional to the distance from the line or point sources. 
When .v is small the curvature of a wave front is important and the func- 
tions differ from simple sine functions; but when x is large, the waves 
begin to resemble plane waves and Bessel functions resemble sine functions. 
Presently we shall draw these qualitative conclusions from purely numer- 
ical analysis of the equation. This analog)’ will be exploited in the “ sinus- 
oidal ” interpolation and extrapolation of Bessel functions. 

Several sections in this chapter are devoted to the calculation of Bessel 
functions. Tables arc available only for certain values of v and one should 
be able to supplement them. The ascending power series for Bessel 
functions converge for all values of.v; but such scries arc never very suit- 
able when .v is large. Thus it becomes necessary to subdivide the range 
of the independent variable into three parts: (1) small values of x, (2) 

3S9 



Ny(x) . , , Ju(X) 
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- 1.0 


Fig. 20.2. Bessel functions of the second kind of order r. 
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intermediate values of .v, and (3) large values of x. Bessel functions 
possess properties which enable us at times to make substantial analytical 
simplifications; the more important of these are considered in later sections. 

The power series for Bessel functions have already been derived in 
Section 11.6 


/,(*) 



(•v/2)- (,v/2) 4 

v+ 1 + 1.2(k+ 1)(p + 2) 



/-.(#) 


gjrr. (-y/2)- (at/2) 4 ■ 

(-v)lL —v + 1 ' 1 • 2(— v -j- 1)(— v + 2) 


( 2 ) 


The numerical factors v\2 v and ( — v) ! 2 ^ are included arbitrarily. The 
factorials of negative numbers may be eliminated by using (17-30); thus, 
if v is positive and exceeds an integer » by a proper fraction. 


3-Ax) = 


(x/2)~ r sin (y-m- l)!(.v/2) 2m 

ir m~0 w 1 . 


+ z 

m —n 


(-) m (.v/2)- ,+2m 
• ■ • ■ • 

ml( — v + 7»)1 


(3) 


Ifv= », 

/-»(*) = (~) n J n (x), (4) 

and the two solutions are no longer linearly independent. To form the 
second solution we might start with 


jax ) - (~r /_(*) 

, 

v — 11 


(5) 


and find its limit as v approaches »; this is in fact how the solution of the 
“ second kind ” was originally constructed by Hankel. There arc definite 
advantages, however, to a definition which makes the solution an analytic 
function of v as well as of x. Weber and Schliifii proposed the following 
function 


N f {x) 


J,(x) COS tor - J-Ax) 
sin v- 


( 6 ) 


Another common symbol for this function is Y r (x). As r approaches >/, 
cos rir approaches (— )"; the numerator and denominator tend to zero but 
the limit of their ratio exists 


~ L Or Or 


A r n (x) = lim A r ,(.v) 


(7) 
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Presently we shall carry out the differentiation and obtain a series for 

#„(*). 

Any solution of the Bessel equation may be expressed in terms of the 
above solutions; in wave theory, however, certain other forms are useful. 
If the Bessel equation had been encountered in wave theory in the first 
instance, it is very probable that these other forms would have been intro- 
duced as standard solutions. Bessel’s equation describes a two-dimen- 
sional wave, with x denoting the distance from the center of the disturb- 
ance. For large x, the wave front is nearly straight and it is difficult to 
distinguish the wave from a one-dimensional wave in which the disturb- 
ance is proportional to exp (— ix). The power carried by the wave per 
unit length of the wave front is proportional to the square of the amplitude 
A and the total power is proportional to the product of A 2 and the circum- 
ference 2t?x of the wave front. The law of conservation of energy- requires 
that this power be independent of x so that A should be proportional to 
\/V~x ; hence we should expect a solution of the Bessel equation which is 
proportional to X ~ 112 exp (—ix) for large x. 

To verify this conjecture we divide (1) by tf 2 . 


. 1 Jy 

dx 2 * dx 



= 0. 


( 8 ) 


As x increases indefinitely, the equation seems to approach an equation 
with constant coefficients whose solutions are exp ix) or cos x and 
sin x. There is, however, an uncertainty about the cumulative effect of 
the second term. Let us remove this uncertainty (see Section 11.7). 
Introducing a new dependent variable 


in (8), we have 



\/A 


(Pw v 2 — 0.25 


( 10 ) 


If this equation is treated by the wave perturbation method, it is found 
that for large x the first term is a sinusoidal function and the second term 
approaches zero as x increases. Hence for large .v, 


y = 


Ac iT + Be~ u C cos * + D sin * 


V* 


v* 


(ID 


It so happens that the following combinations of J v and N v , 

«?>(*) - /,(*) + <A r ,M, H?(f) - /.(*> - W‘)' (12) 


I 
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behave as exponential functions of gradually diminishing amplitude. 
In fact, 

~ (2/-v) I/2 exp / (.v - he: r - Itt), 

/4 <2) (.v) ~ (2/~.v) u2 exp i (—.v + v^tt + -]-); 

(13) 

/»(*) ~ (2/~.v) 1/2 cos (.v - - |-7r), 

^(•v) ~ (2/~.v) 1/2 sin (at - h~ ~ i^)- 

The H functions are called Hanker s functions. They are analogous to 
exponential functions just as J, and N, are analogous to sinusoidal func- 
tions. Figures 20.1 and 20.2 represent J,, and A r , for smaller values of v; 
the dotted lines represent the amplitude factor (2/jta - ) 1/2 . 

If v — ~ 2 , the last term in (10) vanishes and the corresponding expres- 
sions (13) are exact for all x; thus 

Jil2(x) = (2/r.v) 1/2 sin *, A r i/a(*) = -(2/-.v) 1/2 cos a-; 

= -f(2M) 1/2 e ix , H{% = i{lfrxyr- (ln ' 

Later in this chapter it is shown that if v — » + Bessel functions can 
he expressed in closed forms involving circular functions and polynomials 
in l/.v. In this case 

An+i/aOv) — (-) n+1 7-(f.+W2)(-v). (15) 


These functions play an important role in problems involving spherical 
symmetry. In view of this the name, “ cylinder functions,” sometimes 
applied to Bessel functions, is not quite appropriate. 


2. Modified Besscfs equation 


The modified Bessel’s equation, 




(16) 


is obtained from Bessel’s equation when x is replaced by ix. The solutions 
arc called the modified Bessel junctions. For large real x these functions 
behave as exp (q=.v), cosh ,v, and sinh at, all divided by the square root of a - . 
The two most important linearly independent solutions are 


, n _; (•v/2) H ' 2r ‘ 

,Vi) r,-o /»!(»-+/»)!’ 


(17) 


H.(x) = 2 ” CSC V- [/_(*) — 7, (a-)]. (18) 


For positive values of «•, the I functions are finite at .v = 0 and the K func- 
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tions are not; when the real part of x is non-negative, the K functions 
vanish at x = cc and the / functions do not. Under certain circum- 
stances these properties eliminate either / or K as a possible solution of a 
physical problem. 

For large x the K function is represented asymptotically by 

K,(x) ~ (tt/2*) 1 ' 2 (19) 

provided -3-/2 < ph (*) < 3-/2. Similarly, if —~/2 < ph (x) < 3-/2, 
then 

I v c x ) ~ (2~x)~ l i2 [r + /2]. ( 20 ) 

Restrictions on the phase are necessary because, in general, the modified 
Bessel functions and their asymptotic representations are multiple-valued 
functions whose branches do not correspond uniquely. 

If v = then 

Kh 2 (x) = (rr/2x) llz e~^, Ji/ 2 (a:) = (2/-*) 1/2 sinh at, (21) 

for all x. More generally, if v = n 4- where J i is an integer, the / and 
K functions are expressible in closed form in terms of exponential functions 
and polynomials in l/.v. 

The modified Bessel functions are particularly convenient for treatment 
of waves in dissipative media, whereas Bessel functions are preferable in 
problems involving nondissipative media. 


3. Differential equations reducible to BesseF s equation 

A number of simple equations may be reduced to Bessel’s equation or the 
modified Bessel’s equation by simple transformations of the independent 
and dependent variables. Thus denoting by B[x) the general solution of 
Bessel’s equation, we have the following table: 


dx- 

£y 

dx- 

d-y 


dy 

dx 1 

ffy 

dx- 


_*zA* + ,_o, 

/ X dx 

y = x’B,{x); 

= -xy. 

y = **/*£„,( fx*> 2 ) 

= -x-V'-y, 

y = x l,2 Bns(ix 31 '') 


y = x 1,2 Bii 2 „(vx p ); 

, v- — 0.25 

- y+ „ y,_ , 

y = x^-B'ix); 


( 22 ) 
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A+<X-v)% + \y~ o, 

dx* dx 4 


y = x' !i B,(Vx); 

~+-j + 4(*---)y = 0, y = &(**). 

A* \ AT*/ 


( 22 ) 


4. Infinite series for A r „(.v) «;;*/ K n (x) 

To obtain the series for A r n (.v), we differentiate the power series (2) and 
(3) with respect to v and substitute in (7). A typical term of J r is 

(-r(.v/ 2 )'-^ (-r exp [(,. + 2m) log (.v/ 2 )] 

m\(v + «;)! »;!(v -f- m)\ 

its derivative with respect to v is 


(23) 




(-T(A.-/2) V+2m dv [{ - V + 


(~r(-y/ 2 ) 

m\(v + m)\ s v 1 1 ml [(»> -f- w)!j 

(-r(.v/2)^ 2m 


log (x/2) - 

(~) n (x/2) r+2m 

log (x/2) - - *(„ + m ). 


(24) 


ml(v ;/;)! ;;;!(>> + ;/;)] 

where 4' is the logarithmic derivative of the factorial. Thus 
djr 


dv 


» r y"f v /2') n+2m 

- 1M los W2) - **■ + ”>> 


1 . 1 


l 


(25) 


'I'(« + »;) = -C+1+- + -4 , 

2 3 n + m 


- -C-}-<p(n + m), 


where C is Euler’s constant. This constant is associated with all terms of 
the power scries for J n and therefore 

(- ) m (x/2) T,+2m 


tL 


= Jn(x) (log -V - log 2 + C) - L 

rly the dcriv 
(- ) m (x/2) 2m ~ n 


o «!(» 4 - m) 
Similarly the derivative of the infinite series in (3) is 


— <p(n + ;;;). 

(26) 


L V - 'u y "‘ ~~ V,- (“log (* v /2) + n** ~ »)1 

» ( , _y»/v/ry*+2r» 


(27) 


(-) 


in-t-1 


J n (x) (log* - log 2 + C) - £ p(«)l . 

L n -1 «;!(?; + n;)! ' "J 
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The limit of the derivative of the finite series in (3) as v — > n may be 
obtained simply by differentiating sin ptt and replacing v by n; thus we have 


( _ )n n £ (»- m ~ \)\{x /2)~ n+2m 

J7I =0 


m\ 


(28) 


Combining these results and substituting in (7), we have 

«.« - - 1 r <” - - - 


^ m==0 

2 


W2I 


+ - /»(*) (log * - log 2 + C) 
1 " (—) m (x/2j +2m 


(29) 


7T m ?o «*'•(» + m)\ 


+ ?>(» + «)]. 


If n = 0, this form is not directly applicable. Retracing the above 
derivation for this special case, we obtain 

o 2 * f— ') m ('v-/2') 2m 

A r o(*) = ~ 7oW (log * + C — log 2) E ¥>(m). (30) 

7T ir m!= j 


( z »!) 2 


Similarly, we can obtain the series for K n , 


1 - - 1 (-)”(» - in - l)!^/2)-” +2 - 

■K-nix) — ~ , 

2 m =o 


_|_ (_ )n+l (log * -f c — log 2)1 n {x) 

1 “ (x/2) n+Zm 

^-(-) n o £ Z77T ir rn Iy(? ”) + y( ” + OT )) > 


(3D 


2 m =o ml(n + m)\ 

” (x/2) 2m 

K 0 (x) = —(log at + C — log 2)1 o{x) + E J- 

m =1 

All these series converge for real and complex values of x, except when 
x = 0. 

5. Bessel junctions of order v = n + 1/2 and asymptotic series 

If v ss « -}- 1/2, where » is an integer, then Bessel functions and modified 
Bessel functions may be expressed as finite series of circular and exponentia 
functions multiplied by negative powers of the independent varia e. 
Presently we shall prove that 

K n+ i/ 2 (x) = (7T/2*) 1/2 i?„(*), I n +l/ 2 (x) = (2/tt xj /2 I n (x): 


/n+1 , 2 (x) = <2/**y'*JnC*), Vn+ 1/2 (X) = (2/*x) ll2 $Ax), 


( 32 ) 
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where 


£ o(-v) = c~* 9 fi i(.v) = *"* (l + i) 
7? 2 (.v) = e-( I +^ + ^)» 

/o(.v) = sinh.v, /i (x) = cosh a: — 
/ 2 (.v) = ^1 + 4^ sinh .v — ^ cosh «, 
Jo(a') = sin x } $i(x) = Sin -~ — cos.v. 


sinh x 


.? 2 (.v) = ^4 — 1^ sin .v — ^ cos .v, 
tfo(-v) = — cos .Vj 7? i (.v) = — sin x — 
jfrn(x) = — 4^ COS .V — ^ sin AT, 


COS X 


(33) 


and, in general. 


A (” + ”01 

v n (.\) = e E ow!(;; _ ?;j)!( 2v)-’ 

/n(.v) - £[£„(-*) + (-) n+, /?„(.v)]> 

.?„(*) + ii^n(.v) = (-i) n+1 ^n(-i.v), 

= [cos (nr/2) sin x — sin (nr/2) cos a-] /!„ (x) 

+ [cos (nr/2) cos .v + sin (nr/ 2) sin .v] 7?,, (.v), 

A\(.v) = [cos (nr/2) sin a — sin (nr/2) cos .v] 7? n (.v) 

— [cos (nr/2) cos .v + sin (nr/2) sin .v] /l n {x). 


M*) = 

7?,(.v) - 


(— ) n (» 4- 2w)l 

(2n;)!(n - 2»«)!(2*) 2 -"’ 

(— ) m (n -f- 2n» + 1)! 

~o (2;;; + l)!(n - 2m - 1 )!(Zv)="+ 1 ' 
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The I? a and l n functions are solutions of 
d 2 w 

Similarly, J n and satisfy 


, »(» + 1 ) 

W ^ W ‘ 


d 2 w n(n + 1) 

— = — w ^ - — - m 

dx x 2 


(35) 


(36) 


These equations are obtained from the corresponding equations for Bessel 
functions by making a substitution which removes the terms containing 
the first derivative and setting v = n -j- 1/2. 

In order to prove the first equation in (34) we let 

„ = ,-»(l + | + p + | + .") (37) 

and substitute in (35). The first term in parentheses is chosen to be in 
accord with the asymptotic behavior of K v as given by (19). Performing 
the necessary differentiation and comparing the coefficients, we obtain the 
following recurrence formulas 

»(» + 1) ~ m (m - 1) (» + m)(n + 1 - m) 

a rrt ^ 1 — 2 m ChttrA* (v®/ 

Hence 

ai - \n(n + 1), a 2 = g(n - 1 )n(n + l)(w + 2), • • *. (39) 

The series terminates with m = n. 

If n is not an integer, the series does not terminate. Formally the series 
still satisfies the differential equation; but it diverges for all values of x. 
Nevertheless, the series remains useful for large values of x, for it is an 
asymptotic series. If only a fixed number of terms of the series are 
retained, they will represent if v+1 / 2 with increasing accuracy as x increases. 


6. Approximations for large values of the independent variable 
Applying the wave perturbation method to (10), we obtain 

HjP (x) S (2/ttx) 1/2 exp — I l l 

X {*“ - (v 2 - i) [ci 2.v + i (si 2 x-^j 
Hffx) (2/tt.v) 1/2 exp /(2y tJ > 

X {tf-fa - (p 2 - I-) [Ci 2x — i ^Si 2x — 0 




( 40 ) 
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ns far as the first perturbation . The second perturbation has to be eval- 
uated numerically. As »> 2 — 0.25 approaches zero, the approximation 
becomes more accurate even for small values of .v. When v = 0.5, the 
formula is exact. 

The approximation (40) deteriorates as v increases, unless x also increases, 
and at a faster rate. For large .v the amplitude of the perturbation term 
varies inversely as x; thus .v should increase roughly as v 2 if this term is to 
remain of the same order of magnitude relative to the first term. 

To obtain an approximation of Liouville’s type we substitute 

<f = b ? = vV - b v S b (41) 

in (10)'and apply (11-65); thus 

Ac*'* C x J n 

*»(*) »- 5 ====, *= / VI - (q/x) 2 dx. (42) 

VI - (q/x)~ J 


To integrate <I>, let 

.v = q sec ft dx — q sec P tan P dp; 


thus 


■I> 


-f 


tan 2 P dp = q (tan p — P). 


(43) 

(44) 


The constant of integration is omitted because it can always be absorbed in 
the arbitrary constant /l. Next we substitute in (42), then in (9), and 
determine si in such a way that as .v and p approach infinity, y (x) ap- 
proaches either one or the other Hankel function whose asymptotic be- 
havior is defined in (13); thus we find 


/,.(*) ± AVftv) ~ 
0 = q (tan P — P) 


cos 0 ± i sin t? 

— ; — ? 

tan p 

— {> (q — v)jr. 


(45) 


From (41) we obtain 


? = 




1 1 
128>- 3 1024.- 8 


(46) 


These formulas tend to become exact as q approaches zero. 

Similar approximations arc obtained from (11-66), (11-67), and (45) 
if we replace q by »• and let a - = v sec p. These approximations are the 
ones usually found in the literature; they are Liouville’s approximations 
applied directly to Bessel’s equation. 
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In terms of x we have 


g tan /S = vV - 

(47) 

? ( tan z 3 - /3) = V* 2 - g 2 - 9 tan- 1 V(x/q)*-l. 
Liouville’s approximation for iT, is 

K v(x) = exp ^ - V* 2 + p + ^ sinh - 1 ^ • (48) 

This also becomes exact for all .v when q = 0, p = 1/2. 

Using the result of Problem 5, Section 11.11, we find that the exact 
function o = [1 — (q/x) 2 ] 1,4 w(x) satisfies 

d 2 v T Sq 4 2q z I 

C & 2 " L + 4(^2 - ^) 3 + 2(x 2 - q 2 f\ V 

(49) 

t 4^ tan 6 /8 Iq 1 tan 4 /l] 


From this we conclude that for a fixed value of /3 Liouville’s approximation 
improves as q increases and that it is a good approximation only if x — q 
is substantially larger than the cube root of q (at least two or three times 
as large). 

The zeros of J v and N„ are approximately equal to the zeros of cos t? and 
sin 0] thus as q increases we have asymptotically 

X ~ q + 0.5 9 |j? + ^ ^ O' — sOtrJ , (50) 

+ 0.5^9^ + ^ <Tv, 

where d = + ?»7r for the zeros of /„ and i? = mu (including = 0) 

for the zeros of A^,. The following table compares the exact (Jahnke and 
Emde) and approximate values of the coefficient of the cube root of v for 
the successive zeros of J v 



i 

2 

3 

exact 

1.8557... 

3.2447... 

4.3817... 

approx. 

1.8415... 

3.2397... 

4.37898... 


For the first zero of N p the approximate value of the coefficient is 0.885 
while the exact value is 0.931577 • • • ; this is the smallest root an e 
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approximation is not particularly good. The approximate values of the 
next two roots are 2.59 and 3.83; die error should be substantially less 
than one per cent. 


7. Approximations for small values of the independent variable 


For small values of x, power series furnish good approximations. The 
series (2) for J„ converges rapidly if x < vV + 1 . Similarly the scries 
for converges fairly fast if .v < V v — 1 . In the case of A 7 *, where 
,, = ;; + 5 and 0 < 5 < 1, we obtain from (3) and (6) 


2 r (v - i)i r 

A 7 r (.v) = J v (*v)cot vrr — 

+ 


2 r (r- l)!r , (.v/2) 2 , (.v/2) 4 


1 + 


+ 


v - 1 2(v - 1)0- - 2) 

(.v/2) 2 ”" 2 


+ 


(„_!)!(,_ l) (y _ 2)... (5+1), 

n — $ 




(51) 


(•v/2)"-* r (-v/2) 2 1 

? ?!(-5)!sin5rL ( 7 / + 1)(1 - 6 ) J 

When v is an integer we find from (29) 


A r H (.v) = 


(»- 


-D!2" T (.v, 


/2) 2 


+ 


(•v/2) 4 


1 2(77- 1 ) (77 • 2) 


+ 




A r o(.v) = (log .v + C — log 2) /o(.v) + ^ “ ’ * • • 


(52) 


Approximations of Liouvillc’s type are better for an extended range of x. 
In the preceding section we applied Liouvillc’s approximation to equa- 
tion (10); but when x is small, we find from (49) that for small values 
of q the perturbation term is large. For this reason we shall apply the 
approximation directly to Bessel’s equation as in Section 11.11. If in 
(11-67) we change n to v and write 

a: = i-scch a, u = f (- 7 , — A dx — —v (a — tanh a), (53) 


we have 


->’(*) 


A exp [± j-(cr — tanh or)) 
\^v tanh a 


(54) 


The constant may be determined to match the behavior of these approxi- 
mations with that of the standard forms of Bessel functions as .v approaches 
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zero. Thus 


/,<*) 




A exp (\nr— sr — s>) 


H 




(• V A')'T"! "'• / i ~ (a/V ) 2 


dui + vi - (x/yyy exp ( ; . - %/;* - s) 


(55) 


-vl - (x/pf 


There is a weakness 5n the identification of the second approximation 
with N>. As a- approaches zero, X, -r B J, will approach the same 
asymptotic expression, regardless of the value of the constant B. Natu- 
rally it would have a negligible effect for sufficiently small values of x; 
but it will restrict the upper limit for which the approximation is still 
satisfactory. However, the same expression may be obtained by another 
method which is free from this objection. It should also be noted that 
the objection applies only to the identification of the approximation with 
a particular solution of the second kind; a linear combination of two 
Liuuville’s approximations will give a perfectly general approximation to 
the complete solution of Bessel's equation. 

To estimate the range in which Liouvilic’s approximation is satisfactory, 
we should carry out the substitution of the new independent variable into 
Bessel’s equation and then free the new equation from the first derivative 
by changing the dependent variable. Thus we find that the exact equa- 
tion for r(x) — j(.v) v A — rr is 



The second term in the brackets should be small compared with unity. 
As v increases the range increases; and then the condition is that r — x 
*hou!d be several times as large as 1/v r . 


8. Approximations in the intermediate region 


Approximations of Liouvillc's type break down in the vicinity of x — v. 
This is the transitional region in which nonoscillatory functions gradual!) 
change their behavior and become oscillatory. In accordance with equa- 
tions (8), (9) and (10) the general solution of Bessel’s equation may be 
expressed as 


y(x) = 


Am I (x) 4~ j?tT;(x) ^ 
V x/t- 


(57) 
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where u>i(.v) and 0*2 (#) constitute a fundamental set of solutions of 


d 2 w __ 
1# ~ 



r = »---• 


(58) 


The factor 1/r has been introduced in the denominator of (57) for reasons 
which will become apparent later. More specifically, we define u>i and 
w 2 as follows, 

Wi(g) = 1, w[(q) = 0; 

tc 2 («7) = 0, tr/>(?) =1. 


For all solutions of (58) 


w"(?) = 0; 


(60) 


that is, at x = <7, the curvature of te(.v) is zero and in this neighborhood 
w(x) is represented by A + B(x — q). 

To improve on this simple approximation we develop tv(x) in a series of 
powers of (.v — q). Thus we obtain 


«j,(.v)=1 - 


(.v-y) 3 (*- q) A (x-q) 


3 q ' Af Sf + G ? 4 + 45«r) ( * 9)0 

"(^ + W 3 ) (A ■~ 9)7 + (^ + 3^) ( ' V_^7)8 ■''’ , 

, w v (*“?) 4 , 3( a - ? ) 5 2(.v— y)° 

W2 (.v)=(.v- ? ) 6T + “W 

+ (w + t 4 ?) ( * ” 9)7 " (w + w 3 ) ( - v ~ 9)8 + • * • • 


(61) 


In order to connect this approximate solution with any particular solu- 
tion for large .v we should evaluate the constants A and B in (57) so as to 
make v(.v) assume the required values at two points for which both approxi- 
mations are valid. Alternatively we can determine A and B so as to 
match y(.v) and 


/(•v) 


w ( x ) _ tr(.y) 
\ f x/v 2 x\HcJv 


(62) 


with the corresponding values of the other approximation for some par- 
ticular value of x in the region where the approximations overlap. 

G. N. Watson’s treatise on Bessel functions contains tables of standard 
Bessel functions and their derivatives at x = v. Using these values we 
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can find proper values for A and B to yield either /„(#) or N p (x); thus 

A = [vj' 2 (v) - %v~ l w 2 {v)]y(v) - tv 2 (y)y'(v), 

B — Wi (v)y'(y) + (v) — w[ (y)]y(v), ^ 

where y(y), y'(v) represent the values of J P (v), J' p (v) or of N v (v), N'(y). 
As v increases we have 

Ao±y (v) - |-J r l y' ( v ), B = y’ 0) + \y~ x y (v). (64) 

Since * = 0 is a singularity of w(x), the power series cannot possibly 
converge when | x — q { is equal to or exceeds q. In fact the series con- 
verge slowly except for small values of (a- — q)/"^q ; but they manage to 
close the gap between the approximations of Liouville’s type. 


9. Sinusoidal interpolation and extrapolation 
Consider solutions of the following equation 


«"(*) 

= -/(*)» 

(65) 

in the interval (a,b). Let 



o i r b 

1 i r b 


P = , / /(*) dx. 

P = J 7 — / /(*) 

(66) 

b — a Ja 

— aoa 


The first approximation to the solutions is then (see Section 11.13): 


w(x ) = A sin j3(x ■ 

— a) + 5 sin /S(£ — a:). 

(67) 

Letting x = a, b we have 



w(a) = B sin /S (b — a), 

o>(£) = A sin /3(£ — a); 

(68) 

therefore 



w(b) sin /3 (at - 

- a) + ®(tf) sin 0(£ — #) 

(69) 

sin p(b — a) 


This formula may be used for interpolation when ${b — a) is not too large, 
preferably not much larger than ~/2. 

If f{x) is negative, then /9 is imaginary and we may set 

= ~ T=r a fj {x) dx ’ r = yl-iht£ /(x) ^ x ’ (70) 

where y is real. Then the interpolation formula (69) becomes 

w(b) sinh y (x — a) to (a) sinh 7 iP ~ x ) . 

sinh y (b — a) 


iv (x) = 


(71) 
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For equation (58) we obtain 


0 - 


y ~ 


fi-i 

4fb~ 1 = 4 


, p 2 - 0.25 

v 2 - 0.25 7 

ab 


(72) 


Taking the values y(ci), y(b) of a Bessel function from a table, we can 
compute w(a) — Vay(a), w(b) — Vbyfb). Substituting these values in 
(69), we obtain tt’(.v); then y(x) = w(x)/\ // x . The following Table I 
presents a comparison between the interpolated and exact values for 
/ 0 (.v) and Ja(x). In the first case a = 2, b = 3; in the second a = 3, 
b = 4. 


Table I 


X 

y(x) 

Jo(x) 

Difference 
yW - / 0 (.v) 

2.0 

0.2mm 

0.223S908 

0 

2.1 

.1665539 

. 1666070 

-0.0000531 

2.2 

.1102840 

.1103623 

- .0000783 

2.3 

.0554495 

.0555398 

- .0000903 

2.4 

.0024102 

.0025077 

- .0000975 

2.5 

- .0484S69 

- .0483838 

- .0001031 

2.6 

- .0969114 

- .0968050 

- .0001064 

2.7 

- .1425534 

- .1424494 

- .0001040 

2.8 

- .1851262 

- .1850360 

- .0000902 

2.9 

- .2243696 

- .2243115 

- .0000581 

3.0 

- .2600520 

- .2600520 

0 


Difference 


X 

y(*) 

/<(*> 

y(x) - Mr) 

3.0 

0. 1320342 

0.1320342 

0 

3.1 

.1461138 

.1456177 

0.0004961 

3.2 

.1602332 

.1597218 

.0005114 

3.3 

. 1744498 

.1742754 

.0001744 

3.4 

. 1SSS187 

.1891991 

- .0003804 

3.5 

.2033929 

.2044053 

- .0010124 

3.6 

.2182243 

.2197990 

- .0015747 

3.7 

.2333637 

.2352786 

- .0019149 

3.8 

.24SS612 

.2507362 

- .0018750 

3.9 

.2647664 

.2660587 

- .0012923 

4.0 

.2811291 

.2811291 

0 
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If w(a) and to' (a) are known, then 

tv(x) = to(a) cos fi(x — a) -f- \ to' (a) sin @(x — a) , 

& . (73) 

to' (x) = to' (a) cos / 8{x — a) — pic (a) sin fi(x — a) , 

with a corresponding set of hyperbolic formulas when (3 is imaginary. 
Since b is at our disposal, we may assume b = x and make /3 variable. 
The following Table II compares Jo(x) and the values obtained from 
(73) when a = 3. 


Table II 


X 

3 

3.1 

3.2 

3.3 

3.4 

y(x) 

- 0.2601 

- 0.2920 

- 0.3202 

- 0.3443 

- 0.3643 

Mx) 

- 0.2601 

- 0.2921 

- 0.3202 

- 0.3443 

- 0.3643 

X 

3.5 

3.6 

3.7 

3.8 

3.9 

y(x) 

- 0.3802 

- 0.3918 

- 0.3993 

- 0.4027 

- 0.4020 

\ m *) 

- 0.3801 

- 0.3918 

- 0.3993 

- 0.4026 

- 0.4018 


Sinusoidal interpolation and extrapolation of solutions of the second 
order homogeneous differential equations are seen to be very good. The 
above formulas can be used also if a, b, x, y are complex. 

10. Recurrence formulas 

Bessel functions and their derivatives of orders v — 1, v, v + 1 are 
related; thus 

4- WMx)] = *7»-i(*)> 4 [*W,(*)] = x r Nv-i(x)i 

ax ax 

4 [x~ v Jv(x)] = -x-vj^iix), 4 = -x-’Nr+tix); 

ax a x 

xj'r+vj r = xjr-u xN' + vN„ = xN _ i j 

xji — vj p = —xjp+i, xN' — vN v = — xNp+i; 

/p— i + Jp+1 = Jrj Np—i + Nv+i = -7 N v ; 

X * 

Mi - Mi = 2 Jl, ^-1 ~ M+i = 2A - 


( 74 ) 
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The first and third formulas are proved by substituting the power series 
for J, and differentiating; thus 


d_ 

dx 


WJA 


d £ (_)-****» 

dx ^T+ 2m m\{ v + >n)\ 


oc ^ yn^v — l+2m 

m ?0 2'~ l+2m m\(v - 1 + tn)\ 


— X V Jp-. Jj 


(75) 


and similarly for the third formula. 

Since the power scries for J,, is valid for all values of v so are the formulas. 
Replacing v by — v and using the definition for N„ the second and fourth 
formulas are found from the proper combination of J, and The 

next two lines in (74) follow from the first two when the indicated differen- 
tiation has been performed. Adding and subtracting these two lines, we 
obtain the last two. 

A similar set of formulas may be obtained for the modified Bessel 
functions: 

£ (*'/,(*)] = (*), £ [x v K r (x)] = -*%^(*)s 


£ [.v-4(.v)I = .v“V I+1 (.v), £ [*-X(*)J = -aTX+i (*); 

xl[ vl y = xl , xK[ + vK, — — 

xKi - vK v = -xK r . 


xlt — vly = XL 


(76) 


H-X> 


^+1> 


fy—l Ip+ 1 — I»y 

Ky-l — = 

- £ K r ; 


K,—\ + A P+ i = 

~2K' r . 


Thus Bessel functions of higher orders may be computed from those of 
lower orders. 


11.// connection between Bessel functions and their derivatives 

Bessel’s equation may be expressed in the form (11-94) with P(x) — x 
and Q(x) = (v 2 /x) — x. Applying (11-95), we have 

Jv(x)y’ l (x) ~yi(x)y' 2 (x) = C/x (77) 

for any pair of solutions. The constant C may be calculated at some 
convenient point such as a- = 0 or x ~ <*. Thus for the pair J„ N, 
we have 


J,K - jlNr = 2/xx. 


(78) 
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If * is a zero of then J’ v = -2 /ttxN v . Similar identities hold for the 
zeros of other functions in (78). 

For the modified Bessel functions we have 

KX ~ K’Jv = l/x. (79) 

For any pair of solutions of the reduced equation (58) we have 

w 2 w[ - = C. (80) 

If icq and w 2 behave as sin x and cos x at infinity, then C = 1. 


12. Integrals of Bessel functions and their products 

Some integrals containing Bessel functions can be obtained directly 
from (74); thus 

J x v Jv- 1 (*) dx = x v f v {x), J x^Ny-iix) = x v N,(x)i 

(81) 

J x~ p f v+ i(x)dx = ~x~”J v (x), J x^Ny+iix) = -x~’’N y (x). 


A variety of integrals involving products of Bessel functions may be 
evaluated as follows. Starting with the equations 


we multiply the first by y^, the second by y v and subtract 


-( 

dx\ 


dy v 


d y> 


Xy "Tx ~ xy > dx 




X 


-y»yv 


Integrating 


( p 2 - n 2 )j*x = x(y/f x ~y, d £)- 


(82) 


(83) 


(84) 


Let us now make y = v and replace * by in the first equation in (82) 
and by kx in the second: 


(85) 


Multiplying the first equation by y v (kx), the second by y v (fi x ), then su ^ 


d 

dyjfix) 

dx 

_ X dx 

d 

dy v {kx] 

dx 

X dx . 
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(87) 


tracting and integrating 
(F - /S 2 ) J xy v {fix)y,{kx) dx 

T _ „ /n X dy v (kx)~\\ z 

~ ) dx yt(fiX) dx JL* (86) 

The bar is used to indicate that as k —> j3, y v (kx) need not approach y r (fix). 
If we divide (86) by F — j3 2 and let k approach fi, we obtain 

jf v.cms.cm \ t.m ^ -* w 

= | * 3 [v'ii- + (l - J;t 4) JVS.j J 

where die primes denote differentiation with respect to fix. In particular 
both y, and y f could be equal to the same Bessel function, J v (fix) for 
example. 

13. Orthogonal expansions 

Certain sets of Bessel functions are orthogonal and therefore suitable for 
expansions of arbitrary functions. Consider the following Bessel equation 

s(* (88) 

and its general solution 

>(x*) = djy{xx) + BN v {xx). (89) 

If k and /? are two distinct values of x for which the right side in (86) 
vanishes at .v = a and .v = h, then the corresponding j-functions are orthog- 
onal with die weight function equal to x ; thus 

f *>v(xi*bv(x2*) dx = 0, Xl ^ X2- (90) 

t/a 

The right side in (86) is certainly zero if_>v(x*) or its derivative vanishes 
at x = a, b\ that is, if the x’s are roots of any of the following equations 

Uxd) _ J,(xi) jUx«) Jl(xb) 


B T Ax«) t\ T ,(xl>) 

Mxc) Jl(xh) 


NUx*) Kixb) 
jUxa) J t (xb) 


Xr(x«) K(xh) A 7 ((xu) N,(xb) 


( 91 ) 
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More generally we can add and subtract Py,(kx)yj8x) on the right in (86) 
to obtain 

y,{kx) [* dj ~^ -f - y, (e x ) [* -f Pjrihc) ] - (92) 

This expression will vanish if k and 8 are any two distinct roots of 

dyAxa) , 


a -~£ a Pty?(x&) = 0 3 


b — g r P2y,(x b ) = o. 


(93) 


where Pi and P 2 are any two given constants. We may let Pi and P 2 
assume such values as 0, 1, « and thus obtain the special cases (91). 
Therefore, if 

= 2 ^rdr (94) 

r; 

then 

JT d * (95) 


*bv6fe*)] 2 dx 



The denominator is given by (87) with y„ = v r . 


14. Zeros of Bessel functions 


Approximate zeros of J,(x) and N r (x) for v > 1/2 may be obtained from 
the approximate formula (45) for these functions. These zeros are solu- 
tions of the following equation 


V (x/qY — 1 — tan 1 V (r./qY — 1 = 


# JU 2L 
v • 4' 


- Kg ~ ?)~ 


(96) 


For the successive zeros of J T {x), 0 = ~/2, 3-/2, 5-/2, • ■ •; for the suc- 
cessive zeros of iW(sr), 0=0,—, 2—, * - The following tables compare 
the approximate and exact values for v = 1, 2. 


Zeros of /i(*) 

exact 3.8317 7.0156 10.1735 
appr. 3.8286 7.0151 10.1/33 
difference 0.0031 0.0005 0.0002 


Zeros of iVi(“) 

exact 2.1971 n.4297 8.5960 

2 ppr. 2.1820 5.4286 8.5^5/ 

difference 0.0152 0.0011 0.000.) 
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Zeros of /;(#) 

exact 5.1356 8.4172 11.6198 
appr. 5.1276 8.4156 11.6197 
difference 0.0080 0.0016 0.0001 


Zeros of Nfx) 

exact 3.3842 6.7938 10.0235 
appr. 3.3497 6.7905 10.0225 
difference 0.0345 0.0033 0.0010 


15. Bessel functions in the complex plane 

In the complex plane Bessel functions are generally multiple-valued 
functions. From the power series for /,,, J— v , I~ V) we obtain 

/,<y mr ) = e <m ’ r J r (z), 

5 (97) 

/,( ze <mT ) = e im,T I,(z), /_,( ze imT ) = z), 

where m is an integer. Then from the definitions of the JV, H, and K 
functions, 

N,( ze imT ) = c~' n,T N,{z) + 2 i sin rmn r cot vr /,( z), 


^l)( a ir, T ) _ 

/^ s V mT ) = 


sin Q - *0^ ^ _ ^ r sin^ 7 ^ (2)> 
sin vjt sin w 

sin (1 + w)w ^ d(2) + 

sin t-jr ' sin wr ' 


(98) 


K,(ze <mT ) = e^'K.iz) - fa- 


sin fflior 
sin nr 


/-(a). 


Approximations of Liouville’s type are also multiple-valued functions; 
but their branches do not correspond to the branches of Bessel functions. 
The same approximation will represent one Bessel function in one part of 
the complex plane and another function in another part. 


16. Miscellaneous formulas 

The following are some of the more frequently useful formulas in addi- 
tion to those given in the preceding sections: 

/o(.v) = —Ji(x), A r o(.v) = — A r i(.v); 
ioOO = AW, K'oM = -Kfx). 

£ xf; (J:x) dx = l-rlf; (be) - l (Av)/ r+I (**)], see (87). (100) 

f xyUkx)<?x = T'.'5';(Av) - j P _i(Lv)y r+1 (^)] > 


see (87). (101) 
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If Jp(k) = 0, then 

jUk) = Jv—\(k) = -Ut(k), J''(k) = -(1 /*)/'(*). ( 102 ) 


If N p (k) = 0, then 


n: (k) 

= A4_ X (A) = — A r to-i(A), 

iV"(A) 

= -(1/A)A?(A). 

(103) 

i fjttk) = 

0, then 




Mi(k) = 

Jr-l{k) « (*/*)/,(*), 

4'(A) = 

0-7A 2 - 1)/,(A). 

(104) 

IfNUk) = 

0, then 




i! 

S' 

' — ^ 

rt 

f 

fe; 

AA-i(A) = (v/k)N v (k), 

iVT'C^) = 

(^/A 2 - l)tf,(A). 

(105) 

If 4(A) = 

0, then 




4 

(A) = 4-l(A) = 4+l(A), 

4"(A) 

= ~ (1/A)4 (A). 

(106) 

If Ky(k) = 

0, then 




(A) = 

: ~K^{k) = -Kp+tik), 

A4'(A) 

= ~(1/A) a; (A). 

(107) 

If 4(A) = 

0, then 




11 

/-~N 

4 

~Iy+l(k) = (v/k)I v {k), 

r,'(k) = 

(^/A 2 + l)Iy(k). 

(108) 

If 74(A) = 

0, then 




74+i(A) = 

-I4_i(A) = (v/k)K,(k), 

J4'(A) = 

(v 2 /k 2 + 1)74 (A). 

(109) 

x3' v 

= (l> + 1)3 V ~~ x 3p+l. 

*14 = 4 

+ 1 )A r „ — tf)4+l» 

(110) 

x3[ 

— vJ v ~ h xJ v — ij 

*14 = - 

Vfty + A*/Vp_]. 

(HD 

xl[ 

= iy + 1)1 P + xly+l. 

= (v 

+ 1 ) 7 v, - 

(112) 

xl[ 

— vT v xTp — 13 

X&l = - 

!'i? p — Xl3y~l. 

(113) 

If Jy(k) = 

0, then 



(114) 

3'jk) = 3y-l (A) = 

4-1 (A), 

J”{k) = 0. 

Iftf„(A) = 

0, then 



( 115 ) 

74(A) = XU (A) = -X 

H-1 (A)> 

i?"(A) = 0. 


If J r v (A) = 0, then 

t? p+ l = (f + 1 )3 r/k> J *—l ~ tv A/Aj 

J’j = [v{v + 1 ) /A 2 - \]h. 


(116) 
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If ftiik) 

If T,(k) 

If£,(*) 
it !'(*) 

if# (« 


= 0, then 

= (r + 1 )#,/*, 

= K- + 1 ) A’ 2 - 1]#,. 

= 0, then /' = f v — i = = 0. 

= 0, then # = — ICy—i = -l£ J+1 , it" = 0. 

= 0, then 

?y+l =—(»’+ 1 )2y/k, ly—l = vty/k, 

VJ = M» + i)/* 2 + lft. 

= 0, then 

&+1 « (P + 1 )#,/*, 

£" = [v(y + \ )/k 2 + 1]2£,. 

K,(ix) = -i w ->W)r, 2 t /v( . v ) _ /AL(.v)], 

Kt 0 X ) = i«-«h- i )W 2[_ // /(. v) _ at'(. v)] . 

/,(/*) = e i(,+1)r/2 J,(^), = c iy * ,2 3' r (x). 

#'(/*) = *-«H-I)r/2[_ /< //(. v ) _ iP/(v)]. 

3 r (x)lt'(x) ~ J'(x) $,(x) = = I. 

fffrO 2 . / j: + AVAL' 

*,(»*) tt.v[/;(.v) + N*(x)] 1 7® + iV? 

A%(;.v) = 2 . A/T + AVAL' 

(«) ^. v [(/:) 2 + ( al') 2 i 1 (/:) 2 + ovn 2 ’ 

RUjx) l JJ' r + $,$', 

R v (Jx) 3~{x) + fl:{x) 3; + 


(117) 

(US) 

(119) 

( 120 ) 

( 121 ) 

( 122 ) 

(123) 

(124) 

(125) 
026) 

(127) 

(128) 


3,31 +$, $1 


£'(&) (-70 2 + ($lf + *’ (J r # ) a + (^) 2 

/6 + A ^i.r i+ £ 

7 ° «fL (2«;)!(2-v)-" J 


(1291 

( 130 ) 
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^ ~ + J, : 11 '3 ' ■ 5 ' ■ ’ ' ’ ®» - 01 fgl] • (131) 


Gv ») = - 7 ; Sit 

kz!(p — m — ^)! 

__ (4p 2 - 1 2 )(4p 2 - 3 2 ) • • • [4p 2 - (2 ct - l) 2 ] 
2 2ffl »jl 


(132) 


m =1 


3 5 
2 2*2 


C *> 

31 + fio = 1 (135) 

jf° /»(*)■* = !, £‘~r iix ~\' "-1.2A— (136) 

i _ £ (137) 

«/0 X 

JT “ /nW 






E 

71=1 


Jn+1 (#) 

(wz + K + 1 )Jn+2 (^0 


*** +1 

(W + K 

+ 1)(kz + K + 3)/ n+3 (*) 


x m+2 


CO 


(138) 


exp (db//3p sin 9?) = Jo (ftp) + 2 E Jinifip) cos 2 tup 

n =1 

± 2/ E J 2 u+i(Pp) sin (2k + l)p* 


(139) 


n ==0 


exp (±z'^p cos (55) = /o(j5p) + 2 E (— ) n j 2 n(fip) cos 2 k 9 ? 

n =1 

± 2* E (-) b /*H-i(Pp) cos (2k + 1>. 


(140) 


n =0 


exp (±<rp cos 95) = io(cp) + 2 E ^(icp) cos wp* 


(141) 
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exp (±<rp sin <p) = Jo(cp) + 2 £ (~ ) n / 2 n (<rp) cos 2w$» 

» n “ 1 (142) 

±2E (-) n / 2n+1 (<rp)sin (2»+ 1)*. 

n «0 


K 0 (oR) = 7v 0 (crpo)/o(crp) + 2 H K n ((rp 0 )I n (ap) cos »(<P ~ <»o)> 

n *=I 

P < Po, 

03 

= 7 0 (<rp 0 )7vo(o-p) + 2E I n (crpo)K n (<rp) cos n (<p — ip 0 ), (143) 

n=l 

P > P0> 

i? — vV — 2pp 0 cos (p — <po) + po, re (a) > 0. 

2 (/(p + 0) +/(p - 0)] = I>m/n(*mp/«)> where 

m 

4/!(l) + 2?/n(*m) = 0, 

lhl£ P f(p) J n {k mP / a) d P 


G m — 


« 2 {[W*(*m )] 2 + (* 2 - ;; 2 )[/„(* m )] 2 } 

2^ 2 Xi p p/(p)Jn(*,np/a) dp 

t /0 

= + /* 2 (/£ - » 2 )]/ 2 (*n) 

2fl a r P f( P )Mk m p/fi) d P 

t/O 

= + >(4 - » 2 )][/n(^m)] 2 * 

J Q Xf>J(p)J> (xp)Jv(xp) dp 

— JI/Cp + O) +/(p~ 0)]> a < p < 5, 

- 2 /(p + 0)> P = p> 

= £/(p - o), P = 

= 0, 0 < p < a or p>b, rev>— 1. 


(144) 


( 145 ) 
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If— = 
dx 2 

2 ,*'(»'+ 1) 

— art# 4 ^ 2 — w > 

„ j>(i> 4 - 1 ) 

; v 

(146) 

then 

, O „Os C 1 _ , <7a> _ 

(ar — fi)l wwdx—w— w — • 

J dx dx 


If a = ft 

then 





WfW 2 dx — 




v(v 4 - 1 )" 

1 0,1073 


- ^ (w[w 2 + WlTO2)J > 


(147) 


where the primes denote differentiation with respect to fix. 



CHAPTER XXI 


Legendre Functions 


1. Legendre s equation 


Legendre’s equation, 


dpQ 

do 2 


dO 

+ cot 0 — + v(v + 1)0 


0 , 


( 1 ) 


plays an important role in electrostatics and in the theory of spherical 
waves. Its solutions are called Legendre functions. Another name for 
the functions is zonal harmonics. The parameter v may be either real or 
complex. In the theory of spherical waves in free space v is an integer; 
in the theory of nonabsorbing conical sound horns and electric horns v is 
either an integer or a fraction; in the theory of absorbing horns it is a 
complex number. 

Another common form of Legendre’s equation is obtained if we change 
the independent variable by the substitution 

x = cos 0 ; (2) 

thus 

(1- **)— + +1)9=0. (3) 

In many applications 0 is an angle (in spherical coordinates the polar 
angle or colatitude) varying from zero to ?r; then .v lies in the interval 
(—1,1). In other applications x is greater than unity and 0 is imaginary. 

Before considering the standard forms of Legendre functions let us 
examine the behavior of solutions of (1) for real values of 0. If 0 is near 
t/2, cot 0 is small and 0 is approximately a sinusoidal function. Let us 
remove the term containing the first derivative (see Section 11.7) by 
substituting 

© = 0/V sin 0. (4) 

Thus we obtain 

j2A 

= -[(v+£) 2 + icsc 2 ff]0 

— — [(*» + "a)' + + £ cot* 0)0. 

417 


( 5 ) 
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In a 0-interval in which the last term in the brackets is small in comparison 
with the first two, we have approximately 

0 = A cos kd + B sin kO, k = V (v + J) 2 -{- ; 

( 6 ) 

^ _ A cos kd -f- B sin kd 
V sin 9 

The interval in which this approximation is valid increases as v increases 
If 9 is small, cot 0^1/0 and the Legendre equation is approximated 
by the Bessel equation of order zero (the standard form is obtained if we 
let 6 = K/V v(v + 1) ); hence for small 6 we have 

0 = J'j 0 m + B'N 0 m, p = Vv(v+ 1) . (7) 

A similar approximation is obtained for 6 nearly equal to ir if we replace 
9 in (7) by 7r — 0. In fact, if 0(0) is a solution of (1), then Q(ir — 0) is 
also a solution. 

Thus there exists one type of solution which reduces to a constant at 
0 = 0 and another type which varies as log 0 for small 0. Likewise some 
solutions reduce to a constant at 0 = w and others vary as log (ir — 0) 
for small (w — 0). Standard forms of Legendre functions are usually 
written as functions of x — cos 0; the one which reduces to unity 
at 0 = 0, x = 1 is denoted by P„ (cos 0). The solution P r [cos (a- — 0)] 
= P„(~ cos 0) reduces to unity when 0 = 7r; for all nonintegral values 
of v this solution is different from P v (cos 0) and therefore 

0 = A n P v (cos 0) + B"P„ (—cos 0) (8) 


is the general solution of Legendre’s equation. 

From f le definition of P r and the behavior of 0 for small 0 we have 


P„ (cos 0) /o(/30) = JoW v {v + 1) 0). 


(9) 


If v is large, the argument of the Bessel function may be large even when 
0 itself is small. Replacing the Bessel function by its asymptotic approxi- 
mation, we obtain 


P„ (cos 0) 


■H 

‘s/^irPd 


If v is large, the difference between k in (6) and P in (7) is small, 

1 . B 


k - P^t 


2(2v +1) 


ke- pe<. 


2 ( 2 * + 1 ) 


(10) 


( 11 ) 
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For small 0, sin 0^0; thus in view of equation (6) we can extend (10) to 
larger values of 8 


P v (cos 0) 


cos (* 0 ~i) 
V 4^/3 sin 9 


( 12 ) 


As v increases, /S and k approach v -f- §. 


2. Power series for P r (x) 

Since P*(x), where * = cos 5, reduces to unity at at = 1, we shall seek an 
expression for it in powers of (1 — .v). For this purpose we express 
the coefficients in (3) as follows: 1 — x 2 = 2(1 — x) — (1 — a.-) 2 , 
— 2v = 2(1 — x ) — 2; then we substitute for 0 a series of the form 
1 + ei\(\ — a:) + «2(1 — *) 2 + • • • . Equating the coefficients of various 
powers of (1 — a?) to zero, we obtain 


in 1- * i »'(>'-l)(i'+l)(H-2) /1~*\ 2 
p,(x) = i ~v(v + 1) ■ — + (“r; 


v(r— l)(r— 2)(r4-l)(r+2)(r+3) /l— a:'' 3 

(3!) 2 \2 


)V- 


(13) 


In terms of 0, (1 — ,v)/2 = sin 2 (0/2). 

This series is a special case of the hypergeometric Junction: 


= 1 + T ~ z + 
1 • 7 


«(« + 1 ) 00 ? + 1 ) *> , 
1 . 2 • y(y + 1 ) 


« 1 + 


(7-1)! » (g + gQlCS + w)! .^ 

(a- 1)1(0- 1)!~ 0 w!(7 + *»)l * * 


(14) 


This function becomes P,(x) if 

0 = r+l, 7=1, S = (15) 


The hypcrgeomctric series is convergent if |z| < 1. Thus (13) is 
valid in the interval — 1 < x £ 1, 0 £ 0 < tt. It can be shown that as 
x approaches negative unity and 0 approaches r, the series behaves ulti- 
mately as log 3,(1 -f- .v) = 2 log cos (0/2). 
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The series for P,(x) may be written as follows: 

p (x)= y (-)"(»> +*)1 / 1-* V» 
” U v-m)\\ 2 ) 


sin v- £ (771 — 1 - v)\(m + r)! /I — y \ CT 

■X ?n=n-rl ml ml \ 2 / 


( 16 ) 


where v = n -f- 5, n is an integer, and 5 is a proper fraction. The factor 
sin v - r is introduced when we express the factorials of negative numbers in 
terms of the factorials of positive numbers. 


3. Even and odd Legendre functions 
Forming the following functions 

L v (cos 0) = \[P V (cos 0) + P„ (— cos 0)], 

M„ (cos 0) = I [P p (cos 0) — P r (— cos 0)], 

we find 


( 17 ) 


Lf-x) = Mf-x) 

L v [cos (~ — 0)] = L v (cos 0), 


- M,(x), 


M r [cos (ir — 0)] = — (cos 0); 


(18) 


that is, the L-functions are even functions of x and the M-functions are 
odd. On account of their symmetry these functions are particularly 
convenient. 


4. Legendre functions for integral values of v = n 


If v — 77 is an integer, the series (13) terminates and becomes the Legendre 
polynomial of degree n. If we assume a solution in the form of a series of 
positive powers of x , and substitute in (3), we obtain 


Q = a o 



n(n+ 1) 2 n(n - 2)(»+ l)(« + 3) 4 
1-2 + 1-2-3- 4 



if n is even; and 

r („- 1)(» + 2) 


+ 


( n - l)(»-3)(» + 2)(» + 4) ; j 
1 • 2 • 3 • 4 ■ 5 




( 20 ) 


if n is odd. In order to identify these polynomials with P n ( x ) we must 
determine a 0 and a x so that P„(l) = 1- Since (13), (19), (20) are all 
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polynomials of degree n, we can also make the identification by comparing 
the coefficients of .v”; these are 


1 - 3 - 5 --- (In - 1 ) 

1 • 2 • 3 • • • n 

2 . 4 . 6 • • • n • (« + 1)(» + 3) • • • (2» - 1) 
- - - - 


( 21 ) 


2 • 4 • 6 • • • (» - 1) • (;; + 2)(» + 4) • • • (2;; - 1) (n _ 15 /2 

ai 1 ■ 2 • 3 • • • a { ' 


Hence, 


«o = (~) n/ 


1-3-5 — (7i — l) 


0.4.5... 
1 -3-5 


( 22 ) 


2-4-6--- (a - 1) 


If we reverse the order of the terms in (19) and (20), we can represent 
P n (-v) by one expression 


p M _ I • 3 • 5 - • • (2» — 1 ) r _» 
1 • 2 • 3 • • • a L V “2( 


(" ~ 0 ,-a 
(2a- 1)' 


?;(a - !)(?; - 2) (a - 3) 
+ 2 • 4(2a — l)(2a — 3) * 

This polynomial stops automatically at the right place. 
The following special values should be noted: 




(23) 


Pn(D = 1, P„(-l) = (-1)”, 

1 • 3 • 5 • • • ( 2 ;« - 1 ) 


(24) 


p** i(o) = o, p 2 ri (o) = c-r 


2-4-6 


2w; 


Since 


Pn(— *) = (-) n P„(.v), Pn(— COS0) = (— )”P n (cOS (9), (25) 

we have lost the second independent solution of Legendre’s equation. 
Of the two symmetric solutions (17) one or the other vanishes as v becomes 
an integer. The remaining one is equal to P n (cos 0). The second solu- 
tion may be obtained by differentiation with respect to v and lotting 
j* = a. Still better we may do as we did in the case of Bessel functions, 
and introduce another solution which is valid for all nonintegrai values 
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of v and has a limit as v approaches an integer. Thus we define the Legendre 
junction oj the second kind as 


&(*) = 


■K P v (x ) COS VTT — Py( — X ) 
2 sin vir 


(26) 


As v approaches an integer, the numerator and denominator approach 
zero and we have an indeterminate form. Differentiating both terms of 
the fraction with respect to v, we obtain 


Q> 


n(x) — 2 


dP v (x) 


+ (-)" +1 


dPy{~X) 


J^=n 


dv dv 

Thus for integral values of v we have the following solutions: 

dMy(x) 

j 

»=2 m 


p 2 m(x) — P^mix ) and Q 2 m(x) — 


dv 


d^ 2 m+l (x) — p 2 m+\ (.X ) and Q 2 m +1 (.x ) — 


dLy (x) 


dv 


y=2m+l 


(27) 


(28) 


Just as Ly and M v form a pair of symmetric solutions for nonintegral 
values of v, P„ and Q v form a symmetric pair for integral values of v. The 
difference is that Ly is always an even function and M v is always odd; 
on the other hand, P n is even and Q n is odd when n is even while the 
reverse is true when n is odd. 

It can be shown that 


Qn (cos 6) - Pn (cos 6) log COt | + \ 4 f ^jPn (COS 6) 

+ m)\(l , 1 , 1 , 1\ . 2m e 

=^0!VI + 2 + 3 + **’ + W Sln 2 


" (~T(n + 


(29) 


^ m^i (ml) 2 (n 


if n > 0, and 

0 Q 

Qo (cos 6) = log cot -» Qi (cos 6) = cos 6 log cot - — 1, 
Q 2 (cos 0) = % (3 cos 2 0 — 1) log cot (0/2) — f- cos 0. 


(30) 


The above definitions of the ^-functions are for real values of 0 and 
for x in the interval (—1,1). Since all Legendre functions for nonintegral 
values of v have a logarithmic singularity either at x = 1 or at x = —1 
and all functions of the second kind are singular at both points, the analytic 
continuations of these functions to values of x outside (—1,1) will depend 
on the path of the continuation. What is usually done, however, is to 
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ANGLE (e) IN DEGREES 

Fro. 21.1. The Legendre function P, (— cos 0) for 0 < v < 1. 


define the O-functions differently for all values of x outside the interval 

(—1,1). The definition is 

_ rr P,(.v)c-'- - P r (-x) 

Q„(x) = -T- • (31) 

2 sin vx 

For integral values of v this leads to 

QM - ip. w l* -ri - 0 + \ + ■ ■' ■ + ;) P ”M 

. f ■ 1 ■ 1 ^ . . . + IVLLf)", <32> 

(m!) a (» - ?/;)!Vl 2 3 ' + m)\ 2 ) 

for n > 0; for n = 0, 1, 2, 

£?o(-v) = ^ log » Qi (x) = | log - 1, 

3at — 1 x+1 3 (33) 

&(*) = — ^ — log ~2 X ’ 


The difference between (29) and (32) is equal to Jz£ixP„(x). 

Figures 21.1, 21.2, 21.3, 21.4 illustrate the behavior of Legendre func- 
tions for the smaller values of v and 
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O 10 20 30 40 50 60 70 eO 90 100 110 120 DO 140 150 IEO 170 DO 

ANGLE IN DEGREES 

Fig. 21.2. The Legendre function P,(— cos 6) for 1 < v < 2. 


5. Legendre functions and their derivatives 

There is a simple relationship between Legendre functions and their 
derivatives. Legendre’s equation may be written as 


d ( . JQ 
— { sin 6 

de\ 


de 


) = ~ v <y 


-j- 1) sin 6 8. 


(34) 


Applying (11-96), we have 


e 2 


dQ, 


dd 


de 2 c 

©I — 7— — — ■ ' 

dO sin d 


( 35 ) 


The constant may be determined for some particular value of 6, 6 — ir/2 
for instance. Thus we find 


Qv (cos e ) 


dP v (cos 6) 


de 


P „ (cos e ) 


do, (cos e ) 


de 


sin 6 


( 36 ) 


Substituting for Q v from (26), we have 


„ , dPA-cosd) n , dP r (cos 6) _ 2smrv | 

(cos 0) — P V (-cos e ) - g 


( 37 ) 
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ANGLE (6) IN DEGREES 

Fig. 21.3. Legendre functions, P n (cos 0), of the first kind for integral values of n. 


6. Integrals of products of Legendre functions 
Starting with the following Legendre’s equations 

d / . dO,\ , , , . . . _ 

7o\ sm0 ~do) = + ]) s,n 0 Qv ' 

(38) 

■^^sin 0 ~ ^ = —fi(n + 1) sin 0 %, 

multiplying the first by the second by G n subtracting, and integrating, 
we obtain 

[m0* + 1) — >’(*' + I)] J sin 0 O r Up dO - sinO^Gp— - (39) 

As ft approaches p, the limiting form of this expression is 

/ . _ , sin 0 /SO, dO, 6'0,\ 

— (— — -e,— )• (40) 


Qn(coaO) 
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O 5 ro 15 20 25 30 25 40 <5 50 . 55 60 65 70 75 60 65 SO 


ANGLE (6) IN DEGREES 

Fic. 21.4. Legendre functions, () c (cos 6), of the second kind for integral values of r.. 


7. Legendre functions of order v — n -f- 6, tr/jere 5 fj jwa// 

If v = n 5 differs but little from an Integer n, 

dP 

Pn+i (cos 5) p n (cos 5) -f 0 — » 

U (41) 

PtA* (“COS 5) =* (- ) n P n (COS 5) -f 0 dPr ^ - ° 5 ^ 

«5r ,=r. 

The derivatives of the Legendre functions with respect to r, when v — are 

eP * foi g) = 2P n (cos 5) log cos (5/2) + 2S' r _, 
dv ,=n 

t — ( ~ C ? S ^ = 2(— ) r 'P„ (cos 5) log sin (5/2) + 2£' p 

f (-r(»-fw)! / 1 , 

” JZi mlm\(n ~ m)l\n -■ m n -f m — 1 (42) 

■ (- F f„ + „)i / 1 _ ^ 1 + ... 

" _ =1 m\m\{n — m) \ \n -f m ‘ n + rn — 1 


+ 7h) 


cos 2- " (5/2). 


If « = 0, S'o = JSS' = 0. 
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We can also treat the problem by the wave perturbation method. 
Substituting v — n + o in (38), we have 


d ( . dO, 
- sinff— 
dO \ dO 




(» + 1 ) sin 0 0, - 5(2;/ + 1 + 6) sin 0 Q„. (43) 


Therefore, 


0,(0) = 0„(0) - 8(271 + I + o)f° sin t? G n (0,d)Q y (d) dd, (44) 


where G„(0,t?) is that solution of the nonperturbed equation (5 = 0) for 
which 

G n («?,t?)=0, sinO^ =1. (45) 

du 

This solution is 

G„(0, t?) = P„ (cos 0)Q n (cost?) - Q„ (cos 0)P„ (cost?). (46) 
In particular, 

P p (cos 8) = P n (cos O') — 8(2 n + 1 + <5)jT sin t? G n (0fi)P v (cos t?) dd. 

(47) 

To obtain the first perturbation we let P, (cost?) — P n (cost?) under the 
integral sign and apply (40). We can also evaluate the integral directly 
since G„ is given in terms of elementary functions. 

Since the coefficient of 8 must be the same as in (41), 

P v (cos 0 ) ^ P n (cos 0) - 5 ' (48) 

In particular 

P t (cos 0) = 1 -f 2*(1 + 5) log cos (0/2). (49) 

8. Associated Legendre junctions 

When the variables in the Laplace equation or the wave equation ex- 
pressed in spherical coordinates arc separated, we obtain 

+ ,50, 

This is the associated Legendre equation and its solutions arc associated 
Isgcndrc functions. 

When 0 is small, (50) is approximated by the Bessel equation of order «, 
thus for small 0 we have 

0(0) c* Ajjm) + BN, (80), p = Vv(i’+ 1). 


(51) 
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Removing the term containing the first derivative by means of the 
transformation (4), we have 

(PQ 

= ~[{v + + i - n 2 - (jx 2 - i) cot 2 e]e. (52) 


In the vicinity of 6 = x/2 the last bracketed term is negligible and 

© = A' cos kd + B' sin kd, k = VJv + |) 2 -f i - ( 53 ) 

If 6 is imaginary, 6 = iu, and large, then cot 6 = -i coth u c=i —i; equa- 
tion (52) becomes approximately 

^ = (54) 


and its solutions are 

0(k) = A" cosh ( v -f- \)u -f- B" sinh ( v -j- ^ )u 
= C exp ( v + \)u -f- Dexp [—{v -f f )«]. 


(55) 


These approximations are also valid for complex u when the real part is 
large. 

For general values of p and v, and complex values of x such that 
| 1 — * | < 2, the standard form of solution of the associated Legendre 
equation is usually taken to be 


PSi*) 


(p — 1 ) ! sin pir (x + 1 V /2 


(™ l )“ F (-"+ 1 ! 1 



(56) 


If p is a positive integer m, this formula has to be modified, and the general 
form is 


= (-ir(^ + t»)! (x2 

2 m {v — 7n)\m\ 


(57) 

1 ynjzp _ v j n -f- v -}- \‘ m -j- 1 . — ^ . 


If v is a positive integer n, greater than m, the hypergeometric function is a 
polynomial of degree n — m. 

For real values of * in the interval (— 1,+ I), that is, for real 6, it is 
customary to define the associated Legendre function as 

Pi (x) = c^ l2 Pi (at + /• 0) = r**l*Pl (x -j • 0), (58) 


where the functions on the right have their usual meanings for complex 
values of x. This makes Pi (cos 6 ) real for real values of 6, and for integral 
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values of y (57) becomes 


P” (cos 0) 

_ (-ir(v+ m)\ sin m 0 
2 m (v — m) \ m ! 


F (^in — v,m + v + 1 ;m + 1 ; sin 2 0 . (57') 

The series (56) and (57) converge only if J 1 — x ) < 2; if j x j > I, 
then a general series for P valid except when v is half an odd integer, is 

CM - T fr.t?',,. Of - 


COS vir (y + !)!(- 2)! 


X F 


/ m + v 
\ 2 


+ 2 /u + v + 1 3 

2 ’ 2 iV+ 2 




(59) 


+ 


2>(v -•%■)! 

O’ — /*)!(— i)l 


(x 2 — iy /2 x'~ l ‘ F 


( e 


-t' + 1 n —v 
f 


2-" >X 


"} 


There are many other series which may be found in E. W. Hobson’s 
treatise on The Theory of Spherical and Ellipsoidal Harmonics (Cambridge 
University Press). 

An associated Legendre function of the second kind for real 0 is defined as 
follows 


Ql (cos 0) = “ 


Py (cos 0) cos (r + u)ir — Pi (—cos 0) 
sin ( v + y.)x 


(60) 


Everywhere else in the complex plane the definition is 

'PS(x)e* in - Pi(-x) 


#(*) = 2^" 


sin (i' + h)tt 


(61) 


The upper sign should be taken if re (a*) > 0, and the lower if re(.v) < 0. 

Normally P“(.v) and P?(~x) are linearly independent solutions of 
Legendre’s equation; but when v + fi is an integer, they are not. In this 
exceptional case, the limit of 0 exists and may be chosen as the second 
solution. 

T. M. MacRobert in his treatise on Spherical Harmonics (E. P. Dutton 
and Company) employs a function T£(x) for integral values of m and n 
and for —1 < x < 1. This function is identical with (— ) m P” (x) as 
defined in this section. 

It should be kept in mind that if one is concerned with a limited range 
of the independent variable in which approximate solutions of Legendre’s 
equation arc available, it is unnecessary to employ standard Legendre 
functions. The latter are needed only if we are interested in a range 
where no one approximation is valid; even then it may be found more 
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convenient to join the approximations in the various parts of the range 
instead of employing the standard forms. 


9. Orthogonal expansions 

In Section 13.10 we have seen that solutions of the wave equation in 
spherical coordinates are of the form R(r)Q(d)^(ip), where 0 is an asso- 
ciated Legendre function and = A cos pup + B sin pup. The prod- 
ucts 0(0)4>(<p) are known as spherical harmonics. 

The parameters p. and v are determined by the boundary conditions. 
For instance, for waves in homogeneous space must be a periodic func- 
tion and this requires p to be an integer. Along the rays 0 = 0, a- the 
function 0 must be finite; this requires v to be an integer and restricts 9 to 
being proportional to P% (cos 6 ). 

In problems involving “ tesseral horns,” bounded by two cones 0 = 0, 
and 8 — 82 and two half-planes <p = <pi and <? = <p2, the wave function or 
its normal derivative may be required to vanish or be subjected to some 
other boundary condition. If &(8)$(<p) is to vanish on the half-planes 
ip = t?i and <p = <p 2 , then 4>(y>) — A sin /z(< p — cpi) and p — mv/(<p 2 — pi), 
where m is an integer. To make the function equal to zero on 8 — 81 and 
8 = 0 2 , we have to set 


0(0) = P, (—cos 0 i)Py (cos 0) — P, ( cos 0i ) Py (—Cos 0), (62) 

where v is a root of the characteristic equation 


PI (cos 0j ) _ Py (cos 02 ) 
PH ( — cos 0i) P, ( — cos 0 2 ) 


On the surface of some sphere r = a the wave function may be required 
to reduce to a given function F( 6 , <p). If this function does not coincide 
with any of the spherical harmonics, we face the problem of expanding 
the function into appropriate harmonics so that the values on r = a can 
be analytically extended to other values of r, while preserving the specified 
boundary conditions. The calculation of the coefficients is greatly facili- 
tated by the fact that, for many boundary conditions, spherical harmonics 
are orthogonal. 

The ^’-functions belonging to different characteristic values of p are 
obviously orthogonal; and we have only to show that the associated 
Legendre functions belonging to the same p but different characteristic 
values of v are orthogonal. Starting with 


d ( . de\ f ... 

d9\ dd ) L 


+ 1 ) sin 0 + 


A-le, 

sin 0_] 


2 “ 

1 ) sin 0 + 9, 

sm 0. 


( 64 ) 



LEGENDRE FUNCTIONS 


431 


multiplying the first by 0 and the second by 0, subtracting, and integrat- 
ing from 0 — Bi to 0 = 0 2 , we obtain 

[r(v+l) — j>(j» + 1)3 / sin0 0(0)6(0)*/0 = sin0( 0 — 9— - j • (65) 

\ dd dO/fa 

The 0’s are orthogonal when the function on the right vanishes at each 
limit of integration. This happens if v and v are distinct roots of (63). 
More generally the 0’s are orthogonal if v and v are distinct roots of 

sin 0 + £Q = 0, (66) 

aO 

where k is an arbitrary constant. This constant may be different for the 
two limits. This generalization is obtained by the simple device of add- 
ing and subtracting £00 on the right in (65). 

The derivatives of Legendre functions are the associated Legendre 
functions with ft = 1; hence, they also form an orthogonal set. 


10. Miscellaneous formulas 

The following are some of the more frequently useful formulas in addi- 
tion to those given in the preceding sections: 

Pq (cos 0) = 1, Pi( cos 0) = cos 0, Pi (cos 0) = —sin 8. 

Pn (cos 0) = -2 (3 cos 2 0 — 1) = £(3 cos 20 + 1), 

Pi (cos 0) — —3 sin 0 cos 0, Pf ( cos 0) — 3 sin 2 0, 

P;i ( cos 0) = \ (5 cos 3 0 — 3 cos 0) = -§-(5 cos 30 + 3 cos 0), 

P\ (cos 0) = — 2 sin 0(5 cos 2 0—1), P§ = 15 sin 2 0 cos 0, (67) 

P3 ~ — 15 sin 3 0, 


Pi = £(35 cos 4 0 - 30 cos 2 0 + 3) = £3- (35 cos 40 + 20 cos 20 + 9), 
P\ - — | sin 0(7 cos 3 0 — 3 cos 0), P\ = sin 2 0(7 cos 2 0 — 1), 


P< = —105 sin 3 0 cos 0, P\ = 105 sin 4 0. 


Pi (cos (?) = , P^cosOt-C-r^Oj^p- 

p; (cos 0 ) = e^n-pa (cos ^ + 0 . /) = ( cos 0 - 0 • /). 

(cos 0) - ( C0S 0 + 0-/) + ri' W2 0 (cos 0 - 0 • /)]. 


( 68 ) 

(69) 

(70) 
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. . sin vir “ ( — ) s (v+j)! 

P v (cos 0) = — — ■ > - ; [2 log cos (0/2) 4*(v + s) 


(71) 


+ ~ s) - 2 HO] — ^ 2 ) + cos w £ P~£4- ! cos 2a (0/2). 


(•f !) 2 


(y — j)!(j!) 2 


(This expansion is particularly useful in the vicinity of 0 = 7 r; see equation 
(13) for an expansion in the vicinity of 0 = 0.) 

Py (cos 0) 


= 2 " cos 


/ v-{-fx — 1 \ 

( [v+n)n V 2 /' /v+fi+1 — V+H 1 9 \ 

2 7EAV1), Sm 2 ’2’ “ s ") 


, nti-f-1 • (”+mV 

+ sin — - — 




cos 0 sin * 1 0 


1 (^X-0 ! 

w r ,/j>+M+2 -H-H-l 3 
XF (“ — ■,?«*»)• 

(This expansion is particularly useful in the vicinity of 0 = tt/2.) 


(72) 


P?( 0) = T 1 cos 


(v + g)ir 


(^> 


</0 


Py (COS 0) 


= _2 U+I sin &±5>I 


(^>H> 
(^> 


(73) 


0=r/2 


0(0) = — 2" -1 sin 


. (^X-D 

1 1 oin — — ■— ■ — - ■ 


(74) 


2 


(75) 



de 


0 (cos 0) 
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(r + ji) r \ 2 / \ 2/ 


= — 2 M cos • 


= -/2 
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_p; (cos e)j e 0 (cos 0) + 0 (cos 6) d0 Pi (cos 0) 


(v — n ) ! sin 0 


. fe±rii 

n (cos 0) 2 K (-cos 8 ) - « (-cos 8 ) | « ( 0008 ) 


(77) 


(78) 


2(i> ~F m) • sin ( y + /*) g . 
*(„ - /i)!sin0 


22M-i ^ v ! ( j ~2 ~^ • sin O' 

=— 

(2 „ + i),p;(«) -&■-!*+ D«+i <*> - <- + riP; - 1 w - a (79) 

<j - 1) - «*) - (- - »■ + »«+>(*> - C- + 1) ' P;W (80) 

v <f.V 

(^2 „ 1) -J- P p (at) = vxPi(x) — (v + ix)Pi-\(x). (81) 

p,+2 ( . v ) + 2( M +lMx 2 -ir 1/2 P^ 1 W- (v-m)0’+M+ 1) ^(-v ) = °- (82) 

?:+ 2 (cos0)+2(m+ 1) cot0P, H+1 (cos ®)+(»-h)(H-M+D« (cosO)-.O. 




F(0,<p) = Z (cos 0) 

n “0 

+ Z Z («n.m COS 7»?> + ^n.m sin 1 Jl>p)P7 ( c OS 0), 

n » 1 ro “ 1 

an = 2zt-l £ 2 ' s i n o P n (cos 6)F(0,<p) dQ d$, 

2)1+1 (» ->»)• r 2x r smOF? (cos 6) cosnivF (6, <?) do d£, 

a n,m~ 2- (?: + )>i)'.Jo Jo 

2n+\ (»-»<)*. f‘ T C T s \ n oP^(cosS)s\nm<f F(6,<p) dO dip. 

0n.T3 - 2 _ -i-,;,)! Jo v/o' 


( 84 ) 
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i^.co-9 _ V (2?; -f- 1 ) (— i) r ‘J r . (fir)P- (cos 0). 

P r r. =o 

z (2 b -s- l)r-J r .(Sr)P, (cos 6). 

P r n =0 

l * _ 

~^T - ^ S (2h-t I)A»(ff/z)/„(ar)P„ (cos 0), r < a, 

1 * 

= E (2» -p I)/-, {rya)1\ r {cr)P n (cos 8), r> a. 
R = {r 2 a 2 — lar cos 6) 1/2 . 

^' 32 1 x 

i? — E^ (2w-Pl)[/„(&z) — LV n (Sfl)]J n (gr)P n (cos 0), r < «, 
= 4~i ( 2»+ 1 )E. {8a)[J r . (Sr) - /#„ (Sr)]P n (cos 6), r > a. 

ipar n= o 

P„ [cos 6i cos 8o -p sin 0j sin do cos («i — ^c)] 

— Pn (COS 0i)P„ (COS 0 2 ) 

-f 2 E ri ^ ( cos e i)P^‘ (cos 0 2 ) COS m(ci - co). 

n — i (» -r «)! 

£ sin 0 [P „ (cos 6)] ! <0 - — . 

J> ( " S,)F ‘® ' sqrj frfffr 

(see equation 65) 

As fi — > 0, P, (cos 0)— > Jo(S9) — f? = p(r -p I)* 



CHAPTER XXII 


Formulation of Equations 

Knowledge of physical laws, understanding of mathematical concepts, 
and good judgment, are required for success in translating a given physical 
problem into mathematical equations. Good judgment is needed to sift 
out unimportant factors and make simplifying assumptions without impair- 
ing the usefulness of the results. “ Formulation of equations ” is a field 
of endeavor in which science and mathematics meet. In it there is more 
science than mathematics; mathematical concepts are involved, but not 
mathematical methods. 

It is only through continued study of the various branches of theoretical 
physics — mechanics, elasticity, electromagnetic theory, etc. — that the 
student gradually acquires the knowledge and experience which enable 
him to express a given physical problem in the appropriate mathematical 
form. As his experience increases .he attains a better understanding of 
mathematical ideas and methods, and this understanding in turn leads to 
a deeper insight into natural phenomena. 

In this chapter we shall give some illustrations of the equations which 
arise in various types of physical problems. We shall find that some very 
general mathematical equations are applicable to problems in different 
fields of physics, and that frequently the main task of the applied mathe- 
matician is to determine the most convenient form of solution of these 
equations, when the actual physical conditions inherent in a given problem 
are taken into consideration. 

1. Motion of a projectile in vacuum 

The center of gravity of a projectile moves as if the entire mass were 
concentrated at this point. Its motion is governed by the first and second 
laws of Newton, Reference 1, p. 54; R-2, pp. 50 and 92; and R-3, p. 248. 
Let the .v and .y-axes be horizontal, at the surface of the earth; then, for 
mass 7H at point P(x,y,z) we have 

dx dy cPz 

— = constant, — = constant, m -p = — mg, 
at at dt~ 

where g is the acceleration of gravity and mg is the downward force of 
gravity. The constants of integration are determined by the initial posi- 
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don and the initial velocity of the particle. Complete the solution and 
compare with p. 64, R-l ; or p. 94, R-2; or p. 251, R-3. Find the horizontal 
range of the projectile. 


2. Motion of an electron in crossed uniform electric and magnetic fields 

To solve this problem we need to know the expressions for the force on 
a charged particle in an electromagnetic field in addition to Newton’s laws 
of motion. From pp. 61 and 72 of R-4, the total force on a charge q is 

F — qE -f- q v X B, 


where E is the electric intensity, B is the magnetic displacement density, 
and v is the velocity of the particle. Let E and B be respectively parallel 
to the x and y-axes; then 


E — iE , B = jB, 


-v .dx dy dz 

v ~ , 7, +J ^ + k J, 


JxJ-i XJB-+ k XjB$ = kB'te -iB 

dt 


dt 


dt 


dz 

7t' 


If m is the mass of the charged particle, by Newton’s law 


m 


cFx 
dr 2 


dz 

= ,e-,b 7i . 


m 


fy 

dt 2 


o. 


ePz dx 

m = <7-0 — • 

dt 2 dt 


Solve the problem for the case in which at t = 0 the particle is at rest at 
the origin. 


Ans. 


x - -—g (1 - COS cat). 


J = 0, 



— sin ict), 


w = qB/m. 


3. Radioactivity 

Some substances disintegrate spontaneously. A reasonable assumption 
is that the rate of disintegration per unit mass of a given radioactive sub- 
stance is constant, 

1 dm 

— = —k. 

m dt 

Hence, m{t) — m{ 0) exp (—kt) and the assumption can be verified experi- 
mentally. Express the “ half-life ” of the substance in terms of k. 

Ans. (log2)/£ = 0.693/L 
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4. Chemical reactions 

Chemical reactions obey “ mass laws ” similar to that in the preceding 
section. If the substance x decomposes and forms two substances y and 2 , 


c k 
dt 


-hx. 



dz 

It 


= k 3 x; 


that is, a given fraction of .v decomposes in each unit of time, and y and 2 
are formed in proportion to the amount of .v present. The integration of 
these equations introduces three arbitrary constants in addition to k\, ki, k 3 . 
If the amounts of x, y, 2 are determined experimentally at two different 
instants, there will be enough equations to calculate all these constants. 

5. Consecutive unimolecular reactions 

If the substance x decomposes into y and y into z, then the rate of 
decomposition of x is proportional to x and the rate of formation of 2 is 
proportional to y. The rate of change of y must be the difference of the 
rates of its formation on the one hand and its decomposition on the other. 
Thus 

I = - h x, f = *** f = *1* - 

The first equation may be solved first and the result substituted in the last 
equation; then the last equation may be solved and the result substituted 
in the second. 


6. Consecutive bimolecular reactions 

Let a and b be the initial molar concentrations of two reacting sub- 
stances, and let x be the amount transformed in the interval of time /; 
on p. 429 of R-5 we find the following equation for the velocity of the 
reaction: 


dx 

dt 


— k(a — x)(b — x). 


Solving for kt , we have 


kt 


-1; 


dx 


(a — x)(b — .v) 

To integrate, express the integrand in terms of partial fractions 

1 A , B 

— — — — * 

( a — x)(b — x) a — x b — x 
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To find A and B, multiply by ( a - x)(b - *) and then let x assume the 
values a and b in succession. 


Arts . 


kt = 


1 . b(a — x ) 

a ~- b l ° g a(b - x) 


b{a — #) 
a{b — x) 


a~b)t , 


7. Simple pendulum 

In a “ simple pendulum,” Figure 22.1, the entire mass M is supposed to 

be concentrated at the end. The force of 
gravity is Mg, where g is the acceleration 
of gravity; but only its component, Mg sin 0, 
is effective in altering the angular coordi- 
nate 8 — it tends to decrease it. By New- 
ton’s second law (see the references in 
Problem 1): 

u ~dF~ = ~ M s sme > ~dP~~t s ' tt6 - 

The exact solution of this equation may be 
expressed in terms of elliptic integrals (see 
Problem 5 of Chapter 4, Section 5). For 
small angles sin 0^0 and the solution is 
sinusoidal. 

Solve the above equation and compare the 
solution with p. 85 of R-l, p. 97 of R-2 and 
with pp. 310-314 of R-3. 

The law of conservation of energy may conveniently be used to obtain 
the equation of motion of a system of one degree of freedom. If the system 
is nondissipative, the total energy 8 is the sum of the kinetic energy T and 
the potential energy V, 

8 = T + V = constant. 0) 

If the system is dissipative, 

f -j(T+n--p, P) 

at at 

where P is the rate of heat generation. _ _ . 

In Problem 7 the velocity of M is v = 10, where 6 is the time derivative 

of 6, and the kinetic energy is 

T = |Mn 2 = |Mf 2 0 2 . 



Fic. 22.1. A simple pendulum. 
8 . Conservation of energy 
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The potential energy is the product of the force of gravity Mg and the 
height of M above ground; thus 

V — Mg!{ I — cos 9 ) + constant. 

The first term represents the acquisition of potential energy as M rises from 
its lowest position to that given by the angle 0; the second term does not 
affect the motion of the pendulum. By (I ) 

\MtH- + Mgt{l - cos 6) = 8, 

where S is now the kinetic energy when 9 = 0 or the potential energy 
when $ — 0. If we differentiate this equation, we shall obtain the equa- 
tion given in the preceding problem. We may also solve the above equa- 
tion for 6 = dO/dt, then for dt, and integrate. The integral so obtained is 
called the elliptic integral of the first kind; it reduces to the inverse sine 
when 9 is small. 

In the case of free oscillations of a mass M attached to a spring with 
stiffness 6, Figure 1.16, equation (1) becomes 

\ \Mx 2 + § Sx 2 = constant, 

where x is the displacement of M from the neutral position. Differen- 
tiating with respect to t, we obtain the usual form of the equation for free 
oscillations. 

For an electric circuit containing an inductance L, a capacitance C, and a 
resistance R, equation (2) becomes 



In this equation, q is the charge on the plates of the capacitor and q = dqjdt 
is the current in the circuit. 

9. Compound pendulum 

The problems in the preceding section are too simple to show the ad- 
vantages of the conservation of energy principle for obtaining equations 
of motion. We shall now consider a more difficult problem in which we 
cannot use Newton’s laws directly. In a “ compound pendulum ” the 
mass of the rod is not zero; let it be m. If it is uniformly distributed and 
if.v is the distance from the point of support, 

T = l&m 5 2 + f'z-JPdx = HM + 

Jo 2 t 

V = 1 — cos 0) + f "7 ifO ~ c° s 0)x dx ~ (At -f %?n)gf (1 — cos 0 ). 

Jo t 
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If the mass of the rod is not uniformly distributed, we must replace m/l by 
the linear density S(*). 



10. Systems with several degrees of freedom 

Consider a particle of mass m , moving under the influence of the gravita- 
tional force exerted by a mass M at a fixed point 0. Let the plane defined 

by 0 and the initial velocity of m be 
the .yy-plane. By this choice, the 
initial velocity and the force in the a 
direction are made equal to zero; 
hence the particle will remain in the 
Ary-plane, its position may be given by 
two coordinates, and we have a moving 
system with two degrees of freedom. 
To obtain the equations of motion, 
we combine Newton’s second law of 
motion (R-3, p. 248) with Newton’s 
law of gravitation (R-3, p. 38); thus 
the force of gravitation is GMmp ~ 2 , where p is the distance between M 
and m, G is the gravitational constant, 6.66 X 10~ n newtons or kilogram- 
meters per second per second, and the equations of motion are. Figure 22.2, 

x ~ —GMp~ 2 cos a = —GMx( at 2 -f y 2 )~ 3/2 , 
y — —GMp~~ 2 sin <p = — GMy (.v 2 -{- y 2 )~ 312 , 

where the dots indicate differentiation with respect to time t. 

The above equations of motion become simpler if expressed in terms of 
polar coordinates (p,<p)- The direct transformation of x and y from 
cartesian to polar coordinates is given in R-3, p. 237; using these results 
■we have 


Fig. 22.2. 


A force F acting toward a 
fixed point O. 


P¥>' 


> 2 = -GMp 


—2 


-j> 2 £>=0. 

p at 


The left-hand side in the second equation represents the acceleration of 
m in the direction perpendicular to the radius vector OP; it is equal to 
zero because there is no force in that direction. The equation immediately 
leads to the conclusion that p 2 <p — constant = A. Ifais determined from 
this equation and substituted in the first of the above equations, the 
final equation will contain only one dependent variable. 


II. Lagrange's equations 

In general the direct transformation of Newton’s equations of motion 
from cartesian coordinates to the most convenient coordinates for the 
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solution of a given problem is laborious. For this reason, the transforma- 
tion is usually carried out in general terms; the equations thus obtained, 

L d( - T ~ ;/ ) _ 3CT- V ) _ 

dt dq m dq m 5 

are called Lagrange's equations. In these equations, the q m ’s are the 
generalized coordinates (R-2, p. 297 and R-3, p. 347); they represent a 
minimum number of independent variables needed to specify the configura- 
tion of the system. The functions T and V represent respectively the 
kinetic and potential energies of the system. 

In polar coordinates, for example, the velocities of a particle in the p and 
<p directions are respectively p and pq > ; hence for a single particle 

T = \mi? + bnp 2 i 2 . 

In the example of the preceding section the potential energy Fat a point P 
is the work done against the force of gravity in bringing m to the point P 
from some fixed point at distance p = a from M: 

V = J' GMmp~ 2 dp = — GMnifT 1 -f- GMmcT 1 . 

Substituting these expressions in Lagrange’s equations, we obtain the 
polar form for the equations of motion of in. 

As another illustration let us consider a system consisting of two masses, 
Mi and M 2 , and two springs, Si and <? 2 , Figure 16.13. The kinetic and 
potential energies are 

T = \M& + |M 2 i§, V = l-Srf + $S a (x 2 ~ *i) 2 , 

where .vj and .v 2 are the displacements from neutral positions. In the 
above expression for F it is assumed that no energy is stored in the springs 
when ,vi and .v 2 are equal to zero. In the presence of gravity wc must 
include other terms depending on the force of gravity; these terms, how- 
ever, will only add constant terms to .Vi and .v 2 . 

Substituting T, F in Lagrange’s equations, we obtain the equations of 
motion, 

-j- ( -j- S*)xi — *^2 '^*2 ” 0, 
hinX 2 — (9 2 -V I -f- S 0 X 2 = 0. 

This particular set of equations can be obtained, almost as easily, directly 
from Newton’s laws (R-6, 7). Lagrange’s equations are a powerful tool 
in investigations of more complicated problems. 
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If there are externally applied forces F~, not accounted for by the 
potential function, which tend to increase the corresponding generalize- 
coordinates, then Lagrange’s equations assume a more centra! form, 

d_ a(T- V) _ 6(T- F) 
di cq~ dq - . 


= F_. 


For other general principles of mechanics, such as Hamilton’s Principle 
and the Principle of Least Action, consult R-2, 3, 8, 9. 

12. Lagrange-MaxtseH equations 

Maxwell was the first to apply Lagrange’s equations to electrical net- 
works and thus obtain a set of circuit equations in terms cf mesh currents. 
Since the electrical resistances are usually very important, another term 
must be included in Lagrange’s equations to represent the effect of dissirc- 
tion. Still another term is included to represent the externally applied 
electromotive forces; thus, Lagrange-Maxweli equations are expressed in 
the following form 


d_ d(T - V) 
di dq- 


d(T — n , of? 


do- 


00 - 


= 




■where c- is the electric charge circulating in the mth mesh, a-, is the current 
circulating in the roth mesh, and E~-. is the total external emf tending to 
increase q~. The functions T, V, fr are: 


T = 

t 


c~c= 


V = iYY ~ 


" — aSH (hj 


7 CsS 

If a =£ 8, the coefficients JL=. C s -, 



these equations consult R-10. 


■ ,c let us 


To illustrate the application of the Lagrange-Maxvrel! equations, 
consider a twc-mesh electncal circuit. Figure 2.2 — s. .-is our generalized 
coordinates of the system we may choose the electric charges c- L ana fr, 
circulating in the two meshes as indicated; the currents will oe <?i arc. 

It is obvious that we need at least two such coordinates: arm it is also 
obvious that two are sufficient. The current from B to zr is cq — ’Jr- 
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The magnetic energy T, the eiectric energy F, and .he dissipation func 
tion are: , 

T = \L& + ~ ^ + * LnA ' 2 = " (Ll + - Mq 1 q 2 + \{U + M)<& 


v _ JL 4. JL , ff = |#i9i + 2 ^ 232 - 

1 " 2Ci 2C 2 

Substituting in (3), we have 

(Lx + M)?i - Mh + + i?1 ® 1 = El ’ 


- Mqi + (L 2 + 


+ 7T + ^292 = 
02 


^Another "method of obtaining the f " ” “otwiT” Tta su“ 

voltage is taken with the negative sign ; hence in i ig 

" 1 rr - = n - (5) 


Fab + v bb + Vef - Ei ~ 
V B c + Ecd + j/ de + j/ eb = °- 


y BC “ ' 0 4 ^ • ' ™ ' 

n • r V in A- the currents from A to B and 
Let Ufa be the current flowing from A currcnt f r0 m 5 to C; the 

from E to F are equal to (jfa- Let qnc Finally, let the 

currents from C to D and from D to ' ar ' ess ; ons for the voltages across 
current from B to E be q B c- _ Using t eep ^ ^ currents, and for the 
the inductances and the resistances m charges, we may rewrite (5) 

voltages across the capacitances in terms of the ch g 

as follows: 


s: 

— f q FA dt + Mqm + E{qFA + EdlFA El ’ 

Ci iJ 

Ka®o+^/V.cd<+«»o- M ^-°- 


( 6 ) 


The sum of the currents entering (or leaving) each junction t ’ 

4,» + 4c + fen - 0. “ 4oc " f WC ' (he 

In their original form, Kirchhoff s equations ^ t j, e $ y stcm# 

minimum number of coordinates needed to spe arising from 

In the terminology of mechanics, the equations such as U, 



444 


APPLIED MATHEMATICS 


Chap. 22 


the second Kirchhoff law, are always the equations of constraint , that is 
simple relations between the coordinates. These equations are satisfied 
automatically if we express all branch currents in terms of mesh currents- 
then w r e obtain again the equations in the form given in the preceding 
section. 

For further information on electric circuits the reader is referred to 
R-4, pp. 115-120; R-ll, pp. 502-529; R-12. 

14. Compound interest and difference equations 

One of the simplest difference equations occurs in the calculation of com- 
pound interest and discount. Difference equations of the same type but 
of more complicated form are found in the theory of electric filters (R-4, 
II, 13) and periodic structures in general (R-14). 

Let y n be the capital at the end of the nth interest period, before the 
interest has been added; then y„+ 1 is the capital at the beginning of the 
(n -f- l)th period, after the interest has been added, as well as the capital 
at the end of the ( n + l)th period. The interest is proportional to the 
accumulated capital, 

yn+l yn — pyn • 

From this equation we find that the ratio jv.-s-i/j'n is constant, 

yn+i/y n = 1+ p; 

therefore, starting with the initial value yq, we obtain successive amounts 

yi, (1 + p)yu (1 + p) 2 yi, (l + p) z yi, • • ■ • 

In the case of compound discount p is negative. 

15. Periodic structures 

A simple periodic structure is illustrated by an infinite chain of equal 
mass particles M connected with springs whose stiffness is S, Figure 22.4. 

M s m s m s M 

Q— ■ 

yn-t yn yn+i 

Fig. 22.4. A periodic structure consisting of mass particles and connecting springs. 

Let y n be the displacement of the nth particle to the right from its neutral 
position. The elastic restoring force to the right, tending to increase y„, is 
«S , (y n+1 — _y„); the elastic force to the left, tending to decrease y„, is 
S(y n — yn—i); the difference, S (y„+i — 2 y n + y n -i)> tends to increase y n 
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and by Newton’s second law 

Mj) „ = .?(y n +t - 2j*„ -f- jy „ — i ) * 

This is a difference-differential equation. 

If we wish to investigate what happens when y n is oscillating with the 
frequency w radians per second, we let <= — ary,, since this is the general 
equation for such oscillations; thus we obtain a pure difference equation, 

—off My n ~ d'O’n+i - 2 y n + y n - 1 ). (8) 

In Section 14 we encountered a simpler difference equation, in which the 
ratio yn+ih’n was found to be constant. Let us see if the present equation 
possesses solutions of this type; that is, let ns assume 

yn~i-i/y'n — y’n/yn—l " k) (9) 

where k is constant. Dividing (8) by Sy„, substituting from (9), and 
rearranging the terms, we have 

k + (co-M!T l - 2) + r l = 0, P + (off MIT 1 - 2 )k + 1 - 0. (10) 

Thus (8) possesses a solution in the form (9) provided k satisfies (10); 
that is, 

k *» (l - Iff- Mr 1 ) db Vo ~iffMr x f'ffl. (i i ) 

The product of these “ characteristic values ” of k is unity; so that if one 
value is k, the other is 1 jh. For each characteristic solution the displace- 
ment of the 7/th particle can thus be expressed in terms of the displacement, 
of the zeroth particle: 

S» = Py' 0 , yff = rffff. ( 12 ) 

By substitution it is easy to show that the sum of these characteristic 
solutions, 

y^yaP+yffr", (13) 

is also a solution of (8). The constants yb and yff arc now the “ arbitrary 
constants of summation.” 

liquation (8) may be considered as a recurrence formula for calculating 
any particular displacement from the two preceding displacements; there- 
fore, if we assign arbitrary values to_)' 0 and y j, we can obtain successively 
all the y's. Tlius the most general solution contains two arbitrary con- 
stants, and equation (13) may be considered as one form of this general 
solution. 

I he constant k is real only if 

1 1 - iff Mr 1 J > 1, Iff Mr 1 > 2, 


w > 2/VMT 1 . (14) 
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If the magnitude of k is greater than unity, the magnitude of 1 /k is auto- 
matically less than unity; the two characteristic solutions are essentially 
alike. One solution represents the increase in the amplitude of oscilla- 
tions of the successive particles in the chain as we pass from left to rieht- 
and the other solution represents the same phenomenon as we pass from 
right to left. 

If . 

co < 2 VMS - 1 , (IS) 


k is complex; hence, y„ is complex. The actual displacements are real, of 
course. Since equation (8) is linear, the real part ofy n is also a solution. 
The convenience of complex variables for representing oscillations now 
becomes evident; then we can interpret the complex values of k directly. 
Thus if k is imaginary, equation (11) can be rewritten as 


k = (1 - ± iVl - (1 - 

— cos j? ± i sin t?. 


(16) 


where 

cose? = 1 — ^a 2 MS~\ 1 — cost? = 

( 17 ) 

sin (t?/2) = fc WMS~ l . 


The two characteristic values are now k and its conjugate £*; since their 
product kk* = 1, their absolute values are equal to unity. Hence, multi- 
plication by k affects only the phase of oscillations; for frequencies satis- 
fying the inequality (15), the oscillations are propagated along the chain 
without “ attenuation.” 

By referring to R-14, the reader will catch a glimpse of the extremely 
wide range of application of the ideas introduced in this section. 


16. Electrical filters 

A chain of coupled electric circuits, Figure 22.5, represents another 
example of a periodic structure. Assuming stead}' state oscillations and 
applying the first Kirchhoff law to a typical mesh, we have 

— Zsfin—X -f- ZI n — Z M I n+1 = 0, 

where Zu is the mutual impedance between the adjacent meshes, Z the 
self-impedance of a mesh, and I„ the current in the wth mesh. This dif- 
ference equation is similar to the one in the preceding section. Rewriting 



FORMULATION OF EQUATIONS 


447 


it in a symmetrical form we have 

-Ai-fl . In — 1 Z ' 

In In Zm 

The current ratio is denoted by k and its permissible values are obtained 
from a quadratic equation. 



Fig. 22,5. A periodic structure consisting of a chain of coupled electric circuits. 

In the above example we assumed that only the adjacent meshes were 
coupled. When the interaction is extended to the second neighbors, then 

-ZX'In - 2 ~ Z' M I„-t + ZI n ~ Z^In+i - Z&In+2 = 0. 

There will be no change in the method of solution; only the characteristic 
equation will be of higher degree. 

17. Bending of beams 

If the cross section of a beam is small compared with the length, the 
problem of obtaining the shape of the beam under a given load consists 
largely in the derivation of the appropriate equations. The actual solu- 
tion of the equations is extremely simple, at least in many important 
cases. Thus in R-7, p. 221 ; R-15, p. 135; R-16, p. 1; or R-17, pp. 268-269, 
the differential equation is given as 

eA = — Af, (18) 

dx~ 

where E is Young’s modulus, I is the moment of inertia, M is the bending 
moment, and y is the deflection of a point whose coordinate is x. The 
shearing stress <5 is given by 



and the load is equal to 
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Hence if the beam is uniform and its weight per unit length is W, the 
differential equation for the elastic curve becomes 

<>» 

This equation may be solved by successive integrations. Integra ting 
once, we have 

s( £f S)"-" i + Ci > (22 > 

where C\ is a constant of integration which must be determined from the 
boundary' conditions. If one end of the beam, x = 0, is clamped and the 
other, x = f , is free, 

j(0)=0, /(0) = 0, _>•"(/) = 0, /"(/) = 0. (23) 

The first equation expresses the condition that the displacement of the 
clamped end must vanish, the second that the elastic curve there must be 
tangent to its undistorted line, the third equation states that the curvature 
of the elastic curve must be zero at the free end, and the fourth that the 
shearing force must also vanish at the free end. Using the last of these 
equations, we find C\ — TV L Substituting in (22) and integrating once 
more, we have 

EI % = “ *? + C 2- 

To satisfy the next to the last of the set of boundary conditions, we must 
take Cp = 0. Then, 

EI^j- — — \w{x - if -f C 3 , ±/Vf 3 + C 3 =0; 

dx 6 6 


Ely = - 4±W{x - tf - \Wi z x 4- C*, 

0 = - &Vf* C 4 ; 

and finally, 

Ely = ~ -hW{x - If - \WPx -f -hWf- 

= - WL/Fv 4 q. XJVbf - \Wi V. 

If there is an additional load W\ distributed between x — %~ 2 s 
and * = £ -f- |\f, then (21 ) is true everywhere outside the interval 
(£ — |r, £ -|- 5 -r); but inside the interval we have 



—IV - W x . 
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Integrating over this interval. 


si 


' / f+i» /*{+!* /'t+h 

-{£/—) = - / W dx— / ; 

A £ _ 5s Jt-j* 


T}\ dx. 


(24) 


The last integral represents the total additional weight P. If P is highly 
concentrated, the first integral on the right may be neglected and (24) 
may be replaced by the following discontinuity condition 


d_ 

dx 



t+o 

5-0 


= -P. 


(25) 


Boundary conditions may be varied as illustrated by the sketches on 
pp. 60-61 of R-18. See also pp. 63-66 of R-19. Both books are excellent 
introductions to elementary differential equations. 


18. Vibrations of strings 

Consider a string under tension T, Figure 22.6. The “ tension ” is the 
force stretching the string in its neutral position AB. Confining ourselves 
to “ small amplitude ” oscillations, we shall neglect the terms depending 



Fic. 22.6. Forces acting on an element of a string under tension. 


on the square and the higher powers of the displacement y of a differential 
element PQ of the string. In the displaced position the string becomes 
longer and the tension must increase; however, the increase in length 
depends on the square of y mai and we have decided to neglect quantities 
of this order of magnitude. If a is the inclination of PQ to the horizontal, 
the horizontal component of the tension is T cos a — T( 1 — Again 

we neglect the small quantity a 2 ; this means that we ignore the horizontal 
movement of PQ and concern ourselves with the vertical movement only. 
The vertical component of tension is T sin a; but for small a, sin a is 
approximately equal to tan a and tan a = dy/dx. Thus the vertical 
component of the tension at PQ is T dy/dx and the vertical force tending to 
increase y is A (T dy/dx). By Newton’s second law this must equal the 
mass MAx of PQ times the acceleration dy/dx 2 . Hence, letting Ax- 
approach zero, we have 



where M is the mass per unit length. 
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19. Poisson's equation 

The theory of static electric fields is based on two experimental equations: 

(j) E s ds = 0, J" J eE n dS — 0. (26) 

The first equation expresses the fact that the line integral of the tangential 
component of the electric intensity (defined as the force per unit charge) 
round a closed curve vanishes; the second equation states that the surface 
integral of the normal component of E taken over a closed surface is pro- 
portional to the enclosed charge. The coefficient of proportionality 
e depends on the medium. These equations were suggested by experi- 
mental facts; but in view of the necessarily limited number of experiments 
they are essentially postulates. 

From the definitions of the curl and the divergence of a vector (see 
Chapter 7) and from (26) we have 

curl E = 0, div (eE) = q , (27) 

where q is the volume charge density. The first of these equations yields 

E — — grad V, (28) 

where V is a scalar function. Substituting in the second equation, we have 

div (e grad V) — —q. (29) 

Expanding, 

eA V -j- grad e • grad V = —q. (30) 

If the medium is homogeneous, e is constant and 

A V = -g/€. (31) 

This is Poisson s equation. 

If q = 0, we obtain Laplace's equation 

AV = 0. (32) 

These equations are very general. Thus the first equation in the set (26) 
applies to any conservative field of force , that is, to a field of force in which 
the net work done on a particle moving completely round a closed curve 
vanishes. The second equation in the set (26) is the “ equation of con- 
tinuity.” The vector eE may represent, for instance, the rate of flow per 
unit area and 0 will then be the rate of decrease of the substance in the 
enclosed volume. 
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20. Maxwell's equations 

In the case of variable electromagnetic fields the postulates suggested 
by experimental facts are: 


j>E t ds = -~J J»H n dS, 

f H * ds= J f gEn dS + 1 / ^ 


(33) 


where E and Id are the electric intensity and the magnetic intensity at a 
point The parameters * * « define the propert.es of the medmm. 

Using the definition of the curl of a vector, we obtain 


curl E = 


aGitf) 


dt 


curl Id = gE + 


a (tg) . 

ot 


(34) 


Tf n i v m \ directly to differential curvilinear rectangles formed 

by C.I,d2l y iiL, we shalf obtain the differential equations in the var.ous 
coordinate systems. 

21. On applications of differential equations 
Aside from elementary mathematics, 
widest held of application, f phenomlnm Certain 

ILm", “l B c„ti„ 0t so a ma: «rent ffeidfthat they are labeled 
tit,, distinctive names, 

Bessel’s equation, etc. In Section 18 we denvea ^ Hes to 

wave equation for vibrating strings. . wires to “ waves 

longitudinal vibrations of air in tubes, to electric wav ’ . f ] 

of probability ” in wave mechanics; only the physical meaning ot 

variables is different in each case. „ . , <■ »» t ] ia «. ; s> 

Most differential equations are not solvable in c 0 ’ 

in a form containing a finite number of “ known functmns but some are 

solvable in this sense and more become solvable as the num forma _ 

functions is extended. It is always advisable to try reduce a given 

tions of the dependent and independent variab es t a p Q ' r t |, ese 

equation to some other equation whose solution is ' I 

“^elementary methods ” the readeris -fejred toR-1 8 an^ 

— -3 t 

nonuniform strings and to problems of atomic piysics 
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R-6, 24, 25. Some of these problems, however, may be treated more 
successfully by the “ wave perturbation method ” explained in this book. 
In connection with partial differential equations we suggest R-26, 27. For 
numerical methods of solving ordinary differential equations, see R-28 
and for partial differential equations R-29. 

Then there are more specialized treatises dealing with one special type 
of differential equation. Thus, R-30 is a treatise on differential equations 
with constant coefficients applied to vibrating systems, mechanical and 
electrical. Mathematical unification of electrical and mechanical systems 
is particularly well exhibited in R-31. 

For the applications of the more general types of differential equations, 
see R-32, 33, 34, 36. 

22. On applications of complex variables 

Next to differential equations, the theory of analytic functions (or func- 
tions of a complex variable) has perhaps the widest range of application. 
First of all there are the exceedingly useful applications to the theory of 
steady state electrical and mechanical oscillations. Electrical engineers 
have used this method most; but it is spreading to other fields. In its 
elementary aspects (see Section 1.10), the method is essentially a short- 
hand representation of sinusoidal functions of the same frequency. Such 
functions are completely determined by the amplitude and the initial 
phase and thus can be represented either by two-dimensional vectors or 
by complex numbers. The amplitude-phase relationships can thus be con- 
veniently exhibited. The addition of sinusoidal functions is reduced to 
the addition of vectors or to the addition of complex numbers. The rela- 
tionship between two sinusoids can be expressed as the ratio of the complex 
numbers representing these sinusoids, that is, as a complex number. These 
considerations lead to the idea of “ complex impedance ” as a generalized 
resistance. Corresponding to Ohm’s “ law ” of proportionality between a 
constant voltage and current and Hooke’s “ law ” of proportionality 
between a small constant cause and its effect we shall have the generalized 
Ohm’s law and Hooke’s law for steady state oscillations. 

While the original objective in applying complex numbers to steady 
state oscillations was modest, it soon became apparent that the theory of 
linear electric circuits is essentially a branch of the theory of functions of 
the complex variable (see R-37). The same is true of linear electrome- 
chanical systems (R-38). Nyquist’s criterion of stability of dynamical 
systems is expressed as a condition on the location of the zeros and poles 
of a function in the complex plane (R-38). 
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Another series of exceedingly important applications is based on the 
relationship between functions of a complex variable and the two-dimen- 
sional Laplace’s equation 


d 2 TV 


d 2 JV 

dy 2 


= 0 . 


(35) 


Introducing new independent variables 

u - x + iy, v = x — iy, 


in (35), we obtain 


d 2 TV 

dlldv 


= 0 . 


(36) 

(37) 


Thus TV can be either an arbitrary function of u (since the partial derivative 
of such a function with respect to v vanishes) or an arbitrary function of v 
or the sum of such functions, 

TV = F(u) + G(v ) = F(x + iy) + G(x - iy). (38) 

From this result stem the applications to electrostatics and magnetostatics 
(R-4, 10), to hydrodynamics (R-39, 40, 41), to aerodynamics (R-42, 43). 
The famous Joukowski’s profiles of wings are obtained by means of certain 
transformations of functions of a complex variable. 

The representation of the unit step function and the unit impulse func- 
tion by certain integrals in the complex plane, the Laplace integrals, opens 
a way to the applications of functions of a complex variable to transient 
oscillations (Chapter 16 of this book and R-30). Laplace integrals are 
also useful in the theory of waves (R-4, 44). 


23. Matrix algebra 

Systematization of rules of manipulation is an essential function of 
mathematics. Suppose for instance that we have a chain of “ electrical 
transducers ” or “ four-terminal networks,” Figure 22.7. In each box 
we have a linear electric network. For each of these networks, no matter 
how complicated, the complex voltage V and current I at one pair of 
terminals are linear functions of the voltage and current at the other pair 
of terminals, 

T r z = aV x -f bli, Vz — mV 2 + »J 2 , 

Iz — cV 1 -f. dl\, Iz ~ pV 2 + 'jTn. 

To express V 3 , / 3 i n terms of V u Jj we need only substitute the first column 
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of the above equations in the second, 

V 3 = m{aV x + bh) + n(cV t + dl x ), 
Iz = p(aV i -Jr bl\) + q{cV x -f dli). 
Collecting the terms, 

V z = {via -f nc) V 1 -{- {mb + nd)Ii, 
h = (pa + qc)Vi+ {pb + qd)I t . 



Fig. 22.7. A chain of four-terminal transducers. 


(40) 

(41) 


If we had to perform such substitutions only occasionally, we would feel 
no need either for any labor saving scheme or for a shorthand notation; 
but if we have to do it often, and many times in the same problem, then 
we shall probably want to look for rules which will enable us to omit some 
of the steps in the manipulation. If we examine the coefficients in equa- 
tions (41), we find that they are the sums of the products of the coefficients 
in the rows of the second group of equations (39) and the corresponding 
coefficients in the columns of the first group. This suggests that the inter- 
mediate step (40) may be omitted if we form a rule for obtaining the 
coefficients of (41) from those of (39). In fact, the formation of the pair 
of quantities (V 2 J 2 ) from the pair {V ly L{) promises to follow the same rule 
if we write 



Thus V 2 is obtained if we multiply the first row of the bracketed set of 
coefficients on the right by the first (and in this case the only) column of 
the second bracketed set. Similarly, / 2 is obtained by multiplying the 
second row by the first column. Let us now write the second pair of 
equations in (39) as 



Suppose we substitute from (42) in (43), treating the bracketed sets of 
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quantities ns if they were ordinary algebraic quantities: 

rr/1 r«i r a b\ r V\\ 


1 

£ 
1 — 


m 


1 

ft 

1 

1 

J 

= 

i 

q. 


UJ 


45 5 


(44) 


!t is tedious to have to repeat such a 7^ 

quantities it is better to give it a . s s or the « pro duct 

equation (44) will be equivalent to (41) proviaeu 
of two matrices ” as follows : 

'm nTa f\\ma + nc mb + nd > (45) 

_p q\_c d\ ~ [pa + qc pb + qd\ 

The rule is to multiply the elements in the rows d ‘the i first c 
elements in the'columns of the second and add the res l J h 

of each sum in the product matrix is given by the serial numbers 
and the column which were multiplied together • 

More generally the product of a matrix with n columns and 

. . ~ i C 11 


«n 

«21 


«12 

«22 


&m\ 



^12 * * * 


~en c i 2 ' ' ' 

^22 * ’ ' ^2 fc 

= 

C21 c 22 • * ’ f 2l: 

b n 2 ’ ' ’ bnh. 


Jm\ C m 2"’ c nt. 


(46) 


where 


‘ Girfinj' 


C(j = D a,- a b a j - tiiihj + + dahj 

Thus the elements in the ith row of the first matrix are 

corresponding elements in the jth column of t e s ^ co • ’ t j ie ; t h 

these products are added and the result is written as tee plication 

row and jth column of the product matrix. This ru e a f actor be 

requires that the number of elements in a row o , 

equal to the number of elements in a column of the secon • 

It is easy to see that in general the matrix product is not commutat.v e 

AB -A BA. { 

For more information about matrices, see R-45. 

24. Functions in the making . f 1 a little 

When confronted with a new function, the student is a P* occurs f r e- 

mystified. The simple fact is that when a^ c ^ rtal " yish the tables for 


qucntly, it is convenient to tabulate it and then pu e we 

general use. This requires a name and a sym o . 


read: 
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“ The integral sine, Si x, and the integral cosine , Ci x, are defined as follows: 


Si 


. sin t 

ix = I dt, 

Jo t 



(48) 


The definition is complete and, as a rule, we should not expect much more 
than a table. Some functions will possess many remarkable properties; but 
this is not true of all functions. The functions defined by (48) are just 
ordinary integrals; these integrals are given special names simply because 
they occur frequently in important problems. 

Si x and Ci x occur in the theory’ of radiation, in diffraction theory, in 
antenna theory, and in the solution of linear differential equations by the 
wave perturbation method. In the latter case certain integrals involving 
Si x and Ci x become important. Some of these integrals can be evaluated 
in “ closed form ” provided we regard Si x and Ci x as " known functions ”; 
but other integrals represent " new functions.” Recently the SC-function 
has been defined by Miss Marion C. Gray as follows: 


sc « -£ 


Si u dC\ u 



cos u , 

dn. 

u 


Numerical values of this integral are needed in recent developments in 
antenna theory, and may be obtained from the expansion 

* (-) n x Sn + 1 /, 1 , , 1 V , *sin*\ 

SC(X) “„?o(2* + l)!V + 3 2 + '*' + (2»+l)VV COS * ‘ 2*4-2/ 

For large values of x we can also find an asymptotic expansion 

SC(*)~Si*Ci* + ^(l-^ + ^---*) 

_i. + 64 

+ 4V 2 V ** / 

coslv/ 8 156 \ 


A short table of numerical values of SC (for) may be of interest: 


k 

SC ( fer ) 

k 

SC ( for ) 

0.2 

0.58375 

1.2 

- 0.03610 

.4 

.93065 

1.4 

- .19388 

.6 

.93372 

1.6 

- .19628 

.8 

.65818 

1.8 

- .09587 

1.0 

.27784 

2.0 

.04469 
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25. Dimensional analysis 

Any physical equation must be “ dimensionally correct.” An equation 
such as t = /, where l represents length and t is time, is meaningless. 
If the side of a square is 3 meters and a certain interval of time is 3 seconds, 
the numbers expressing the size of the two physical quantities happen to 
be equal only as long as we measure one quantity in meters and the other 
in seconds. As soon as we change the units, the numbers cease to be 
equal. Equations relating physical quantities must be true regardless of 
the choice of units. For this reason, in solving a physical problem, it is 
advisable to check from time to time the dimensions of the various terms 
in the equations; some errors may thus be caught in the early stages of 
the solution. 

Dimensional considerations may be used to obtain information about 
functional relationships between the various physical quantities in a given 
problem. Let us consider the classical example of a pendulum. Assume 
that the length of the rod (weightless) is l, the mass on the end is m , and 
the period of oscillations is t. It is easily seen that a relation of the form 

/ = k! a m e , (49) 

where k is a dimensionless constant and a, 0 are unknown exponents, 
cannot possibly be true, since length, mass, and time are dimensionally 
independent. Then it may occur to us that the oscillations are sustained 
by the force of gravity, mg, where g is the acceleration of gravity; so that 
perhaps we should assume that t depends on mg and not on m. Thus 
let us write 

t « kFimgf. (50) 

The dimensional formula for g is 

[g] = [ir 2 ], (51) 

where the brackets are used to remind us that in (51) we are thinking 
only about the qualitative variation of the acceleration with length and 
time. The dimensional equation for (50) is then 

[/] = [Pw s f 3 r^J . (52) 

This requires 

1 = —2(9, cr + /3 = 0, 0 = 0. (53) 

These equations have no solution. On further consideration it may occur 
to us that the period of oscillation may depend in one way on the mass of 
the pendulum and in another way on the force of gravity; or in other 
words, the period may contain in and g independently. Thus let us write 

' = kI a m d g->. (54) 
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The dimensional equation is then 


[/] = [l a m^Pr 2y ] = [n^m^r 27 ] . 

(55) 

This requires 


1 = — 2y, a -)- y = 0, 13 — 0. 

(56) 

Therefore, 


7 = ~h «=-? = !, <3 = 0. 

(57) 

Hence, (54) becomes 


t = ks/tfg. 

(58) 

where k is a dimensionless constant of proportionality. 

This is the true 

equation; for oscillations of small amplitude we already know that k — 2ir. 
The dimensional analysis can give us no information about the functional 

dependence of t on the angular amplitude of oscillations 
dimensionless. 

since angles are 

Next, let us analyze an electric circuit consisting of an inductance L and 
capacitance C in series. Assuming that the period of oscillations depends 

on L and C, we write 


t = klfC*. 

(59) 

If we regard the electric charge, q, as having a physical dimension of its 

own, independent of mass, length, and time, then 

[C] = [q 2 m- l r 2 l 2 ] , 

(60) 

[L] = { q ~ 2 ,n! 2 ] . 

The dimensional equation for (59) is then 


[/] = \ q -2«+W n f-Pfa.-2fip a \ ^ 

(61) 

Hence, 


<2 = 2> P = 2> 

(62) 

and (59) becomes 


= kVLC. 

(63) 


Let us now include a resistance R in the circuit. Dimensional relation- 
ships between R, L and C may be expressed as follows: 

[L\ = m, [q = [*->/]'. ( 64 ) 


Assuming 


t = kL a C?K> 


(65) 
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for the period of oscillations, we have 
[t\ = [K<*-e+7i°+f>i t 


a- ft + 7 = 0, a + i 3 = 1, (66) 

« — 2 ~ 27, ft = '2 + vf7- 

Therefore 

t = iVZc (R\ / C/Iy. (67) 

The exponent y is left arbitrary. Furthermore, the quantity in parentheses 
is dimensionless so that we could add arbitrary powers together and form 
an arbitrary function. Equation (67), therefore, tells us no more than 

/ = VW/(RVC/L), ( 68 ) 


where / is an arbitrary function. This time we do not obtain as much 
information as in the preceding example. This is not surprising since we 
can insert R either in series with L and C, or in parallel with L, or in parallel 
with C; and in each case the result will be different. But we shall always 
find that R is associated with the same factor V C/L. 

Suppose that the circuit contains two inductances L x , L? and a capaci- 
tance C; then 

t = kL a x L^C. (69) 


In this case, 

a + ft + 7=1, a + ft — 7 ~ 0; 

7 ~ i, * + ft - 2 , oc - \ — ft. 

Therefore, 

t = t:VuC(L,/L l ) s , 


with an arbitrary ft; hence, 

l = VZ Tc/iUlLt). (70) 


It is evident that the dimensional analysis is ambiguous. In the case of 
the pendulum problem we got into difficulties at first because we failed to 
include a sufficient number of independent quantities on which the period 
might depend. If we include more quantities than are needed, the answer 
will become less informative. If, for instance, we assume that the period 
of oscillation of the electric circuit depends not only on the inductance L 
and the capacitance C but also on the amplitudes, q and I, of the electric 
charge on the capacitor and the electric current through the inductor, then 
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instead of (63) we shall obtain 

t — VLCf(lV LC/q) y (71) 

where/ is an arbitrary function. Unless we know that / does not depend 
on q, we cannot really neglect the possibility that it might. If we make a 
similar supposition in the case of the pendulum, we shall have to conclude 
that the dimensionless factor k in (58) is a constant; but actually it is not. 
There we decided that k could depend on the maximum angular displace- 
ment because the latter is dimensionless. A more straightforward reason 
would be: equation (54) may possibly contain a factor / where s is the 
maximum linear displacement of the mass. Then instead of (58) we 
obtain 

t = ^Tgf{s/!). ( 72 ) 

The argument of / is the angular amplitude. 

In gaussian units the dimensions of the inductance and capacitance are 
those of length. In these units (59) is an impossible equation. What 
other quantity should we include? It is doubtful that we could think of 
the proper quantity if we did not already know that in gaussian units the 
velocity of light v is apt to appear in all sorts of unexpected places. Includ- 
ing the velocity of light, we would obtain 

/ C \ZTC 

t = -j(C/L) = J\ (L/C) = ML/C). (73) 

V V V 


These are less informative equations than (63). 

Dimensional considerations are useful in devising model experiments. 
Suppose we are unable to obtain the formula for the impedance of a broad- 
cast antenna from theory and have to depend on experimental measure- 
ments. Suppose we want this information for design purposes. It would 
cost a great deal to build a large number of towers of different dimensions 
in order to obtain enough information for our purposes. If we could obtain 
the needed information from measurements on small scale models, it would 
not cost nearly so much. In order to calculate the impedance we have to 
solve Maxwell’s equations: 


dEy 

dx 


dE x 

dy 


— —iuixHz, 


dHy 

dx 


dJL 

dy 


= iueEz, 


and four additional equations which may be obtained by the cyclic permu- 
tation of x, y, z. Dividing by co, we obtain 

dE v _ = _- H = ie E : . (74) 

d(ux) d(uy) " d M) 3 (coy) 
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If we have reason to believe that the resistance of the antenna and the 
ground is negligible for our purposes, then we have to solve equations (74) 
in a single homogeneous medium where p and e are constants. The solu- 
tion must also be such that the component of E tangential to the surface 
of the antenna vanishes. Under these conditions our solution will be a 
function of w.v, coy, wz, fi , e and will remain the same as long as the products 
of the frequency / = co/2- and the dimensions of the antenna remain the 
same. That is, we can scale the antenna down to small dimensions and 
compensate for this by raising the frequency in the same ratio. 

For more information about dimensional analysis, see R-46. 

26. Concluding remarks on applicable mathematics 

Applications of mathematics to science depend on the similarity between 
physical and mathematical processes. This analogy or isomorphism 
enables us to substitute in our thinking a mathematical process for a 
physical. Conversely, every physical process “ solves ” a mathematical 
problem. It is a “ lend-lease ” that works in both directions: on the one 
side we have applied mathematics and on the other analogue calculating 
machines. Diverse physical processes may be mathematically alike if we 
ignore their special physical characteristics. Oscillations and waves in 
many mechanical and electrical systems obey the same equations. This 
enables us to formulate a general theory of oscillations and waves and thus 
save time and effort; it also makes possible mechanical solutions of elec- 
trical problems or electrical solutions of mechanical problems. We can 
make analogue experiments as well 
as analogue calculating machines. 

What kind of mathematics is ap- 
plicable? All mathematics is prob- 
ably applicable, although some more 
frequently applied than others. An 
interesting example of an unusual 
application may be found in R-47 where George Boole developed the 
“ algebra of logic.” The same algebra is also applicable to electrical relay 
circuits. A simple relay is just a switch which can be cither closed or 
open. If the switch is open as in Figure 22.8(a), the current is not 
permitted to flow from A to B ; otherwise, it is. Imagine now a number 
system consisting of only two numbers, 0 and 1. Let the rules for the 
addition and multiplication of these numbers be: 

0 + 0 = 0 , 1 + 0 = 0 + 1 = 1 , 1 + 1 = 1 ; 

00 = 0 , 1-0 = 0-1 = 0 , 1-1 = 1 . 



A B A B 


(a) (b) 

Fic. 22.8. (a) An open relay; 
(b) A closed relay. 
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Let the “ admittance ” * of a relay be 1 when it is closed and 0 when it is 
open. Consider two relays whose admittances are x and y. The admit- 
tance z of the series connection of these relays. Figure 22.9 (a), is then the 
product of their admittances, 

z = xy, 

for it requires the closure of both to complete the circuit. The admittance 
z of two relays connected in parallel as in Figure 22.9(b) is the sum of 
their admittances, 

z = x -f J, 

for the closure of either will complete the circuit. 



(a) CbJ 


Fig. 22.9. (a) Two relays in scries-, (b) Two relays in parallel. 

We could have defined the “ impedance ” of a relay in such a way that it 
is unity when the relay is open, and zero when the relay is closed; then we 
should find that the impedance of the relays in series is the sum of their 
impedances, and the impedance of a parallel combination is the product of 
their impedances. 

The application of this peculiar arithmetic to relay circuits first occurred 
to Claude E. Shannon. For more detail see his paper on “ A Symbolic 
Analysis of Relay and Switching Circuits,” A.I.E.E., Trans., YoL 57, 1938. 
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Oscillating membrane, 44, 262 
Oscillation constant, 172, 266 

Parabolic cylinder coordinates, 
158 

Paraboloidal coordinates, 159 
Parallel vectors, 120 
Parallelogram law, 6, 115 
Parametric equations of circle, 168 
hyperbola, 167 
Partial derivative, 83 
differential equations, 239-281 
see Laplace equation, wave 
equation, etc. 
differentials, 84 
Period, 20, 174 
Periodic structures, 444, 446 
Perpendicular vectors, 119 
Perturbation method, 50, 182 
for characteristic values, 229 
of boundaries, 298 
Phase, 9, 20 
constant, 46, 174 
velocity, 174 

Picard’s method, 183, 215 
Piece-wise continuous function, 40 
Poisson’s equation, 135, 239, 450 
Polar angle, 139 
axis, 138 

Pole of order n, 310 
Polygenic function, 90 
Potential distribution inside a 
wedge, 287, 289 
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Potential functions, 17, 133, 283 
plane, 284 

Power series, 33, 54-78, 308, 386 
solution of differential equa- 
tions, 202 

Principal coordinate planes, 138 
meridian plane, 138 
value, 170 

Principle of superposition, 322 
Progressive waves, 244 
Prolate spheroidal coordinates, 151 
Propagation constant, 174, 266 
Proper functions, 223 
Pulse, 261 

Pythagorean space, 142 

Quadratic interpolation, 30 
Quaternions, 3 

Radioactivity, 436 
Radius of convergence, 63 
Rapidity of convergence, 58 
Ratio test, 61 
Reactance, 23 

Real part of complex number, 2 
roots of equations, 44 
Reciprocity theorem, 235 
Reflected wave, 245 
Relative convergence, 55 
derivative, 83 

Residues, theorem of, 309ff 

evaluation of integrals by, 
314 

Resistance, 23 
Response, 332 

to arbitrary voltage, 180, 329, 
333, 336 

unit impulse, 201, 335 
source, 228 

Riemann surface, 287, 292 
Ring of convergence, 63 
Rotation of solid body, 129 

Scalar, 115 

oscillations in cavitv resonator, 
266 


Scalar product, 118 
Schwartz-Christoffel transforma- 
tions, 293-296 
succession of, 296 
Separation constant, 247, 256 
of variables, 1 89, 247, 262 
Shock method, 200 
Simple pendulum, 192, 438, 457 
pole, 310 

Simply-connected region, 304 
Simpson’s rule, 100 
Sine integral, 75, 97, 99, 214, 377, 
456 

Single-valued functions, 303 
Singular point, 60, 103, 187, 202 
Sink, 313 

Sinusoidal function, 326 
interpolation and extrapolation, 
404 

Sliding vector, 116 
Solenoidal fields, 133 
flow, 314 

Solution of equations, 44-53 
Source in presence of conducting 
half-plane, 292 
Sources as simple poles, 313 
Special coordinate systems, 146-160 
Spherical coordinates, 138, 147 
harmonics, 430 

Spiral representation of Si and Ci, 
382 

Stationary wave, 246 
Steady flow, 291 
state response, 269 
solution, 22, 23, 175 
Stieltjes integral, 328 
Stokes’ theorem, 131 
Stream function, 283 
Summation of series, 15 
Supplementary initial or boundary 
conditions, 325ff 
Surface divergence, 125 
integral, 104 
Susceptance, 23 

Systems with several degrees of 
freedom, 440 
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Taylor’s series, 34, 51, 67, 185, 
190, 194,307 

Telegraphist’s equations, 239, 250, 
368 

Tesseral horns, 430 
Theory of approximation, 30-43 
Time factor, 20 
Toroidal coordinates, 155 
Total derivative, 86 
differential, 85 

Transformation of coordinates, 17, 
139, 144, 290 
in integrals, 110, 142 
Transient oscillations, 173, 175 
response, 269 

Transmission line as one-dimen- 
sional resonator, 277 
lines, finite, 25, 224 
nonuniform 222 
infinite, 332, 353 
nonuniform, 209, 217 
semi-infinite, 363, 368 
Transverse motion of a plate, 240 
Trapezoidal rule, 98 
Traveling wave, 358 
Two-mesh electric circuit, 367, 442 
electromechanical circuit, 367 

Uniform convergence, 64 
Unimolecular reactions, 437 
Unit complex number, 7, 13 
differentiation of, 19 
impulse function, 326-331 
source, 228 

step function, 326, 327 
vector, 118 

Variable unear systems, 327 
relative rate method, 185 
Variation of parameters, 181 
Variational method, 228 
Vector, 115 


Vector analysis, 115-137 
components, 117 
identities, 131 

oscillations in cavity resonators. 
270 

point function, 123 
potentials, 133 
product, 119 

Vibrating string, 221ff, 244, 449 
Voltage impulse, 180 
Volume integral, 105 
of parallelepiped, 121 

Watson, G. N., 46, 403 
Wave equation, 239 
generalized, 267 
in general coordinates, 26 
spherical coordinates, 2 64. 
430 

one-dimensional, 239, 244 ft 
three-dimensional, 240, 264 
two-dimensional, 240, 262 
front velocity, 369 
functions, 174 
guides, 274 
length, 174 
number, 174 

perturbation method, 212ff, 237 
applied to Bessel’s equation, 
213, 392, 398 
Legendre’s equation, 427 
Waves between coaxial cylinders, 46 
parallel planes, 355 
in transmission lines, 353 
on an infinite cylinder, 359 
Weber and Schlafli, 391 
Weierstrass expansion^ for T(z), 374 
Weight function, 36, 259, 278 

Zeros of Bessel functions, 400, 
410 

Zonal harmonics, 417 



